


Aredpa

KAACC

Y4yebHoe nocobue
AAfl 0OLLLE0OPa30BATEABHbIX
OpPraHM3aLmm

YrnyGnéHHbi ypOBEHb

Mocksa
«[lpocBeLlgHne»
2018



YIK 373.167.1:512 6+
BbBK 22.14472
A45

ABTODpBI
0. H. Makapsiues, H. I Munngiok, K. WM. Hemkos, WM. E. @eokTucToB

Ha yuebHoe nmocobue mnosyyeHbl MOJOMKHTEAbHbIE IKCHEpPTHbIC
3aKII0MeHMs 110 pesyibTaTaM Hayumo# (3akmodyeHue PAO Ne 1139
ot 19.11.16), nenarormyeckoii (3axmouenne PAO Ne 1030 or 21.11.16)
1 odmecrBennoii (3axmouenue PKC Ne 350-0D ot 19.12.16)
IKCIIEPTH3

Anredopa. 8 knacc : y4e6. mocodue s 00meoOpasoBat. OpraHu3a-

A45 uwnii : yry6i. yposens / [1O. H. Makapeiues, H. I. Munmok, K. M. Hem-

koB u gp.]. — M. : Tlpocsemenue, 2018. — 351 c. : mn. — ISBN 978-
5-09-051123-0.

IanHoe yyeGHoe mocobHe MpeNHazHauyeHo JUIsS YIIyOnéHHOro M3yueHus anre6psl B
8 kiacce. DTo BrOpoe MocobMe 3aBEPIIEHHON JIMHUM y4eOHBIX mocobuii no anreGpe s
7—9 xiaccoB, MONTOTOBIEHHBIX B COOTBETCTBMH cO BceMM TpebopaHuamH DexepansHoro
rOCYJIApCTBEHHOrO 0Gpa30BaTENBHONO CTAHIAPTa OCHOBHOTO 0buiero obpasosanus. Ocoben-
HOCTSIMH 3TOTO TOCOOMS SIBISIOTCS pACIIMpEHHe W YIMyOJIeHME TPAIMLUHOHHEIX YYeOHBIX
TEM 3a CYET TEOPETHKO-MHOXECTBEHHON, BEPOSTHOCTHO-CTATHCTHYECKONH ¥ HCTOPHKO-KYITb-
TYpHO#H MHMH, OHO COAEPXKUT GONBIIOE KOJMYECTBO Pa3HOOOPA3HEIX [0 TeMaTHKE U YPOB-
HIO CJIOXKHOCTH YNpPaXHEHUH.
Imasn 1, 6, 7 nanucansl FO. H. MakapbeiuessiM; miaBel 2, 5, a takke § 7, 8 —
H. I Munmiok; masa 4, a Takxe § 6 — K. M. HenrkoBbiM; 10paboTKa HEKOTOPBIX TEM W
pana ynpaxHeHuid seinonHeHa WM. E. @eokTHCTOBLIM.
VJK 373.167.1:512
BBK 22.14a72

ISBN 978-5-09-051123-0 © M3natensctBo «[Ipocsewenue», 2018
© XymoxecTBeHHOE O(OPMIEHHE.
HaznarensctBo «I[IpocBeiieHue», 2018
Bce mpaBa 3alllyLICHb



lNMpepucnosue Ana y4awmxcs

Joporve BocbMuknaccHuku! B 3ToM roay Bbl NPOAONXMTE M3YYeHME Kypca
anrebpbl. Bam npeacTouT NO3HAKOMUTLCS C PALMOHANBHLIMKU BLIPAXEHWUAMU, Ha-
YYUTBLCA pellatb KBagpatHbie U ApODOHO-pauVoHalNbHbIE YPaBHEHWS, JIMHENHbIE
HepaBeHCTBa U MX cucTemsl. Ha ypokax Bbl Bynere He TONLKO CTPOUTL rpadu-
KW QYHKUWIA, HO W BLINOJHATL UX Npeobpa3oBaHWs — CABUI, CUMMETPUIO OT-
HOCUTENbHO NPAMON N OTHOCUTENBHO TOYKW. Bbl y3HaeTe 06 WppaunoHanbHbIX
ymcnax, 06 apudmMeTUYecKnx KBagpaTHbLIX KOPHSIX U UX CBOMCTBAax, O CTEMEHW C
oTpuUAaTeNbHLIM MNoKasaTtenem M 0 MHOroMm Apyrom. BcEé aTo MoMOXeT Bam npwm
M3Y4EHUN reoMeTpun, GU3NKN, XMMUKM U OPYIUX LIKOMNbHBLIX NPEeaMeToB.

AaHHoe yyebHoe nocobue npeaHasHavyeHo AnsA yrnyBnéHHOro uayyeHus an-
rebpbl. Bam HyxHO GyfeT BHAMATENbHO YnTaTh OOBLACHUTENbHbIE TEKCTbI, Bbi-
NONHATL Pa3NINyHbIE YNPAXHEHWA, Cpean KOTOPbIX HEMANO 3a4ay Ha CMEeKasky.
MpoGnemHble, mccnemosaTenbckve 3a4aqy OTMEYeHbl 0COBbLIM 06pasoM — ux
HOMEp naH ApyruMm ugeTtoM. locne npoyTeHus kaxaoro naparpada O4eHb no-
Ne3HO OTBeYaTb Ha KOHTPOJIbHblE BONMPOCL. B aTtom yye6GHOM roay Bam npepg-
CTOUT y3HaTe MHOrO HOBOrO, MONIE3HOrO U WMHTEPECHOro, NPUOBpPecTn BaXHble
HaBblki B pabote ¢ anrebpanyeckumu BLIDAKEHWUSIMUW, YPABHEHUSMW, HEPABEH-
cTBamu, PyHKUMsMU. BCE 3TO0 HEOBXOAMMO ANA yCnewHoro obyyeHus B LWKONe,
Ans chadm Sk3amMeHa no anrebpe 3a Kypc OCHOBHOW WKOMbI B 9 knacce, HO He
TONbKO AN 3TOro. Te MbICNUTENbHbIE Onepauyi, KOTOPbIM Bbl HAyYWTECh Ha
ypokax anre6pbl, 6yayT nomorarb yCrewHo uayyate 1 Apyrve yyebHble amcum-
NanHbl. Kak ckasan BeNukuid pycckuii yyéHblii M. B. JloMoHOCOB, «MaremaTuky
YXe 3atem u3dy4aTb CNneayert, YTO OHa yM B NOPSAAOK MPUBOAWT».

ABTOpPLI HafeloTesl, 4To paboTa ¢ aTuM nocobuem GypeT Ans Bac UHTEpPec-
HOM 1 NONE3HOW, NO3BONUT YBUAETL anrebpy He TOMbKO KaK Y4EGHbIN LUKOMLHDIN
NPeAMET, HO U Kak CPeACTBO CamMOBOCMNUTaHWS, Pa3BUTUA CBOWMX CNOCOBHOCTEN,
MOMOXET paccMarpusatb MaTteMaTUKy Kak 4acTb O6LLEeHeNnoBEYECKON KyNbTyphl.

BHYTpMU TekcTa ucnonb3yloTcs cnegyiouwue 0603HaAYeHUN:
L_______' — GOpPMYNUPOBKW OMpeseneHuii U TEopeM
l — BblOENeHWe NpaBuN U CBOICTB

m — BblAeneHne BaXHOro marepuana

-! — NOPANOK OEWCTBWIA, anroputM

MNpeoucnosue




B aToli rnaBe pacckasbiBaeTcs O YACNOBbLIX AP0Gax M Apobax, coaepxalmx
nepemMeHHble. Paccmarpusalotcs cBoWcTBa Apobeid, 06nactv AOMYyCTUMbIX 3HA-
YeHU NepeMeHHbIX, BXoaawmx B Apobb unn ApobHoe BbipaxeHue. Tak Xe Kak
C YncnoBbIMU OPo6SMU, PACCMAaTPUBAIOTCS AENCTBUSA ¢ anrebpanyeckumu Apo-
65MU. ITOroM M3yyeHus TeMbl SBNSETCA GOPMMPOBaHWE yMeHus NpeobpasoBbi-
BaTb OPOOHO-paLMOHaNbHbIE BbIPaKEHUS.

§ 1. Aipo6u u ux ceoiicTea

1. Yucnosbie gpobu n opobwu, copepxailine
nepemMeHHble

Jpo6bio Ha3bIBAIOT BbiPaXEHWEe BuAa %, roe 6ykBamu 0603HAYEHBI YUCHO-

Bble BbIPAXEHWSA WUV BbIPAXEHWUS, COoAepXawmne nepemeHHbIe. BblpaxeHue a Ha-
3bIBAIOT YMcAuTeseM npobu %, a BblpaxeHne b — e& 3HaMEeHareseM.

O6o3Ha4eHne opobu B BUOE % Bnepsbie noaBunock B «Knure abaka» (1202)

UTanbsHCKoro marematuka JleoHapoo PuboHawqu, a WKMPOKoe pacnpocTpaHe-
Hve B EBpone paHHas 3anucb Nojyduna nocne nosiBneHns paboT dpaHLy3CKo-
ro marematuka @parHcya Buera.

Neonappo ®ubonauum (MMu3aHckmii) (1180—
1240) — WTanNbAHCKUA MaTeMaTtvk; B CBOEM [NaBHOM
Tpyne «Knura abaka» (1202) snepsbie cuctematnye-
CKM WSNOXWN [OCTWkeHus apabckoil mMaremaTuku;
BBEN B PACCMOTPEHWE NepByl0 BO3BPATHYIO nocneno-
BATENbHOCTb YMCen — Tak HasbiBaemblit paa ®ubo-
Ha4vy4u.

o 4 ~ | nasa 1. ApoGu



Mpumepamu YncnoBbix opobeit ABNAIOTCA BbIPaXEHWUN:

2 3,5+23-5 1,6
7! —8 ’

4_2
5 3

Mpumepamu apobeit ¢ NepeMeHHbIMU ABMSIOTCS BbIPAXKEHWUS:

3 SP-y+12 m_n
x' y+8 ' m-n

Y106kl HalTU 3HaYeHUe Apo6K, HaoO HANTW 3HAYEeHME €& YUCIUTENa U 3Ha-
4YeHWe 3HaMeHaTens W NepBblid pe3ynLTaT pas3fgenvuTbe Ha BTOPOMN.

o e 48,2+218
Haitném, Hanpumep, 3HayeHue apobu 156-32.4"
482+218 _ 70 _ 70 _700 _100 _5g

156-32-4  156-128 28 28 4
Ecnu okaxertcs, 4To 3HameHaTenb ApobW paBeH HYMIO, TO Takas Apobb_He
UMeeT cMbicna.
Hanpumep, npobb a-2.7

14-2-7 paseH 0, a OENUTL HA HYNb HENbL3A.
3HaveHne Opobu, coaepxauleil nepeMeHHbIe, 3aBUCUT OT 3HAYEHWIA 3TUX
nepemMeHHsbIX.

Hanpumep, apobe i-:’—g npu x =2 NpUHUMaeT 3HaYeHWe, paBHOe —7, Npu

HE MMEeeT CMbICNa, Tak KakKk eé 3HaMeHaTenb

X =8 3HaueHne apobu pasHo 2,6. MNpu x =3 Opobb He umeer CMkIC/A, TaK Kak
NPW 3TOM 3Ha4YeHuu x oHa obpallaeTcs B YMCNOBYIO Apobb, 3HaMeHaTenb KO-
TOopon paseH 0. 5
X+
HMcno 3 — egnHCTBEHHOE 3HaYeHWe X, NpU KOTOPOM Apobb -3 He ume-

€T CMbicna. lpu BCeX OCTa/bHbIX 3HAYEHUAX x ApPo6b MMeeT onpenenéHHoe
3Ha4eHwe. [oBOpAT, 4TO YMCna, OTIMYHbIE OT 3, — ZOMNYCTUMBIE 3HaYEHUs nepe-

MEHHOI X, 8 MHOXECTBO BCEX 4YUCEes, OTNUYHbIX OT 3, HA3LIBAIOT 06/IACTHIO A0-

NYCTUMBIX 3HAYEHWI NePEeMEHHON B BbIpaXeHun x+g_
NYCTUMBIX 3HaYEHUH NepemMeHHOM o

X+
Ons npo6u ﬁ, KOTOpas COOepXvT [ABE NepeMeHHbIe, AOMYCTUMbIMU 3Ha-

HEHWAMK ABNAIOTCS BCE Napbl YMCen (x; y), B KOTOPLIX X # .

1
Ona npo6wn T 1 AONYCTUMbIMK 3HA4YEHUAMU ABASAIOTCA BCE 4YUCNA, Y KOTO-

a b
peix a#Z=0, b#0 w1 a#b.

o 1
SaMeTMM, HTO ONA Takux BblpaXXeHui, Kak e MHOXeCTBO A0NYyCTUMbIX

3Ha4eHUn NEePeMeHHO X — MyCTOe MHOXeCTBO. OHM HE MMEKOT CMbICha npw
MOBbIX 3HAYEHUAX MEepPeMEeHHbIX, M Mbl UCKIIOYAEM WX U3 AANbHEMLIEro pac-
CMOTPEHUA.

§ 1. Ipobu M ux croicTBa Rl -



Mpumep 1. Hailgém [ONyCTUMbIE 3HAYEHWUs NEepemMeHHoi ana  apobwu
X

x-25

JonyCTUMBLIMIW 3HAYEHWUAMWU NepemMeHHol ansg 3Toi Apobu ABNAIOTCA 3Have-
HWUA X, NPU KOTOPbIX 3HAaMeHaTenb x> — 25 otavdeH OT Hynsa. YTobbl MX HaWTK,
Hapo pewuTb ypasHeHue x° — 25 = 0.

Ansa pelieHns ypaBHeHUs x> — 25 = 0 pasnoXum ero NEBYIO 4aCTb HA MHO-
xutenn. Monysum: (x — 5)(x + 5) = 0.
Otciopa x = 5 wnm x = —5.

3HauuT, AN Apobu ——

5 [oNyCTUMbIMKW 3HA4Y€HUAMW nepemMeHHon ABNsa-
x

I0TCS BCE 4Mcna, OTnu4Hble oT =5 1 5.

13
n+3

Mpumep 2. HallgéM MHOXECTBO UENbIX 4ucen, Npyu KOTOPbIX Apobb

NPUHUMAET LieNble 3Ha4YeHus.

Yucno 13 — npoctoe. [03TOMy OHO WMEET 4eTbipe UenbiX Oenutens:
-13; —1; 1; 13. 3HaunT, 3HaMeHaTenem Apobu Moxer 66Tk 4ucno —13; —1; 1
unu 13. Pewwms ypaBHehma n + 3 =-13, n+3=-1,n +3 =1, n + 3 =13,
Haiig8M MHOXECTBO LeNblX 4Yucen, Mnpyu KOTOPbIX AaHHas npobb NpUHUMaeT
uenble 3Ha4YeHus.

OTeet: {-16; —4; —2; 10}.

Mpumep 3. Jokaxem TOXAECTBO:
3 _
cTw =C- 2 ~
¥ 26=1

Tak kak uepta QApobu npeacTasnseT coboW 3Hak penexvs, To Ans
[0Ka3aTenbCcTBa TOXAECTBA BOCNONb3YEMCA ONpeaesieHnemM 4acTHOro: HaCTHbIM
OT peneHus uucna a Ha uyucno b (b # 0) HasbiBaeTCcA Takoe HUCNo k, 4TO
a = bk. 3HauuT, ONa OOKa3aTeNbCTBA TOXAECTBA A0CTATOYHO NOoKasaTb, YTO NpU
NoBbLIX 3HAYEHMAX ¢ BEPHO PaBeHCTBO:

(2+2c-1)c-2)=c-5c+2
Nmeem:
(c2+2r:-1)(c—2)=c3+262-c—2c2—4c+2=cs~—5c+2.
ToxaecTeBo [okasaHo.

B aToii rmaeBe Mbl 6Gyaem 3aHuMMaTtbCs Npeobpas’oBaHWAMU pPaunoHa/bHbIX
BbIPAXEeHWIA.

PauMOHASIbHBIMM BbIPaXEHWSIMY Ha3bIBAIOT BbIPAXeHUs, COCTasNeHHble 13
4uces U MEPEMEHHBIX C MOMOLLBIO AeACTBUIA CIIOXEHUS, BbIMUTAHWS, YMHOXEHUS,
OEeneHnss N BO3BeOEeHUs B CTErNeHb.

PaumoHanbHble BuIpaXKeHWs OEnsTCA Ha ABa Knacca: uesbie U ApobHble.

LlenibiM Ha3bIBAETCS PaLMOHaNnbHOe BbipaXeHue, KOTopoe He COAepXuT
onepaunn AeNeHnsl Ha BbipaxeHne C NnepemMeHHbIMA.

Fnasa 1. Apobwm



OHLIM HAa3bIBAETCS PAaLMOHANLHOE BbIDAXEHWe, KOTOPOoe He SBASeTcs
LesibiM, T. e. COAEPXNT onepauunio AefleHns Ha BbIPaXeHne C rnepemMeHHbIMM.
Hanpwumep, BoipaxeHus

-g-?s, 5a2, xX2-Tx+6, (b+c)P-bb- 20),

uenbie pauuoHanbHble BblPaXeHWA, a BbipaXeHwusa

y—Tx
15

x a+2
+
x+y’ a-8 3, C

OpoBHBIe pauMOHanbHbIE BbIPAXEHUS.

3ameTum, 4TO BhipaxeHusi |x|, a — |2b| n BoOBlwe BbipaxeHus, comepxa-
e NepemMeHHYIo Mo 3HaKOM MOAYNS, HE ABAAIOTCH PaLMOHANbHBIMUA BbipaXe-
HUAMWU. B ganbHenwem Bbl NO3HAKOMUTECh U C APYrMMM BbIPXEHUAMWU, KOTO-
pble He ABNSIOTCA PaUMOHANbHBIMU BbIPAXEHNSAMM.

Cnegyetr o0OpatWTb BHMMaHWE Ha CYLECTBEHHOE pas3fn4Me B MOHSTUSIX
Apobb n apobHoe BeipaxeHue. Npobb MOXeT BbiTb Kak APOBHLIM, TaK U LebIM
BblpaXeHWeM, a ApobHOe BbipaXxeHue MOXET U He ObiTb APOObLIO.

5
Hanpumep, % M = — aT0 Apo6u. Ho % — uenoe BbipaxeHue, a g —

ApoGHoe BbipaxeHue. Beipaxenue (x + 6):y He sBnaercs Apobbio, HO ABnAeT-
ca ApPO6HbLIM BblpaXXKEeHUEM.
Ho6asum, 4T0 ApPo6b pasHa HyNIO TOrAa U TOMLKO TOrAA, KOrAa OHa UMeeT

CMbIC/, @ €& YMCNUTEeNb PaBEH HyniO, T. €. %=0, ecma=0wub#0.

Ynpaxuenus
1. Kakue W3 BbIpaxeHHit
X 1 7 1 X a’— b
P e > 3 5
SIBJISIIOTCS IpOOsIMu?
2. [IlpencraBbre B BHie APOGM BbIpaxeHUe:
i T B) —0,75; x) 0,2x; X) (@ + b): 3
6) 33; r) 0,37 : 1,11; e) 23y; 3) (x—5): (¥ + 5).
3. Kakue U3 BbIpaxeHWHit
274 1 5 da—b x| +1 X+ 2y
3a’t’, (3X+y)(3x y), = s T

llxy—%, T -8y —)):x

213
SIBJISIOTCS LIEJIBIMHM, a KaKWe — OpoGHBIMU?

§ 1. Opobu n ux ceoincTea




10.

3anmuiuMTe YacTHOE B BHUIE IpOOH:
a) 5o e+ 3); B) (a + 25) : 7;
6). (3 — 1) ¢ OF + 1); nD@+a+1): @ -b+7).

Borunciure:

239° ~187%, 37246337,
) g B) T
172+ 442 +13% 8,32 —83-0,13
6) 30 ’ k3 e A
2 —-—
Haiinure 3HaueHue apo6u 5;5;24, eciu:
x“+5x—6
ax=17; B) x = 0; o) x = 0,5;
6) x = 3; I x = —2; e) x = 1,9.

. 1
[To KakoMy IPM3HAKY M3 MHOXeCTBa OOBIKHOBEHHBIX JIpo0ei BuIa o

rae 7 < 20, BBUIENCHO TOAMHOXKECTBO!

JanuiMTe MyTéM MNepevyyciIeHHusl 3JIeMEHTOB MHOXECTBO!

5
A_{IS

Beinenure M3 MHOXeCTBA A TIOAMHOXECTBO:
a) HECOKpPaTHMBIX Ipobeii; ©) COKpATHMBIX IPOOEN.

ae N, a<15}.

PaccTosiHue MEXIy mpucTaHsaMmu 24 kM. MoTopHas 01Ka WMeeT COOCTBEH-
HYIO CKOPOCTb U KM/4, @ CKOPOCTb TCYCHHWS] PEKM paBHa 2 xM/4y. Ckombko
BPEMEHM I 3aTpaTMT Ha Bech IyTh MOTOpHAas JIOIKA, ABHMIasCh NPOTHUB TEHE-
uug pexku? Haiaure 7, ecinu:

a) v = 38 Km/4; 6) v = 18 xm/u.

BriianyuK monoxwi B 6aHK a p. Yepes ron ero BKJIAN YBeIMYWICA Ha b p.
Kakoii MpOIIEHT p OT BKJaja HAuyUC/IsSeT OaHK exerogHo? Bripasute mepe-
MeHHyI0 p depe3 a u b. Haiinure 3HaueHUE p, €CIIM:

a) a = 200, b = 40; 6) a = 500, b = 30.

Faea 1. ApoGu



11. Tlpu kakux 3HAYEHMAX MEePeMEHHOU ApPOOb MMEET CMBICI:
2 2
+1 —25 1
2 g j 2= r) ?
x* -8l x“—9x+14 x°+25 x_i

a)

12. Haiinure nonycrumble 3HAYeHHS TEpeMEHHOM Ui IpoOu:

3y . S5y—10, 18
a — — —_—_—
) =17 ) S5 A ¥ -6y’
2 . . 2y —1
6 <22 Bl @=L
¥ =3y Y +2y-3 2y +1) —(8y +4)
13. Haijinute oGsacTb DOMYCTUMBIX 3HAYEHHI TEPEMEHHBIX B BBIPAXKEHUH:
4x? 1 . 4 xy . x*— _y2
a) 4 3 6) 4x2 1 L] B) JCZ = yz ] r) Ty

14. Hafigute obsacte onpeneneHust (YHKIIMH:

&) f)=—— B) a()=23%,
6) g(x)= ’f_‘xx; ) Bex) = ﬁ

15. CocraBsre npoGHOE BBIpaXEHHWE C OTHOW MEPEMEHHOM, 15 KOTOPOTo A0-
IYCTUMBIMHA 3HAUEHHSIMH SBISIOTCS:

a) Bce 4YMCla, KpoMe 5;

0) Bce yucna, Kkpome —4 u 4;
B) Bce uucaa, kpome —1, 0 u 1;
I') BCE YHCIA.

16. Haiinute MHOXECTBO 3HAYEHWMH #, TIPH KOTOPHIX APOOb IPUHMMAET LIEIBIE

3HAYEHMUS:
6

a);,meneN; B)Ts,meneN;

G)E,me:neZ' 1")L e n € Z.
n : n+2’ :

17. Ilpu Kakux 3HaYEHMSX m, TAe m € Z, IPUHUMAET [e/ble 3HAYECHUs IPOGH:

7 6) —2 10, -5 9

) Tl m—2’ B) 7,3 Sl

18. Ilpy kakMX 3HAYEHHMAX y 3HAYEHHE APOOM PABHO HYIIO;

¥ . yr—9). V42,
a ? ’ )
) B) =5 1) 3
6) ¥y 2; r) y2 36; e) ¥y 6y+9?
¥ yo+36 ¥ +3y

&

§ 1. Opobu n mnx csoncTea : 9



19. [lpu kKakux 3HAYEHUSX X pPaBHA HYIIO IpO6k:

) 4x —x° B) X —xltx—1.
@ ’ L2 +x-2
4— x? 4
b SN 9
0) S r) P

20. Tlonb3ysichk OnpeneeHrUeM YaCTHOIO, NOKAXKWUTE TOXIECTBO:

2 — 4 3 2,2 3 g4
a) m°+3m 4=m+4; a’ +4a’h+6a‘b” + dab’ + b =a+b;
m—1 a +3a’h + 3ab® + b’
A iz 3 4 3 2
az Ta+1 =02_3a+1; r) a —da +10a 120+9=(a_1)2+2.
a +3a+1 a*—2a+3

YnpaxHeHua ANA NOBTOPeHus

21. 3anuuuMre TYTEM TEPEYMCIEHUs] 3JIEMEHTOB MHOXECTBO OOBIKHOBEHHBIX
gpobeit ¢ uMcIuTeNeM, paBHBIM 1, W 3HaMeHaTeneM b, rue:

a) b — mpocroe JBy3Ha4HOe 4yKcno, MeHbiuee 50;
6) b — mpocrtoe nBy3HaAuHOE uucao, Gonbwee S0.

22. Pasznoxure MHOTOWIEH Ha MHOXMTEIH:

a) 10ab + 15b% B) X + xy — 3x — 3y; m) a* — 16;

6) 27a’ — 18ab; r) 2xy — 5y — 6x + 15y; e) 49 — b
23. Pa3noxuTe Ha MHOXHTEIM BbIpaXKeHME:

a) ¥ — 10x + 25; B) (@ + 1)* — 9a% n) x + 8%

6) )’ + 6y + 9; ) ¥ — (b - 2% e) & = 2

2. CsovictBa apobei

CHavana pacCMOTPVUM OCHOBHOE CBOMHCTBO Apobu. [lokaxeMm, 4TO PaBeHCTBO

a ac
o (1)
BEPHO MPW BCEX [AOMYCTUMbIX 3HAYEHUSX MEPeMEHHbIX, T. €. ABNAETCA ToXae-

CTBOM.
MycTtb %: k. Torpa no onpeaeneHunio 4acTHoro a = bk. YMHOXMB 06e yactu

3TOr0 paBeHCTBA Ha ¢, OTNIMYHOE OT HYNsl, U MPUMEHUB MNepeMecTuTenbHoe
WM coYeTaTenbHoe CBOMCTBA YMHOXEHWS, MONy4yMM, 4TO

ac = (bk)e, 1. e. ac = (bc)k.

faea 1. Apobun




ac
Mo onpepeneHuio 4acTHOro, yyuThiBas, 4Yto be # 0, nmeem: E:k.

CpaBHuBasa paBeHCTBa %:k 7] g-zi:k, 3akoyaem, 4YTto %=%.

Mbl [okasanu, 4TO MpW BCeX OONYCTUMbIX 3HAYEHUSIX NEPEMEHHLIX BEPHO
paBeHCTBO (1), T. €. 3TO PaBEHCTBO ABMNAETCHA TOXAECTBOM.

Ecnn BMECTO nepemMeHHbIx a, b 1 ¢ NOACTABUTb NPOU3BOJIbHLIE BbIPAXEHWUA,
MMEIOLLME CMBbICN U TOXOECTBEHHO He paBHble HYJI0, TO TakKXKe MOSYYUTCH TOX-
OEecTBO.

Takum obpasom, nobas gpobb (YMCNOBas UM CoAepXawas nepemeHHble)
obnapaeT crnepylowmUM CBOWCTBOM:

€CNM YUCNUTENb U 3HaMeHaTenb APo6u YMHOXWUTbL Ha OOHO U TO Xe Bbl-
paXxeHue, He paBHble HYNIO, TO MONYYWUTCH TOXAECTBEHHO paBHaa e
Apo6b.

3TO CBOWCTBO Ha3bIBAIOT QCHOBHLIM CBOWMCTBOM AD06MU.

HacTHbiM cny4aem 3Toro cBoicTBa (korga a, b u ¢ — HaTypanbHble Yucna)
SIBNAETCA M3BECTHOE BaMm CBOWCTBO: €CNW HMCAUTENb WM 3HaMeHaTeslb 0ObIKHO-
BEHHOW OPOOM YMHOXWTb HA OOHO W TO Xe HaTypanbHOE 4YMCNO, TO 3HAYeHue
opobu He M3MeHuTCH.

ac

OcHoBHOE CBOIMCTBO Opo6un %=E no3eonser gpobb % 3aMEeHUTb TOXOECT-

BEHHO paBHOW Opobbio BMAa ‘;—5. Takoe npeobOpa3oBaHWe Ha3bLIBAIOT [IPUBEAEHM-
eM_apobu kK HOBOMY 3HAMEHATEIO.

Mpumep 1. MNpuseném Opobb 5%5 K 3HameHaTenio 6a%h°.
a

3TO 03HA4YaeT, YTO Mbl [OMKHbI 3aMEHWUTb AAHHYIO ApPo6b TOXOECTBEHHO
PaBHOI et aApobbl0 co 3HameHaTenem 6a2h°.
Tak kak 6a°h® = 2a°b - 3b, yYMHOXUM YUCIUTENL U 3HAMEHATENb AAHHON APO-
61 Ha MHOXUTenb 3b: 5 _ 53 _ 15
2% 24%-3b 6422
MHoxuTtens 3b Ha3bIBAOT 4OMNOIHUTEILHLIM MHOXUTENEM K 3HAMEHATENIO U
yucnutento gpobu 2i

a’b
MNMepenvwem Toxaecteo (1) B Buae
a =9
bc b’

NOMEHAB B HEM NEBYIO W MPAaBYIO 4acTuw.

3T0 TOXAECTBO No3BONseT Apobb %, T. €. opobb, 4YMcAuTENb U 3HAMEHa-
Teslb KOTOPOW UMEIOT OOLMIA MHOXUTESIb, 3aMEHUTb TOXAECTBEHHO PaBHOM ApO-
6bl0 BUAA %. Takoe npeobpa3soBaHve Ha3blBAIOT cokpaiueHnem apobu.

§ 1. Opobu n ux ceolicTea




Mpumep 2. Cokpatum opobu:
26x 2x% + Bxy
18  Txy+21)°
Pa3noxwuMm Ha MHOXWUTENU YUCNUTENb M 3HAMeHaTenb Kaxaow apobu u 3a-
TeM COKpatuM Apobb Ha OBOLUMIA MHOXWUTENb YACIUTENs WU 3HameHaTtensa (ecnm
Takol MHOXWTE/Ib OKaXeTCcs):
26x _13x2 _2 (3neck o6LWMit MHOXWUTENb — 0AHOYNEH 13x);
132 1xx x 0, LLy e opHo4ne X);

2x? +6xy _ 2x(x +3y) _ 2x -
Tyt a3y Ty (3pecb 06WMIA MHOXUTENE — ABY4NneH x + 3y).

Mpumep 3. MNoctpoum rpaduk GyHKUUM

_x*-4
Y= x-2

O6nacTtb onpepeneHnsa dyHKUUMW €CTb MHO-
XEeCTBO BCEX 4ucen, Kpome 4ducna 2.
CokpaTtum gpobb B npaBoi 4actu GOpMynbI:

2
1+ x4 _x-2)x+2) _
x-2 x-2 x+2.
/_'2._'1 ol 11 2 '3 4 % Monyyaem cdopmyny y = x + 2, roe x # 2.
+-1 Mpadukom @yHKUMKM ¥y = x + 2 ABNAeTCA

npsamas, a rpadukom dyHkuMKM y = x + 2, roe
X # 2, — NpsaMas C UCKIIOYEHHOI ToukoM (2; 4)
Puc. 1 (puc. 1).

PaccMoTpuMm Opyrve ceowcTtea apobu.

Ecnv y npobu M3MEeHWTb 3HaK Yucnutens (Mnau 3HameHatensl) U 3Hak
nepea Apo6blo, TO NONYYUTCH TOXAECTBEHHO paBHas el Apobb.

Mcnonb3ys nepemeHHble, 3TO CBOWCTBO MOXHO 3anvcarth B BUOE TOXOAECTB!
5 B (2)

Jokaxem TOXAECTBO % = —%.

0O603HaYMm apobb % oykeon k, T. €. _—: = k. Torga no onpeneneHuvio 4acTt-

Horo -a = bk. YMmHOXMB o00e 4yacTum aToro paeBeHcTBa Ha -1, nony4dum
a = —-bk, vnn a = —kb.

Ortciopa —k=%, T. e k=-2

o
3HauwuT,
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sy a
— T —— M
B ecn

MOXeT OBiITb MOSYYEHO U3 TOXAECcTBa 5

L
ToxpecTBo —p=—7
4YUCNUTENL U 3HameHaTenb Apobwu %, 3anucaHHol B NeBOM 4acTu TOXOECTBa,
YMHOXWUTb Ha —1.
Mpumep 4. Hainpém 3HaveHne npobu

X2 - 3x%y + d4x? +3)°
2x% - X2y - 10y3

+
eCAU W3BECTHO, YTo X8 _3,
Tx -8y

Yucnutens U 3HamMeHaTeNb JaHHOW Apobu — MHOro4YneHbl TPeTbEW CTEMNeHu,
NPUYEM KaxKabliA YNeH 3TUX MHOTMO4Y/IEHOB UMEET OAHY U TY Xe CTeneHb, PaBHYIo
cTeneHn MHOrovneHa. Takme MHOroYneHsl HasbiBalOT QAHOpPoAHbIMU. Ecnn pas-
[EeNUTb YACAUTENb WU 3HaMeHaTenb 3Ttoi Apobu Ha y3 (vnn x"’), TO MOJYy4YUM Bbi-
f(wm L
y X

paxeHue, 3Ha4eHne KOTOPOro 3aBMCUT OT
Pasfenum YACIUTEeNb U 3HaMeHaTenb AaHHo apobu Ha y°. Monyuum apobb

3 2
ot 5o
y y y
3 2 2
ofxY =2} =
5l =G) ™
U3 yonosua 28 =3 naxopum sHauenve :
7x —8y y
5x + 8y = 3(7x — 8y), 5x + 8y = 21x — 24y, x = 2y, —;—=2.
MoactaBum 3TO 3HaYyeHue B nNpeobpa3oBaHHylo Apobb. Monydum:
22-3.224+4.2+3 _71_35

2.22_-22_10 2

3x-xyp+2y-6
NMpumep 5. Cokpatum apobb v —

Pasnoxum 4yncnurenb U 3HameHaTeflb Ha MHOXUTENN:

8x-xy+2y-6 _ (Bx-x)-(6-2y) _ x(8-»)-2(8-y) _ (8- y)(x-2)
Xy -3x+2y-6 (xp-30)+(2y-6) x(r-3)+2(r—-3) (r-3)x+2)
v-3)x-2)

. B-y)x-2) _malix—e)
Mo ceoicTey (2) Apobb =30 72) MOXHO 3aMeHUTb OpPoObLio =372

(Mbl M3MEHAEM 3HaK OOHOr0 U3 MHOXWTENEW B YACIUTENE W 3HaK nepen Apobbio).

Danee nmeem:
B-Nx-2)__@-3x-2)__x-2
-3)x+2) (r-3)x+2) x+2

§ 1. Opodbu 1 nx ceoncTBRa 13



Mbl paccmoTpenu npumMepbl COKpalleHus Apo6el, y KOTOPbIX YUCIUTeNb 1
3HaMeHaTesNb ABNAIOTCA MHOro4YneHamn ¢ uenbiMu koadduumeHtTamu. Ecnm ymc-
naTenb MW 3HameHatenb Apobu He ABNSETCA MHOrOYNEHOM C LEnbiMU KO3ad-
duumeHTamm, To Takue Apobr MOXHO NPUBECTM, MCNONL3YS OCHOBHOE CBOWMCTBO
Apobu, K Apo6aM, YNCAUTENb U 3HAMEHATENlb KOTOPbIX — MHOFOYNEHbI C Lefbi-
MW KoadpuumMeHTamu,

1.2
=V
Hanpumep, npo6b 13 MOXHO MPUBECTM K Apobm 5‘—‘{%. YMHOXWB €&
—y-1
4
YACIUTENb W 3HAMeHaTenb Ha 12.
YnpaxHeHus
24. Tlpusenure apo6b K 3HaMmeHaTemo 12x%y:
T S . Tx., =3
a) ?1 6) '3;;; B) E, F) T
25. Ilpencrasbre ABy4neH 3x — y B BHAE IpOOM CO 3HAMEHATENIEM, PaBHBIM:
a) 7; 0) x; B) 9x + y; r) 3x — y.
26. Tpuseaute apoGh ﬁ K 3HAMEHATENO:
a) X — 2 B)  — 4; m 6 — 3x; x) (x = 2%
6) 5 — 10; r) 4 — e) X — 8; 3 {x — 2,
27. Cokpartute npobs:
8xy . ax? . 21657,
D 3y ®) N sy
18ab . be . —494°
®) b’ Y W ©) T
28. Coxkpatute Ipobb (n — HaTypajlbHOE 4HCIIO):
5a" . 48621 i gyl
%) 2"’ ®) gop 1’ ) s1xt4’ " 28y"+1°
29. Haiinure 3HaueHHe ApobU:
{0 27° 14* 18’ 47
— 0) —&; B) ——; r) —.
2) 8’ ) 9 ) 447 ) 12
30. Cokparute OpoOb:
aa—>5). P (12a—126)° .
B a3 7 ) Se—2) ) ~6a—6by
3(b+7)°. S5(a—2¢). -2y
% 8(b+7)° L i (* —dxy + 4’

MMaea 1. OpoGu



31.

32.

33.

34.

35.

36.

Cokpatute ApoOb:

ax—3a 3b—-9¢ 6x2y—3xy2.
a) —; —— RY et
) =3’ ) 21560’ ) bty
6) Sx+ 20y . ) 8a® + 40ab . ) 8ab’
15x + 60y’ ab+56° 4a°b* + 8ab’®
Cokparure OpoOb:
2 2
a —-b". x+4y | (x—l)
) Zavib’ B) F_gp A) x)
2 2
-9, 3a+15b . y +4y+4.
6) — } r) —— g) ——— 3)
) 4x —12 ) 22— 252’ ) ¥ +2
Haiinure 3HayeHue npoOU:
5x% —35
a npu x = 0,12, y = 0,4;
) 21t P y
12a% + 30ab
6) === mnpua=-05 b=-26
) 4a® —25b* B
2 2
a” —8ax + 16x 5 18
B) ————— IpH A==, X=—;
) 4a’ —16ax P 7 8
2 2
A =9y ooy b=-l p=_3
W12y 197 P » Y77
Cokparute ApoOE:
3 250+ . r) 10x + 5y .
92— 3xy + 32 2ax +ay — 2bx — by’
6) B2 b1, ) b2+ 2bd — by — 2dy
p8—1 ’ b® +4bd + 4d*
B) ax + bx — 2ay — 2by . e) 9a> — 4b°
3x—6y ’ 6ab+ 2b — 3a — 4b*
Coxkparture po0b:
a) 2n_4b4 . B) x"+'-2x"—3x”_l.
& _ab? x2—5x+6
6 x"”y"+x" i B L 7h 12!
) xhyf—yrtd : r) Friepttiop
3Has, 4TO —imilh s =3, HalinuTe 3HAUYEHHE IPOOH:
a) = Sxly+8x° -3 | x50
2x3-—8x2y—7xy2+22y3’ Jt'zy-~x2yz+xy3

& 1. pobn n ux ceowWcTBa

at—49

a>—14a+49’
b +10b + 25

B —25




37. Cokparure apobs:

3(x—a). 7a*—2lab (2x —3p)°.
) Ta—x)’ ) 24b> —8ab’ ) 6y —dx ’
x(b—y). 4 -9° (2x—3y)
0 2 r) ——; AR
) ¥y —b) ) 3xy — 2 ©) By —2x)?

38. Vnpocturte BBIpaxKeHHE:
) ay —ab : B) 10a —a—-25.
bx —ab—xy+ay’

bx —ax+by—ay. -a’—38
0) —m—m —— ) ——%—
) a*— b ’ ) 2a—at—4

39. Ilokaxwure, 4yTO 3HauYeHWe APOOGM He 3aBUCHUT OT n (n € N):
5n+3_5n n+l_ an+4d
a) n+2 7+ 1 n; 6) o 2 )
s tipsntlys 327" —1)

40. Cokpature Apo0bh:
x—4°+x—87-10,

(@+172+1,
a PR A—
) at+4 ) x+1)2+(x—-3%—80"
P+l . (ax — by + (bx + ay)?.
6) s ’ €) 7 7’
P+b+b+b+b+1 (cx — ay)” + (ax +cy)
9 +3x+1 | 2+ +dat+a+2,
PP IR X) —5—
8lx" +9x" +1 28 —a"+a—2
8% —1 . a —2a*+5a+26
r) 8 y4 7_? By e,
16y° —4y” —d4y“ —1 a —5a"+17a—13

41. TIlocrpoiite rpaduk GYHKIIHH:

2 4 2
x“=16. x* —4x
B) F=riw ) ==

42. Tloctpoiite rpadmK ypaBHEHHsI

4x2—y2f2yg1=0
2x+y+1

43. 3amenure npoOb TOXIECTBEHHO PABHOM el mpoObIO, YUCIUTEh M 3HAMEHA-
Telb KOTOPOM — MHOTOWIEHBI C IEJIBIMA KO3(h(PUIINEHTaMH:

1.2 .1 1

TP a, 5y 05 - L2Sx+l

1 0,25x +0,75

12

a) i
Ao
6
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44. YmpocTHTe BBIPpAXEHHE:

nl (n+1)!
D Grnn )

BamevaHme. 3anuck n! yuTaercs «3H (akTopuai» U 03HA4YaeT NMPOM3BEICHHC
BCEX HATYpalbHBIX ymcen or 1 gon, . e.nl =1-2-3-4-...-(n—1)-n

YnpaxHeHns AN NOBTOpPeHUs
45. Haiinure 3HaueHue Apobu:

a) 127 -5 6) 3,62 +7,2-15,4 +15,4°
5:0,96+2,6° 1,9(13,2—3,7)

46. PeumTe ypaBHEHME:
a) (x — 2)(x — 3) =0
0) (x — Dx+ 2) =0
B) X — 25 = 0;
r) xX — 4x = 0;
n x> —9x + 14 =0
e) x>+ 7x —8=0.

47. Haiinute HaMMEHbILICE 3HAYEHUE BbIpAXKEHHS:

a) x> — 6x + 10; 6) a* + 4b* + 26 — dab + 10a — 20b.
48. PaznoxuTe HA MHOXWUTEIH:
a) X'+ X+ 6) Y- 2y+3 B) a* — 16; r) a* + 324.

IZI KoHTponbHbie BONPOCHI U 3agaHusA

1. Kakoe BeIpaxeHHe HaswiBaloT apodbio? [MpuBenuTe MprUMepsl YMCIOBOM Ipo-
6u 1 npobu, comepxallci INepeMeHHBIE.

2. VYxaxuWre OOMYyCTHMBIE 3HAYEHWS TMEPEMEHHBIX IS ApOOH:

X . . a
a) ﬁ: 6) yzy_l’ B)a—b'

3. Kaxoe BbIpaxeHHe HA3LIBAETCS palMOHAIBHBIM, IENbM, ApoOHBIM? Tlpuse-
JIATE TIPHMEDPBI LIEJIOr0 M APOOGHOI0 PALMOHAIBHBIX BbIPAXKEHHIA.

4. CdopmymupyiiTe OCHOBHOEC CBOMCTBO NpOOH. 3anMIIMTE TOXIECTBO, BhIpa-
XKawuiee 3To CBOﬁlCTBO, U JOKaXHWTE €ro.

5. TloscuuTe Ha NpPUMEpPE, KaK BHIMTOJHAETCS COKpalleHue apobei.

—da
6. [JoxkaxuTte TOXKIECTBA 5 =

IOIIIME CBOMCTBA ApoOH.

u _ib = _% 1 chopMyupyiiTe COOTBETCTBY-

o> Q

§ 1. Opobmu n nx ceoncTea




§ 2. Cymma u pasHocTb pgpobei

3. CnoxeHve un BbluUTaHWE apobei

Mokaxem, 4TO CyMMy M pasHOCTb Apobei Bceraa MOXHO MpeacTaBuTb B
BMae apobwu.

Paccmotpum cnyyaid, korga aBe Apo6U UMEIOT OQMHAKOBLIA 3HAMeHaTenb,

T. e. npobu Buaa % " %.

Hokaxem, 4To B 3TOM Cny4ae BbINOJIHAETCH TOXOAEeCTBO
a b _a+b
Ly2=222 (1)

c c c

Mo ycnosuio ¢ # 0, Tak Kak B NPOTUBHOM cliyyae Apobu % n f;- He umenu

Obl CcMbICna.
0603Ha4yM apobb % OykBoi k, a gpo6b % Bykson [

-k, 2=y
(4
Torpa no onpeaeneHuio 4acTHOro
a=ck,b=cl v a+ b=ck + cl=clk+)].

3HauwnT, @ + b = ¢clk + I).

Orciopa, y4uTbiBas, 4to ¢ # 0, Nonyyum, 4to k +1=9%8

Tak kak %+§=k+l u k+l=a:b, TO

a b_a+b

(& c c

Mbl gokazanu, 4To paBeHCTBO (1) BEPHO Npu Ni0ObLIX AONYCTUMbIX 3HAYEHWN-
AX NEePeMEHHbIX, T. €. Mbl A0OKAa3anu TOXOECTBO.
Onupance Ha TOXAECTBO (1), BLINOMHUM CnoxeHwe TpEx apobeii:
b d (a b)+g=a+b+g=a+b+d_

a
S+ =(24+2
C c C C [ (o C c c

Boobwe anst aoByx n Gonee opo6eli BLINONHAETCH NPaBUNo:

yTo6bl CNOXWTL .qpoﬁu C OOWHaKOBbIMW 3HaMeHaTensiMu, HYXXHO Cno-
KUTk MX YMCNWTeNn, a 3HaMeHaTeNb OCTaBUTh MNMpPeXxXHUM.

Mpumep 1. BoeinonHum cnoxexHve apobei

x2+3xy " 4y2—7xy
5x - 10y 5x-10y

Mmeem:
x2+3xy 4y2—7xy - x2+3xy+4y2—7xy - .u|c2—4xy+4_).,'2 - (J«:—Zy)2 - x—2y.
S5x—-10y  S5x—-10y 5x =10y 5x =10y 5(x - 2y) 5

faea 1. Opo6u



Tenepb pacCMOTPUM pa3HOCTb Apobeill C OOWHAKOBLIMK 3HAMEHATENAMMU

M npencTtaBuMm eé B Buae Opobu:
* a ba(b)_a -b_a-b
= +|—]= +T 5

c c c

B npeobpa3oBaHin Mbl BOCNONB30BaNNCL CBOMCTBOM Apobu: ecnn y apobu
M3MEHWTb 3HAK YACIUTENs W 3HaK neped Apobblo, TO NONYHUTCH TOXOAECTBEHHO
paBHas e apobb.

Takum oBpa3om, Mbl foKasanu TOXAECTBO

a b _a- b 2
c ¢ ¢ ' (2)

M3 KOTOPOro cnegyet NpaBwuno:

4TOObI BLIYECTb M3 OAHOW APOOM APYryI0 C TEM Xe 3HaMeHaTenem, HyX-
HO W3 uYMuCnUTens nepsoil Apobu BbIYECTb YucnuTens BTOpoOi Apobwu,
a 3HaMeHaTeslb OCTaBUTh MPEXHUM.

NMpumep 2. BbinOnHMM BbldUTaHMe gpobei
8ab - b? 2ab +175°
1242 - 36ab 1242 - 36ab

Nmeem:
Bab—b® _ 2ab+17h° _ 8Bab- b —(2ab+17b°) _
124° -36ab  124° - 36ab 124* - 36ab
_ 8ab -t -2ab-17b" _ 6ab-18b" _ 6b(a-3b) _ b
12a(a - 3b) 12a(a-3b) 12a(a-3b) 2a’

Cpenaem BaxHOe yTO4YHeHue. [lpu cnoxeHun ppobein (Mnn BLINOAHEHUKU
ApYrux OencTBuit ¢ apobsammn) npuHaTo npeobpa3oBaHUs NPOU3BOAMTL 00 Tex
nop, Noka B pe3ynstate He Mony4uTcs HecokpaTtumasa apobb.

Ana cnoxeHus (Mnn BbluuTaHus) Apobeit ¢ pasHbIMM 3HAMeEHaTensaMm
Apo6u npuBogaT Kk ofwemy 3HamMeHaTenio M 3aTeM BbINONMHAIOT NpPeo6-
pa3oBaHue No NpaBuaMm CNOXeHWs M BblYMTaHusa apobeil ¢ OAMHAKOBbI-
MW 3HAMEHaTEenaAMM.

Mpumep 3. MNpeactaBum B BUOe apobu cymmy
a
+— .
2 3
6xy 8xy
CHauana npueeném ppobu k obuwemy 3HameHaTtenn. Hanbonee npocThim
3HaMeHaTeneMm SBAAeTCs opHouneH 24x%°. [eictBuTenbHO, KoadPUUMEHT
opHouneHa 24x%° paseH HaMMeHbleMy OBLIEMY KPaTHOMY KO3(D(ULMEHTOR
3HamMmeHarenei gpobei-cnaraemsix, a Kaxnas nepemMeHHas B3faTa ¢ HaMbGoNbLUMM
rnokasartesieMm, C KOTOPbIM OHa BXOAUT B 3HameHaTenu apobeit. [lononHUTenbHbIA
MHOXWUTENb K Nepeoi Apobu paseH 4)°, a KO BTOPOI Opobu paBeH 3x.
Nmeem:

a b _a-&®  b-3x _ 4ay®+3bx
2 + B 3t 2.3 23 °
6x%y  8x°  24x%°  24x%y 24x°y

§ 2. CyMmma n pasHoCTb apobeit




3ameTuM, 4TO ecnu B kayecTee O6LIero sHaMeHaTens B3ATb Npou3BeaeHue
3HameHarteneil apobeii-cnaraembix, T. e. ogHouneH 48x%y*, To Torma npeoBpa-
30BaHVE OKaxeTcs Bonee CNoXHbIM.

Mpu cnoxeHun wnu Bbl4MTaHMK ApobGeid, 3HaMeHaTeNnu KOTOPbIX MHOro-
4NieHbl, 3HameHaTenu apobeil paznaraioT (eCnM 3TO BO3MOXHO) HA MHOXUTENN.
B pesynbrate ygactcs HaiiTu Gonee npocToi oblumin 3HaMeHaTenb.

Npumep 4. Croxum apobn —2— n —=

3x?-xy  P-3xy

CHayana pasnoXxum Ha MHOXWUTENW 3HaAMeHaTeNb KaxaoW Opobu:

¥y i Ox - y + Ox
3%-xy -3y x@x-y) »y-3x)

MHoxuTenn 3x — y U y — 3x SBASOTCA NPOTMBOMOJIOXHBIMU BbiPaXEHUAMM.
MNoatoMy B KadecTBe oOWero 3HameHaTens MOXHO B3aTb XxP(3x — y) wnm
xy(y — 3x).

Mpoponxum npeobpas3oBaHne, B3sB 3a O0OOWWA 3HaMeHaTenb Bblpaxe-
Hue xy(3x — y) (DONONHUTENbHBLIA MHOXUTENL K NEpBOiA Apobu paBeH ), KO BTO-
port — (=x)):

TS . S L 9x(—x) _
x@Bx-y)  yr-3x) xp@x-y) w(@x-y)

_ -9 _p-39@+30) __Gx-»@+3x) __y+3x

xp(3x ~ y) xy(3x - ¥) x(3x ~ y) xy

30ecb Mbl BOCMNOMb30BaNNCh CBOWMCTBOM AP0OBU: €CNM M3MEHUTb 3HaK B YUC-
nitene u nepen Apobblo, TO NONYYUTCH TOXAECTBEHHO paBHas el opobb.

Mpwumep 5. MNMpeactaBum B BUAE Apobu BbipaXeHue:
2]‘:_2,92—10)52+Bx "y
x>~ 6x+8
2x° - 10x° + 8x
x*-6x+8
yneH 2x — 1 ppobbio co 3HameHaTenem 1 WM BLINOAHUM Npeobpa3oBaHus:

MepenuwemM 3TO BbipaXxeHue B Buge 2x —1- , 3aMeHuUM [OBy-

2x%-10x +8x _ 2x-1_ 2x°-10x" +8x _

2x —1-

x*-6x+8 1 x*-6x+8
_(2x-1)(P-6x+8)-(2° 10" +8x) _ —8x*+ 14x -8 _
x*—6x+8 x?-6x+8
_ (P +6x-8)+ (-2 +8x) _ (x"+6x-8)  -2x(x-4) _
x°-6x+8 X-6x+8 (x-Hx-2)
oo __x-2+2c_ 8x-2
x-2 x-2 x-2°
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Mpumep 6. YnpocTuMm BbipaxeHue:
X0+ 2xt A 8
x*+ax?+16  x2-2x+4

3HameHaTenb Nepeoi Apo6yu MOXHO NPEACTABUTL B BUAE PagHoCTH KBaapa-
TOB [IBYX BblpaXeHwuii, ecnn npubaBuTb W BbIYECTL OOHOYNEH 4x°.

Nmeem:
x5 +2x% + 448 8 _ x5 aoxteand 8 8 _
P+ 42416 x2-2x+4 xP+8xX%+16-4x° x°-2x+4
_ 2t + 4 8 __ XP+x+4) 8

TR+ AP - (2P P-2x+4 (P+4-20)(2+4+2x) x2-2x+4

X2 8 _ xX°+8
= 5 + == =
x2-2x+4 x2-2x+4 x°-2x+4

=(x+2)(x2—2x+4)=x+2l
X-2x+4

Mpumep 7. BoinonHum OencTema:
1 1 2x 4x3
x-a x+a 24 02 x*eat

B atom cnyvyae CroxeHue BbIrOOHO BLIMOMHATL MOCNEAOBaTENbHO: cHadvana
C/OXUTb ABe nepseble Apobu, 3aTem K MONYYEeHHON cymme npubaBuTbh TPETLIO
Opobb 1, HakoHeLl, K CyMMe nepBbix Tpéx Apobei npubaBuTe 4eTBEPTYIO AP0k,

Umeem:
1 1 2x+4x3_2x+2x+4x3_
x-a x+a X2, x*id® -2 XP+d xP+d
- 4x° + 4x° = 8x’
x4—a4 x4+a4 xa—aa
YnpaxHeHus
49. IlpencraBbre B BUE IPOOH:
atb b, 5x—3y , 8y—5x.
a) x %7 a) 10x s 10x
—b X —2 x2—7y°
6) < —2=—; e . ;
) y oy’ ) Sxy Sxy
2y I . VR,
)x+y+y x; }K)a b_a+b;
3¢ 3¢ 6b° 6b°
ry 106+5  1-45, %) S-d* | S+d
6a ba ’ 8ckd  8c%d
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50. YnpocTute BBIpaXEHME:
) el 2+7 _ 6-3c.

S5p—29 2p—-3q p+gq.

12¢ 12¢ 12¢ °’ B) 3pg 3pg 3pg ’
6) a—4b_2a—6b  3a-b. 3 17x -4y | 8x+9  llx—16y
2ab 2ab 2ab ’ 21xy 21xy Py ¢
51. BrInonHUTE CIOXEHWE WIM BhIYMTAHUE NPOOEii:
S5x—2 —4x , 2a —3b .
a) = J;"' yz 2 ) 3t i 2’
x"—y xX‘—y (a + b) (a+b)
7z+8 5z—2 . 8a —3b 2a+3b,
6) TR e ] } 7 3
Zr =25 Err—05 (a—b) (a— b)
16 ¢ . (x +y) xy
© B) c+d c+ 4’ & -

Jc2+,)cy+y2 x2+xy+y2-
52. TlpencraBbre B BHIE ApoOM (7 — HATypaJbHOE YMCIO):

a" 1. 27" +6x" 6xM+2.
) e B T
a’"—1 a"-1 (x"—1) x"-1)
et . 7y" — 30

6) b 26 l“) ¥ " ke

n+1

@"-22 "2 Y osy  ytiosy

53. VmpoctuTe BhIpaXkeHUe:

(@a+b} (a—b). @t —3ab | Tab—25b.
a) B Neni S ey O ey r) 3 3 ?
3@t + 8 3ai+b (a — 5b) (56— a)
+ 5y T 2 2
6) (atb) + (a—b)y . ) 8la 9

2+ @+ 9a—3b)? (9a—3b7

X —x 9% _ x| 8x° 64y°
B) gy R ) 3 3
x*=9° 9y —x (2x — 4y) (2x — 4y)

54. TlpuBenute apobu K OOLIEMYy 3HAMEHATENIO M BBITIOJHUTE CIOXCHHUE WM

BEIYMTAHHE:
a) %4»%; r) oo
y g & X3t
B) o+ o o) L2224,

55. BbiIloJHUTE CIOXKEHWE WM BBIYUTAHHE:
&) S+ ) Ayl x) St
0) %—%; ) yy_+2b+%2; 3) %%:—3;
bigtel oaRot oy 2ol
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56.

57.

58.

59.

61.

62.

BreinosHuTe clioXeHWe WM BBIYMTAHHE:

1 1 a 1

x+y x ., . . ;
) =5t g5 B) B T N 10t i

a b . 3 1. b b-5
R e 5) y+4  3y+6° ©) -2 35-2

Jlokaxure, uTO IpH JIOOBIX X # ¥y U ¥ # ( BblpaxeHHe %+H—ﬁﬂz
¥ xy—y

MNPpUHHUMACT COUMHCTBEHHOC 3Ha4YeHHE.

IIpencraBeTe B BUIE OpOOH:

+3 -9, 2 1 . +2

R B) — - = N S5—+ 5=
a‘—3a a—9 x“+2xy xy+2 c“—9 ¢* -3¢
b—4 2, 1 e, d+1 d*-4

6) o5—d~ 5 r) T T e e e
2b—b Xy — x y = xy d“—16

1 1 1

1
YopocTtute BhipaxeHHe: a) EJ“(?T)'; ) i T

1 1
3anonuuTe TabAMIy, BLIYMCIUB 3HAYEHMS BHIPAXKEHHI @’ + a U 2 oy e

VKa3aHHBIX B TaO/iMlC 3HAYEHHI TEepeMeHHOU a.

a

1 2 3 <4 5 6
o+ a
-
a a+l

Kakumy yucnaMu siBISIIOTCS COOTBETCTBEHHbIE 3HAYEHMsI 3THX BhIPAXEHMW?

Ynpocrtute BepaxkeHue (rn € NV):

a"+2—6a"+1+9a"_30”_1_ x2"+x"—6_x2"—6x"+8.

a s ’
) a9 +27a—27 a-3 ) %"+ 6 2x" — 4
a et @+  (d"— b} 8b"

6) r 1 ’ I') =t = X

xny_yn x" —xy" a’— b at+ pt azn_}

(%)

IMpencraseTe AByWIeH a — b B BHIOe OpoOM CO 3HAMEHATENEM, PAaBHBIM:
a) 1; 0) 3; B) a; r)a + b.
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63. TlpeobGpasyiite B Ipo6Gh BBIpaXEHHE:

1, xX+y 16
a+-—; —1; -
a) i B) iy I; o p—4 s
. x-yy y) A +d?
6) b b+1 ) + ¥ e) c+d- T
64. Yrupoctute BHIpaXeHHE:
x+3 x 9 1 2 1
a) — + : r = ;
x x—3 xP-3 ) @—37 a-9 (a+3)
3 2 30 1 6x x—2
6 - + : - o ;
) 3Ty —25 i e e,
+ —
B) b+e 4 b c; e) 1 10x +3 x+4

P—be - B+be x+3 £+27  P2—3x+9

65. TlpencraBbTe BHIpaXeHHE B BHAE ApoOH:

1) X—4x  x-2, e i 6b +2
xy—4x—3y+12 y—4’ a+2ab 2a-3a 2a+4b—6ab—3a*
2 2 =y
6) y i 2 : r) . a“+3b s ab —3a
xy—5x+y-5 x+1 a*—ab+3a—3b a‘+ab+3a+3b

66. YnpocTuTe BHIpaXKEeHHE:

+ )2 il 3 2
a)(Jtzy)+(Jr2y}+7; B)x_x_l L et
x*+xy x*—xy x-1 x+1 x—-1 x+1
6) -9 X+ey+9’ 4. B D @D 11
6x — 18y 6x + 18y s x x+2 x  x+2°
67. Joxkaxure, 4TO MNP JIOOBIX JOMYCTUMBIX 3HAYEHMSIX INEPEMEHHON 3HaYeHHe
BbIpAXKEHMS:
&  3a+81
a) = SABJISIETCS TOJOXUTEIBHBIM YUC/IOM,
= P
26* +8b + = g
0) = Bbg 6 e (l;_lb) SIBJISIETCSI OTPHULIATE/IbHBIM YHUCIIOM.
68. [okaxwuTe, UTO MPH JTIOOOM HATYpaJbHOM A BEPHO PAaBEHCTBO

2n+1 1 1

112(n+l)2 Con a (n+l)2'
Bocroib30BaBIIMCh 3THM PAaBEHCTBOM, HalOWTe 3HAYEHHE CYMMBI
3 5 7 9
12.22 it 2232 & 2.42 + 42.52"
69. TlpencraBbre CyMMy B BUAe ApoOH:
1 1 1 1 .
(x+Dx+2) E (x+2)(x +3) * (x+3)(x+4) * (x+Hx+5)’

1 1 1 1
(x+1)(x+3) * (x+3)x+5) it (x+35)x+7) + (x+7x+9)°

a)

0)

Fnaea 1. Opo6Gu




70. TlpencraBeTe B BUIE OpOOH:

%) L . 2a 4a° 84’ :
a-2 a+2 g+4 4*+16 a°+25

6) 1 1 267 4p° gp' _
-1 B+1 B+ BB+l B+

71. VIIpOCTHTE BBIpAXEHHE:
x—3 x+2
) CH2P—9x—18  xP+5x+6

6) a® + bt 3a%h?
@ +3D)+ BB+ b)) (@ +b)

%) 20 127 +24x—16 2’ —8x+8

05 —3x2+6x—4  0]125x2—0,5x+05
a?—(b—cP (a+b+c).
(@a—b+cP (a+cl—b

r)

x=p -y -y -y ryix—y)
X 2 & o '

)

Vnpamuaﬂua AN NOBTOPEeHWUA
72. Peumiure ypaBHEHHE:

3x—1 _ 2x+3_ 5x+15, @x-DBx-2) _ 2 x-65,
a) =5 3 - & ° B) 6 ik 5
5) 7x2-—4_2=8x5—1; 3 (5x—3)5(?.x—4)=2x2_6x2—7'

73. Jokaxure, 4to Tapabona y = x> M mnpsMas y = l4x — 49 MMET TOJIBLKO
OOHY OOIIyI0 TOYKY.

74. Hajinute  KOOpOMHATBI  TO4YeK  IiepecedyeHuss  rpaduka = ypaBHEHMS
X —y =9 c ocAIMM KOODIMHAT.

4. lMpepncTtasnenHne apobu B BUAE CyMMbl apobei

Cymmy aByx wnm 6onee gpobeit MOXHO eguHCTBEHHBIM 06pa3om npencrta-
BUTb B BMAE HECOKPATUMOW Opobu, YncnnTenb U 3HameHaTenb KOTOpOn — ue-
nble YMcna UNKU MHOTOYNEHBI.

O6parHas 3agaya — npeacrasfieHne gaHHoW Apo6u B BUAE CYMMbl ABYX WK
6onee pgpobeil — HeonpepenéHHasa, T. €. OOMYCKaeT CKONbKO Yro4HO PEeLLUeHUA.

JeilicTeutensHo, ecnu paHa apobb % 1 Tpebyetca aTy Apobb NpeacTasuTb
B BMAE CyMMbl AByx Apobeil, TO B ka4yecTBe OJHOr0 M3 cnaraembiXx Mbl MOXeEM

B3ATb NPOU3BONbHYIO Ap00b 5. Torpga BTOpas Apobb paBHa pPasHOCTU %—%,
ad - be
T. e. apobu o
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Hanpumep, obbikHOBEHHYIO Opo6b % MOXHO NpPeacTaBuTb B BUAE CYMMbI

AByx apobeit cnepywowmMM o6pasom:
7_3+4_3

2 72 1t ity
nnn
JLoalt 9410 % 101 .5
12 24 24 2472a" 8112
nnn

3
INpobb ; ; MOXHO NPeACTasuTL B BUAE CYMMbI M0-Pa3HOMY:
Y. 559

3 3_ 8 2 _
: X x+x=x2 x+ 2x =x(x 1)+ 2x i 2x
x? -1 x2 -1 -1 x2-1 -1 x?-1 x? -1
nnu
x> _x3—1+1_x3—1 1

2-1 £2-1 x2-1 £-1
_a-DeP+x+) 1 Pax+l 1
E-Dx+1) 7 2_q x+1 T 2

_XatDAT 1 xxeD) 1
x+1 21  x+1 x+1  x2_1
1 1

x+1 " 2oq

Ana npeacraeneHdva opobu B BUAE CYyMMbl HECKONbKUX Apo6eit MOXHO BOC-
rnonb30BaTbCA METOAOM HEONpeaenEHHbIX KO3(pOUUMEeHTOB. ITOT METoh Bnep-
Bble npumeHun ¢paHuysckmii punocod Pene [ekapt (1596—1650) B cBoeit
kHure «PaccyxpeHue o metoge» (1637).

Mokaxem cyTb 3TOro MeToga Ha npumepe.

Odexkapt Pene (1596—1650) — dpaHLUy3CKuia
dunocod n marematnk, GU3nK 1 GU3NONor; 3anNoXu
OCHOBbLI aHaNMUTU4ECKON reomeTpun, BBEN TMOHATUA
NepemMeHHOn BenuyuHbl M QYHKUMKM, aBTOP MHOrMMX
anrebpanyeckmux 0003HaAYEHWA.
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Mpumep 1. MNpencrasum ppobb ?f B BUAE CYMMbl (MM pa3HOCTM) ABYX

npo6ei, 3HaMeHaTensaMM KOTOPLIX ABNAIOTCA OBYYNEHbl NEepBOW CTeneHwu.

2x +6 <
3HameHaTens ppobu E eCTb nMnpou3BegeHue JnnHeuHbIX AOBYYNneHOB
X2 -

= 2x.+6 !
(x — 2)(x + 2). MNpeanctasum ppobb 26D B BuAEe CyMMbl Apobei ==h

n P roe a u b — HekoTopble 4ucna, T. €. MOKaXEeM, YTO NPU HEeKOTOPbIX

3Ha4YeHnaAxX KO3bDPUUMEHTOB a U b BLINMONHAETCA PaBEHCTBO

2x +6 iy A b
(x-2)(x+2)  x-2 x+2

Cnoxum gpobu B nNpasoi 4acTW HanWMCaHHOrO paBeHCTBa:
a b _ax+2a+bx-2b _(a+b)x+2(a-b)
=2 x%2 x2 -4 X2 -4 ’

PaBeHcTBO
2x+6 _ (a+b)x+2a-b)

x2-4 X’ -4

LOMMKHO ObiTb TOXOECTBOM.
Tak kak 3HameHatenu ApoGeil paBHbl, TO O0NXHbl ObiTb pPaBHbl WU YUC/W-

Tenu, T. e.
2x + 6 = (a + b)x + 2(a - b).

OTciopa nmeeMm cuctemy
a+b=2,
2(a - b) = 6

Pewwur eé, Hahpém, 4yto a = 2,5, b = -0,5.
CnepnoBartenbHo,

2x+6_ 26 05__5 _ 1
¥2—4 x-2 x+2 2x-4 2x+4’

Mpencrasneqne Opobu B BUAE CYMMbI HECKOMbKMX CRaraembix NO3BONSET
npolle pelaTtb HeKOTopbie 3agaqn. [okaxem aTo.

3
Mpumep 2. Hailném 3HayYeHue opobu %—2—?— npu x = 6.

MNpencrtaBuMm paHHylo gpobb B BMae CyMMbl ABYX Opo6ei U npoBenéM Bbl-
yncnexus. Monyynm:

6% +1
37

Ptx+220 P +1) 8-37 2P+

6 _ =
37x 37x | 8ix _ 37 tg=1t1=2.

L
X
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2n° —Tn+12

Mpumep 3. MNpu kakoMm uenoMm n 3HayeHne Opobu = sBnsieTcs

LensiM 4nucnom?

21 - Tn+12

MpencraBsum apobb ——, -5 B BMIE CyMMbl MHOro4nieHa u apobu. Onsa
3TOr0 pas’fenuM MHorouneH 2n° — 7n + 12 Ha aBydneH n — 2. [enenuve Bbinon-
HAIOT 0ObIMHO YIONKOM TakK Xe, Kak Nnpu AeneHun UenbiX Yyucen:

2P -Tn+12 |n-2
2n° — 4n 2n-3
_—3n+12
-3n+ 6
6

B peaynstate geneHus noayyunu, YTo YacTHOe paBHO 2n — 3 M OCTaTOK pa-
BeH 6.
OTtciopa cnepyert, 4To

2 _
2n 7n+12:2n_3+ 6

n-2 n-2
OeyuneH 2n — 3 npu no6GOM LENnoM n SBNSETCA UenbiM 4ucnom. Jpobb

% NPUHUMaET Lenbie 3HavyeHnus, ecnu v — 2 € {-6; —3; —2; —1; 1; 2; 3; 6}

M Tonbko Npu atux n. Otciopa n € {—4; —1; 0; 1; 3; 4, 5; 8}.
3nauuT, Npu 1 € {-4; -1; 0; 1; 3; 4; 5; 8} paHHas Apobb ABNAETCH LENbIM
YUCNOM.

2n% —Tn+12

BuINONHWB [OeneHve, Mbl npeacTtasunvM apobb 5

B BWOE CYMMBbI

[BYX Cnaraembix: MHOrouneHa 2n — 3 v mpaBwibHOUA Apobu, T. e. Apodu, y Ko-
TOpPOI CTeNneHb YNCNUTENs MeHble CTerneHu 3HameHnatens. Takoe npeobpaso-
BaHWE Ha3bIBAIOT BblAE/ICHUEM LSO HacTn 13

3amMeTuMm, 4TO ecnu npu OefieHWM MHOroYNeHa Ha MHOro4YleH B OcTaTke
OKAXETCH HyfMb, TO 3TO 03HA4aEeT, Y4TO AAHHbIA MHOTOYNEH AEnMTCA Ha APYroi

MHOro4neH. Hanpumep, MHorounes 2x° — 13x%> + 16x — 5 penuTcs Ha ABY4YNeH
X — 5

2x° - 13x%+16x =5 ~2";5
"0y _10x2 2x° - 3x+1
-3 +16%
T —8x*+15x
X~
x=85

0
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Npumep 4. Haipném 3Havenne apobu 3"2"5"+2°”

L

a

, €CNV U3BECTHO, YTO

MpencrasuM AaHHyl0 Apo6b B BUMAE CYMMbl, NMOAENVB NOYIEHHO KaXabli
YNeH YUCNUTENS Ha 3HAMeHaTeslb, a 3aTeM 3aMeHUM 4acTHOe Eb; ero 3HayeHu-

eM — yucnom 0,2:

3a%+5ab+206% _3a® | 5ab  200% _
2 2 Z &
=3+5-0,2+20-0,22=3+1+0,8=4,8.

3+5-2+20-(2) =

YnpaxHeHus

75. IlpencraBbre npo0b B BUIE CYMMBI ABYX Apo0Geil ¢ ONHO3HAYHBIMM 3HAMEHa-
TECIISAIMHU.

a)8

J 5) 1. B) 2 p 4

56° 45’ 63°
76. Ilpencrasbre npoOb B BHIE CyMMBI TPEX npobeii:

119, 103
w2 6) &

77. IlpencraBere Opobb % B BHIIe CyMMBI TpEX Apobeii co 3HaAMeHaTensIMU:

a) 5, 6 u l15; 0) 4, 6 m12; B) 6, 10 u 30.
78. Ilpu KakuMx 3HAYEHUHAX @ U b BHINOJHAETCH TOXIECTBO:
a) 3x _ i 4 b .
x+Dx—-2) x+1 x-=-2’
Sx—3__ a b o
6) x2_9_x—3+x+3'

79. TlpencraBere ApoOb B BULE CYMMbI IBYX IpoOeil, 3HAMEHATEIU KOTOPBIX —
MHOTOU/IEHBI TEPBOIl CTENEHW OTHOCHUTEIBHO X:

) Sk—1 ; 4x +3, x+28 ,

x(x—1)’ ) -1 1) x*—36

) Tx—6 . ) x+2 . ) 3x—4
x+2)(x-3)’ P25 x2+10x+24

80. IlpencraBeTe npo6b B BHIE CYMMBI IBYX Ipo0eif, 3HAMEHATENM KOTODHIX —
MHOTI'OYJICHDBI nepBoﬁ CTETEHH:

6x+1 . x+17

) w21 B) moDex D)’
3x+18. Tx—6

Gl 9x% — 4’ ) (4x —1)(3x - 5)"
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81.

82.

83.

84.

8s.

86.

87.

Boinonuure ACIIEHWE MHOIo4YJeHa Ha MHOI'OYJIEH:
a) (@ — 4a® — 16a + 15): (a + 3);

6) (6x* + 13x° — 9% — 31x — 14): 3x + 2);

B) () — 2ly — 20): (y + 4);

r) (86* — 22b° + B* + 16b — 15): (2b — 5).

Beinenure nenyo yacTb U3 OpoOM M BBISICHUTE, IPH KAaKHUX HATYPalIbHBIX A
npobb NMPUHMMAET HATYPATbHBIE 3HAYECHHS:

Tn*+3n+12, (n—"1)7>~. n—8n+17.
a) n g B) T n ) T h—4

2 —8n+5 (2}1—3)3 n—6nt+12n+3
6 —_— ry ——, e} —————
) n ) P ) (n—2)

3Hasg, 4yTo m € Z, HaluuTe Liejble 3HaYeHUsl JpoOu:

m*—10m +27 . (m—6)? . Gm — 4y
=7  O55F » 5
(x =2 .
Haiinure 3Hayenue npobu ——, eciu:
a) £=3; 6) X2 =1; gy 2= 7
y y y

x2+4
IlokaxwuTe, 4TO MpH JIOOOM X, OTIMYHOM OT HYJs, 3HAaUeHHe Apobu T
X

SIBNISAETCS OPOOHEIM YMCJIOM.

X2 —4x+6

VYkaxurte Bce TOUKHM rpaduka QPyHKIUM Y = —

SABJAAIOTCA LEJIbIMHA YHCJIdAMH.

, KOOPIMHATH KOTOPBIX

3anuiuMTe YpaBHEHMST BCeX INPAMBIX, HE HMEMIIMX o0IMX ToueK ¢ rpadukoM
x—1

2 _
dyakmun  fx) = Zxx——l

a) (2: 3} 6) (2; 4); B) (0; 1).

W MPOXONAIIUX Uepe3 TOYKY C KOOpAUHATAMM:

x-=3
S —ox2+27x—27

Hoxaxwure, uto rpaduku QyHkumii y = —2x + 6 U y =

HUMEKT OOILIMX TOYEK.

YnpaxHenus Ons NOBTOPEHWS
89.

BHIMONMHUTE CIOXEHWE WM BBIUMTaAHUE OpoOeii:

a) xtd = x " az+b2_ 1 ..

X—2x x2—-4’ &+ a+b’
3 y+7., 1 3ab

o 2y+1+|—4y2’ D 2% &=

fmaea 1. Opo6u



*+pt+ b+ 1
: 1b 1b 1I npu b=-3.
l+=+—=+—

b BB

90. Haiinute 3HaueHue Opobu

91. [IBe peuHble nMpuUcTaHU A U B pacnojioXeHbl HAa PACCTOSAHUM S KM JpPYr OT
npyra. Mexiny HUMM KypcUpYeT KaTep, CKOPOCTh KOTOPOTO B CTOSIYEH BOIE
paBHa v KM/4. CKoOpocTh TeyeHHsA peKd papHa 3 kKM/4. CKonbKO BpeMeHH [
(B gacax) moTtpeOyeTcs Karepy Ha IyTh OT A no B u obpatHo? Haiigute /7,
ecmd s = 60, v = 33.

|z| KOHTpOnbHble BONPOCHI U 3afaHusA

1. CdopmynupyiiTe npaBuia CIOXeHHs W BbHIUMTAHUSA Npobeil ¢ ONUHAKOBBIMU
3HaMeHaTelsiMu. [IpuBenure nmpumepsl.

2. B uéM COCTOMT MpaBMJIO CIOXeHHs Opobeil ¢ pa3sHBIMM 3HAMEHATEIsIMH?
[MpuBenure npumep.
b

3. IlpencraBere npo0b ;x B BHIE CyMMBbl apobeil Buma L+—, HUC-
x“-9 x—-3 x+3

MONb3ysl METOI HEOMNpeNeNéHHBIX KO3(h( HIIHEHTOBR.

2
o n —2n+6
4. Haiioute uesible 3HaYeHUs A, TPU KOTOPBIX 3HAYEHME APOGH —————

SABAAETCA LEJIbIM YMUCIIOM.

§ 3. MNpousBeaeHne U 4actHoe Apo6ew

5. YMHOXeHune ppobein.
Bo3BeneHne gpobu B crteneHb

Mokaxem, 4TO npou3BepeHue OByx Opobeii TOXOECTBEHHO paBHO Opo6u,
Yy KOTOPOW 4YWCNWUTENb PaBEH MNPOM3BEOEHWIO YMCNUTENeil, a 3HamMeHaTenb —
Npou3BeaeHni0 3HaMeHarenein nepeMHoxaemblix apobeir. MiHaye rosops, moka-

EM, 4TO ecnu % 7] % — NPOW3BOMbHbIE APOOK, TO MMEET MECTO TOXAECTBO
a c¢_ac
b'd bd (1)
0603Ha4YMm 3HaveHue Opobu % 6ykBoli k, a 3Ha4eHne opobu % 6yksoi [:
a
3=k, -f;=l. Toroa no onpepeneHnio 4actHoro a =hk n c=dl. lNepeMHOXUB

npaBble WU NIEBble 4aCTW 3TUX PABEHCTB U MNPUMEHUB NepemMecTUTeNbHOe U Co-
YyeTaTeNbHOE CBOWMCTBA YMHOXEHWUS, HalOéM, 4To

ac = (bk)- (dl) = (bd)(kl).

§ 3. NpoussegeHne n vactHoe apobeir




Orciopa, yuutbiBada, 4to b # 0 n d # 0 w, cneposareneHo, bd # 0, no-
Ny4nMm:

Nnony4ynm:

b'd bd
Mbl nokasanu, 4to paBeHcTBO (1) BepHO npw NioBbiX AOMYCTUMBIX 3HAYEHN-
SIX MEPEMEHHBIX, T. €. ABnAeTcA ToxaecTeoM. Onupasce Ha ToxaecTtso (1), Mox-
HO [0oKasaTb, YTO

b d f bdf
i g 1% ). _& © _ dee
JenctButensHo, 35T (b d) 7 %d 7 bdf

Taknm o6pasom, Npu yMHOXEeHUK Apobeilt MOXHO NoNb30BaTLECA MPaBUIOM:

4yToGbl BLINONHUTE YMHOXeHWe Apobeii, HYXKHO MepPeMHOXUTb UX YUCIN-

Tenu U 3HamMmeHaTenu oTaeNkbHO U NepBoe Npou3BeAeHue 3anucaTbh 4Uc-
nuTenem, a BTopoe — 3HaMeHaTenem apoou.

L oxt 14y°

fMpumep 1. BoinonHum ymMHoXeHue apoben FYE n—.

1 y3 x3

MpyMEHWB NPaBUNO YMHOXEHWs Apoben, Noay4nm:
x' 142 x4 _x-2 2
21 x° 21°-x* 3y W

a® - 2ab " 4h°

Mpuwmep 2. Hailném npousseneHwe npobei 72 2
-3

Mo npaBuny yMHOXeHUA Opobei umeem:
a®-2ab _4b°  _ (a®—2ab)- 4K’ _ _a(a-2b)- 46° _ _4a
B a2-an?  pP-(@P-4b)  ba-2b)a+2p) a+2b

Mpwmep 3. BbiNONHUM yMHOXeHWe agydneHa (x° —8) u apobeit 3 1R

Tx=21
9x® +18x + 36

MpenctaBum OBy4neH x° - 8 B BMAe Opobu co 3HameHatenem 1 1 npume-
HUM MpPaBuno yMHoXxeHusa apobeii:
x°-8 1 Tx-21  _
T 3 3x-6x+18 Ox?+18x+36

__ (x-20P+2x+4) T(x-3) _ (x—-2P+2x+4) T(x—3) _T7x—14
(x(x-3)—6(x—3))-9(x2+2x +4) (x—3)x—6)-9(x>+2x+4) Ox—54

Maea 1. Opo6wn




Mcnonesya npaBuno ymMHoXeHusa apobeid, BbiBeoeM MpaBuio BO3BEOEHUSA
npobu B cTeneHb.
Nmeem:

n pas

n =i 3

g) =a.a ' &_ 4.3 .a"

(b) b b b bb.b b
Syr— ——

n n
) &
3HauuT, (b) =

nuTenb U 3HaMmeHatens Apo6u M NepBblii Ppe3yNLTaT 3anucaTh B YUCHU-

I Y106l BO3BECTH APOOL B CTENneHb, HY>XXHO BO3BECTW B 3Ty CTE€NneHb YMUC-
Tenb, a BTOPOW — B 3HaMeHaTenb Apo6u.

Mpumep 4. Bo3eeném gpobsb = g 4YeTBEPTYIO CTENEHb.

3y?

MpumennB npasuno so3seaeHus Apobu B CTeneHb, NONYHUM:
(_ZL)4= @9° _ 2%* _ 16t
3% @A At ant

Mpumep 5. YNpocTum BhipaxeHue

((<12+3a—10)2 n_(az+2c1)2n
& +7a+10 2-a

Nmeem:
(a2+3a—10)2 _(a2+2a)2":((a—2)(a+5))2"‘(a(a+2))2”=
@ +7a+10 2-a (a+5)a+2) a-2
—@-2" o (@+2*" _ o
= ¥ =4a .
(@a+2°%"  (a-2)*
YnpaxHeHus
92. BHIIOJHHWTEC YMHOXEHHE:
a3, a_ 5b. 10a° 25, g U
VEF VmF WDy Wy
4b 2a. 12 5% 8c* 34, a
6l 3a 5b° y3 36 ° e) 9742'?’ 3) @260[)

§ 3. MpowuseeneHue u yactHoe opobeit

2 Anrebpa. 8 kn.




93.

94.

95.

96.

97.

98.

IIpencraBere B BHUIE ApOOM:

11p° 12¢%, 2 ( 7 )
a) ——t == ) =3cd- |[——=}
) 8q4 SSP ) gch
6) 48 .(___50}’4)- ) 3’y 54 8a.

125)° o I’ 4 2y 15°

35a*xt ( 276" ) 3 2a 423
B) — = : e) — - —-49a’b’.
) 815* 14a’x° ) 284 75*

BhINONHUTE YMHOXEHHE (1 — HATypaJbHOE HMCIIO):

) x"“_y"“, d"+b" " b —d.
a ynfi In+3’ B) anbn : azrl_bzn bn 2
6) a:.’n—z ) ber—I' ¥ x2.'r__l ) x3n_l
B2 g1’ My x"+1 x"+1
Ipeobpasyiite B ApoOb:
a) Sx+y) . ax? B) 3x -6y Al 1) az—bz_ 8a .
8xy  T(x+y)’ xy xy— 2% 4ab  3a+3b’°
2a—2b 6a* . 3a at—ab, 2x — 4y X
6) 5 T ) ab=1F ' e) 2 -4
YipocTure BBIPaKEHUE:
(@a—x) 2a* + dax + 2%, 1 2 2.
a . ; r) ——-(a” — 25b
) (@a+x) 3d"—6ax +3x* ) a* —10ab + 2567 ( %
1 G2 +SP+HaxE+5)+4 2P-18,
6 xz—ﬁ.X+9 . 5 i »
) ( ) 3% — 9x R x?—10x +21 o2 +7)
) x2—1 S5x+10y. ) YV 18y +77 Sy —35

X+ Pax V—49 (8P +6(+8)+9

JlokaxwuTe, uto ecm a + b = 0, To BepHO PaBEHCTBO
(_ﬂb_%_) " |
a* +10ab+256%) 16

BBHINOMHUTE YMHOXEHHE:!
y2—16 xy-i-y2 1 . B) (1+x+x2)2 x%+6x+36

2) LHxy dp—yr YHy—12 ©—216 x'+2°+3+2x+1
) 8 o-x" 1 ; [ _(a+®P—3ab  a'-b
(x— P x (x+y)2—(x-y)2’ Lrab+al+b a+bH

Maea 1. Apobu



99.

100.

101.

102.

103.

VrpocTHTe BBIpaXEHUE:

2) a’+3ab-2a—6b a—3b. wi P8  10x 15
a* —9p? a -4’ 25x7 xXP+2x+4 xP+ax—12°
6) xy =57+ —10y y-—2x. 0 Y+21 _ y+2  Pay-2
4 — x? x—5y’ V-4 Y -3y+9 y+ay+3
BosBsenure B CTereHb:
i Jooow () oo (S
5 e a) . + =41 T x —14x+49) .
a) (= B) (= —=1; x) (5————=;
) (2y)’ ) (b3 4 ) » ) X2 —12x+35
4 3 3 i 2
6 (%): n(Z): o (—l"s-); 3) (M)
3 5b 37 (a—3)
VYnpoctute BhIpaXeHHE:
3 2 2 6 2 a2y
a) (x—y) (x—y) +4xy; B) (_x +xy) _(ny—x —y) ;
x+ty] (x+y)P—dxy =32 P +2xy+)?
2
(az—bz)z_(a—b)z"‘hb. ) (ab—sa+5b_30)“_( @ +6a+9 )
&+ b (a—b? ab+6a+3b+18) \10p—p?—25
Haiinure 3HaueHHe BBIpaXKEHMS:

2
— 60y + +
Si'y2 60y +100 0,6y 1, P %
9% +30p+25 06y-2

02x*—25  0,lx—0,2
6) —5 )
6x"—12x 0,2x“+x+5

y €CIIH X =

| —

2 +4a’ +10a+12 . a —3a*+8a
a—a*+2a+16 at+2a+6

Ynpoctute BHIpaXeHHE

YnpaxHenus ans nosTopeHusi

104.

105.

106.

Haiinure yacTHOe M OCTaTOK OT AeNeHWs] MHOTOWIEHOB:

a)a'+ 52 —6a+1ua® - 3a+ I;

6) 26 —66° +30° —2u b — b -2

CpenHsas CKOPOCTh NMACCaXUPCKOIO I0€31a Ha YYacTKE OT NyHKTa A 10
nyHkra B pasHa 80 km/4, a ToBapHoro — 60 km/4. KakoBo paccrosiHue

MeXay TyHKTaMH A ¥ B, ecid M3BECTHO, YTO 3TOT IYTh MacCaXMPCKUi
10e3]1 MPOXOAMT Ha 12 MuH OBICTpee, YeM TOBApHBIH?

Belpasure x yepe3s @ U b W3 ypaBHEHUS:
a) 5x + b = a; 6) 2a — 3x = b; B) X =a;

§ 3. MpowuseeneHue n 4acTHoe apobeii




rme b #Z0,cZzZ0und =0,

6. deneHne apoben
Jdokaxem, 4TO 4acTHoe OByx apobei % n =

TOXOEeCTBEHHO paBHO ,u,pOGM %, T. €. MMeeT MeCTO TOXOeCTBO
ad
i (1)

a.c
b d

YMHOXUM [1po6b % Ha npobb %:

bc'd bed b
d
92 . € =2 no onpeAeneHWio YacTHOro BLITEKAET, YTO PaBeH-

M3 ToxpecTtea y e L

cTBO (1) ABNAETCHA TOXOECTBOM.
Toxpecteo (1) MOXHO NpPeAcTaBuTL B BUAE:

208 2 (- -
3 d-p o Be Apobb, obpaTHas opobu

Mpwu aeneHvy ogHoM ApoGu Ha ApYrylo yoobHo
4yToGbl paspgennTb Apo6b Ha Apo6b, HY)XXHO NEpBy0 APOOb YMHOXUTL Ha

Apo6b, 06paTHYIO BTOPOIA.

RN

NnoNb30BaTLCA MPaBUIOM:

70a°
1625*

6
NMpumep 1. Pazpenum apobb i?zs Ha napobb

MPUMEHUB NPaBWUO, MONYYUM:
284° . 70a° _ 284° 162b* _4-7-81-2-a%" _4a
8165 1626* 816° 70a° 81-7-10-a%° 5t

& 5.2 B
¢ =3¢ +1 Ha Apo6b 02 c—-1

Mpumep 2. BoinonHum peneHne apobu 5 i
=1 ¢ +ie+]
Nmeem:
c4—3c2+1,c2fc—1_(c'2—1)2—cz_c2+c+1=
-1 e+ -1 ?-c-1
=(c2—1+c)(r:2—1~—C)(c2+c+1)=.:2+c—1
e-1

(c=DB+c+1)cE-c-1)

2
Mpumep 3. Paspenum apobb 5% Ha OBy4neH ¢ + 3c:

(€+32 1 __
c-5 cle+3)

2
£+6c+9 . (2+3c)=
=5
__(c+3°1 _ c+3
T (e-5)clc+B) 2-5¢

fmaea 1. OQpoGwu




YnpaxHeHus
107. BruimmonHuTe IejIeHUE:

3x . 9x7. a 2.

oA AR K 1) S5 (1696);
5x? | ox? ..ol Y 2. 24d’

== Y e g e) 144a”: —.
6y° 8y 121y " 33y 5b

108. BeimonHure DeifcTBUSl (7 — HATYpaJbHOE YMCIO, GOJbIee 6):

) 3 .6 154" p"  6a*" 3. p"1

4p2nt2 ’ pn B) 765+ g . 356t gn
xnts i x2"+6_ r) x"+8-y"_5 . xn+6_ynk7
=y - .
y3n 2 y4n p2n+9_q3n 1 pn+10_q2n

109. Ilpencrasere B Buae Apobu:

Ta’x? | 35a°x° 4255 ( 21x5) 48x12 10, 4
a e B)——:|——""] t(—16x 3
) 4 " g 17y° s1°) ) 6 ( )

10 8 752

6) —dac . 18ab, O e) 37ab:(_111ab)_

136 ° 52¢ qm 25 e c?

110. IIpencrassre B BHAE Apobu:

a—>b.2a-2b, 2 . Sx+5y,
@ S50 2B gy 2y Sty

2 2

a —b" a+b, 81a? — 4947
6) s ) = :(9a —7b);
5) @ +ab . ab+ b, e) (7d° +875): 21&° — 105a% + 525a

ab—b* @t —ab’ 2a+10

111. Ynpocrute BhIpakeHUe:

i 16n* . 8n . r 6a+12b . 4a+8b.
nw—2n 3n—6’ @ —2ab+5 P —p’

P’+pg+qd’ . P-4

i v
6) X l:x + X,

—a JI) s ]

6x” 3 pa+3q®  p*—3pg

g 2= 4 . 5x—20, & & — 86 . 3a® + 6ab + 1252
y — Xy x2—xy, a* —3ab 36 —ab

112. Haiinure 3HaueHWe BBIPAXEHUS:

a) +x+1. P-1 e x—l'
dx+1 T 1ex2—1’ T2

=22 —3p+6 .52 —15
42 +4y+1 4y +2

1

§ 3. NpouzeepeHne 1 yactHoe apobeii




113. VnopoctuTe BhIpaxeHHe:

12¢* 34* . 184°. ) Py 6P 12x-12p.
5 2w 356 w  xty 52
. et Y : r =y . x-y x-y
8y6 7y4 14x° x+2y X4y x-

114. BuirioaHuTE JAC/IEHHE:

xz—bx+ax—ab,x2+bx+ax+ab_ ) a?—10a+21 . a*—49.
xi4bx—ax—ab x*—bx—ax+ab’ B+116+30 52 —36

a)

6) Y =52 —4y+20 . (y+2)> —4y—8. % at—-16. 2a*+8
V4+5 +4y+20 0 (y—2° +4y -8  @+27-20

115. YopocTuTe BBIpaXKEHHUE:

2 (x2 —10x + 24)3 ] (4x = xz)J;

x2—2x—24 5x + 20
6
6) (y2—5y+6) :( y2—6y+9 )3
y2+5y—6 y2+12y+36
(E_‘.gq.Z).(M__b_)
116. Vipoctute BhpaxeHue ———2 > 2a_atbl u pajinure ero 3HaueHMe
W+ (2
(a+ a)(a+b a——b)
mpu a = 0,75, b=7.

YnpaxHenus ANS NOBTOPeHns

117. lokaxurte TOXIECTBO
( a—16 )3_(0,5a+2)3=1
& +8a+16) \05a—2 ’

118. Or cTaHIMHU 0O 03epa OIHY YacTh IYTH TYPUCT IIET CO CKOPOCTBIO 4 xM/4,
a OCTABLIVIOCS 9acTh TyTH, KOTOpasi Ha 1 KM Gonblie NepBOHAYAIBHOH, —
co ckopocTeio 6 kM/d. KakoBo paccTosiHMe OT CTAaHIIMM 10 03epa, eciu
M3BECTHO, YTO Ha BECh MyTh TYPHCT 3arpatia 1 4 25 MHAH?

119. U3 paBeHcTBa :12__{_ % =% BBIPA3UTE:

a) TMepeMeHHYI0 ¢ Yepe3 nepeMeHHbie a u b;
6) nepeMEHHYI0 a 4Yepe3 nepeMeHHbie b u c.

fmasa 1. Opobwn




7. MNpeobpa3zoBaHne paumoHasbHbIX BbIPaXEHWA

B kypce anrebpbl 7 knacca GbiN0 Noka3aHo, YTO CYMMY, pa3HOCTb M Mpo-
n3seeHne MHOro4IeHOB BCErfia MOXHO MNPeacTaBuTe B BUAOE MHOMo4yeHa.
Apo6b, y KOTOPOiA YMCUTENb U 3HAMEHATENlb — MHOrO4/IEHbI, Ha3biBAIOT PaLMOo-
HanbHOW Apobblo. B 3TOM Kypce Mbl MOKasanu, 4TO MMEIT MEeCTO TOXOecTBa:

GpE_mdihe o & gi-be & E_oF S8 02
b d~  bd ' b d bd ' b d bd’ b'd bc’
3HauUT, CyMMy, Pa3HOCTb, NPOU3BEAEHVNE N YACTHOE pauMoHanbHbIX apobeit
BCeraa MOXHO MNpencTaBuTe B BMAE pauvoHanbHOW apobu. CneposaTtensHo,
B BMAE paumoHanbHoOn ApobW MOXHO NMPeacTaBuTb Noboe paunoHanbHoe Bbi-

paxeHue.

Mpumep 1. MNpeacrasum B BUae paLMOHANbLHON ApPo6U BblpaxeHue

2a+1_ 2a—1\. B8a
2a-1 2a+1) 642—83a"

CHavana BbINONHUM feicTBUE B cKOBKax, a 3aTeM Nony4eHHoe BbipaxkeHue

Ba
asfgenum Ha gpobb ———:
pa3n ap 6d — 30
1) 2a+1_ 2a-1_(2a+1’—(2a—-1? _ 8a
2a—1 2a+1 44°% —1 4a2 -1
) 8a . 8a _  Ba-3a(2a-1) _ 3a

402 -1 64°—3a¢ (a—1)2a+1)-8a 2a+1

3anncb MOXHO BECTWU Kopoue:
2a+1_2a-1\. 8a _ (2a+1°-(a-1?. 8a  _
2a-1 2a+1) 642-34 (2a-1)(2a+1) " 3a(2a-1)
— _B8a-3a2a—-1) _ 3a
8a(2a —1)(2a+1) 2a+1
Mpw BbINONHEHMM NpeobpasoBaHWii BbIPaXeHWit Buaa (a+ b) - c vHorpa 6bi-

BaeT Gonee pauvoHasbHbIM He BbINONHATL AECTBUA B CkoGKax, a cpasy BOC-
NoNb30BaTLCA PacnpenenuTenbHLIM CBOWCTBOM YMHOXEHUS.

Mpumep 2. Ynpoctum BeipaxeHue
1 1 2 212
—— — _|.(a&" — b°)".
((a—b? (a+b)2) ( :

Bocronedyemcs pacnpenenurensHbiM CBOWCTBOM YMHOXEHMS, npeasapu-
TeNbHO NPEACTaB1B BTOPOW MHOXWTENb B Buae npousseaeHws (a — b)*(a + b)2

Nmeem:
1 1 2 242
——1 ) (@®-b2=
((a—b)2 (a+b>2) @ )

_(@—bP@+b? (a—bPa+b?
(a—by (@+by?

=(a+ by —(a— by’ =4ab.

§ 3. MNpousseneHune n yactHoe Apobeit




Mpumep 3. YNpocTM BbipaxeHue
4a+5 4a°+4a+1 a+3

2a 2_9 2a+i
CHavana BbINOSHMM YMHOXEHMe, 3aTeM MOoAy4YeHHbIA pes3ynsTaT Bbi4TeM u3
4a+5,
apobu TR
1) 4°+4a+1 a+3 _ _ (a+1P-(a+3) _ 2a+1.
@ -9 2a+1 (a—3)a+3)2a+1) a-3°
2) 4a+5 _2a+1_ (Aa+5)a—3)—2a(2a+1) _ 4a*+5a—12a—15—4d°—2a _
2a a-3 2a(a —3) 2a(a —3)
_—9—-15_ 9a+15

T 242—6a  24°-6a

Mpumep 4. [loKaxeMm, 4YTO 3HAYEHME BbipaXeHus

3
1+x2+1:(l+ ! 2)
x*-x \*¥ (x-1)

npv MoBbIX AOMYCTUMBIX 3HAYEHUSX X MONMOXWUTENBHO.
MNpeobpasyem OaHHOE BblpaXeHue:

1) L 1 =x2f2>C+1+x:x2_x+1'

X x2—2x+1 x(x—1)° xGe =172

2) x3+1:xz—x+21:(x+1)(xz—x';1)'x(x_1)2=x2—1;
F—x x(x—1) HE -1 =t

3)1+x*-1=x

BoipaxeHue x° npu NioBbix x — HeoTpuuaTensHoe 4ncno. OaHako 4Meno
Hyb HE SBASIETCA AOMYCTUMbIM 3HAYeHMeM nepeMeHHon x. CneaosartentHo,
3HAYEHWe OAHHOr0 BbIPAKEHMs NONOXWTENbHO Npu NtoboM [OMYCTUMOM 3Ha-

YeHUn X.

PaccmoTpum npeobpasoBanua apobei, yucnutens U 3HameHaTellb KOTOpbIX
ABNAIOTCA APOBHLIMU BbipaxeHusimu. Takve Apobu OObIHHO HA3LIBAIOT CNIOXHbI-
MU («MHOrO3TaXHLIMW») APOGAMM.

Mpumep 5. MNpeacrtasum B BUAE pauuoHansHon Apobu Apobb:

1—x i i . be
1—x+x2 1+x+x2, 6) & e
B ek L p+-2"
1+x+x2 1—x+x? ate

a) Yvicnurens ¥ 3HameHaTenb 3TOW apobu aBnalTCa ApobsMM, KOTOpble
MMET OOUH U TOT Xe 06LLI,IAI7‘I 3HamMmeHaTesNb

(1 - x+x3)(1 +x +x°).

Mmasa 1. Opobwn




MoaToMy, YMHOXMWB YACAUTENb WU 3HAMEHATeNb OAHHOW ApoOM Ha Bbipaxe-
Hue (1 + x + X?)(1 — x + x?), Mbl Nnony4Mm ApoOb, TOXAECTBEHHO PaBHYIO AaH-
HOW, Yy KOTOPOW YMCAWUTENb W 3HAMEHATENb ABMSAIOTCH UENLIMU BbIDAXKEHUAMM.

Nmeem:
1—x 1+x
T—x+x2 1+x+x°
1+x 1-x

1+x+x2 1—-x+x°

( NG paaltE )-(1_x+x2)(1+x+x2)

x4+ 1+x+ 22
1+x  1-x
1+x+x% 1—x+x2

)-(1—x+x2)(1+x+x2)

=3+ a+xd 2 1
HR-(1-) 28 =
6) B atom cny4ae uenecoobpasHO BbINOJHWTL NpeobpasoBaHUsA OTOENbHO

B YiacnuTene v 3HameHatene gpobu, a 3aTeMm NepBblid Pe3ynsTaT pasfenutb Ha
BTOpOn. Mmeem:

b bc ab+ ac + be

b+e b+ce _abtactbc . ab+bet+ac _
b+ € T ab+bc+ac b+e ’ a+c
atc atc

_ (@b+ac+be)a+tc) _ate
(b+c)ab+bc+ac) b+c’

YnpaxHeHus
120. IMpencraBere B BUAE PAllMOHANLHON APOGH BHIPAXKECHUS:
a ,atl, y—-12 y_\.
a4 (a+2+1) 4a ’ r) ¥ —25 (y+y—6)’
3b+3 4 -
6) ('__ )ﬁ, -El) (a—x-!—Tx) aax;
3x2 ( 1 ) ( 3y? ) 6b — 3y
1+ —); +y— B
B) e S Gkl e e v

121. Boinmonuure peictsus:
* V(e 1N - A +4).
a) ( +b) (b2 a)’ r (2—z_5)' 1+2z—4 ?
b b 3
o (18- o foot- 2 -

B) (x—%)-(%+xfy); e) (b+1—-1_1—b):( —b—b_%)




122. YnpocTuTte BBEIpaXeHHE:

$2% . X + 2 _ .3 2

a) xy x Yy 3; B) m—n" _ 10n ==
7 “Ty+14 x2 5n2 m* — m’n®

6) 22=b _ 3% 4a-2ab. ) 24 _ 4" -2atq 2tq
2a 4 b0 p—gq 2p+q »-q

123. BeimojaHuTE NEHCTBUA:

2 1 1 1 . 1 1 1 X
a) (a —xz)‘(a+x+02_x2_a—x)’ r) (x-_;)'(x—l_m+5)’

{7 1 1 3 a+b a—b\.[a-b a+b).

5 bz—yz'(bz—y2+b2+2by+y2)’ o (a—b a+b)'(a+b+a-b)’
27 1 1 : [ _3x+y)
B) ( ) (x+3+12_3x+9)’ B) (x—y x+y) (x 4 :

124. Ynpoctute BbIpaXeHHeE:

) 55t (et (- x-25)

@ (3a S 2b2_030) : (a B %) ' 9a2a—24bz;

4y°—1 y y 2 )
B . -+ -
) y—y-y+1 (y2—2y+1 y¥=1 y+1f
I‘) (Lz_' 1 4 x+1 )‘x—l_

x (x—1Y xx—12] x*+1

125. JlokaxuTe, 4TO TP JHOOBIX MOIMYCTUMBIX 3HAYEHUSX IEPEMEHHON X 3Have-
HHE BBIpAXEHMUS HE 3aBUCHUT OT X:

2) ' 1 a1z 2 A
tin) \Z2 TP Ermte)

6)( 6 bx ’x2+2x+4)_43x2

8—x° x+2 -

126. Jokaxure TOXIECTBO:

a) (a-““” )(a b)+1=_22_;

atb

2 — 4y = 16;
(a-— 2)2 a2—4+(a+2))( )

a—02b 0,6ab 0,2 Sa<d 7.
i ot

5a>+ab+02b"  5a°—0,04p° a-—02b 2

r)

9 (X ) __4
+ - — i |l
(x+3)2 x? —9 (x—3)2) %

Maea 1. Apo6wm




127. YnpocTtuTe BBIpaXKeHUE:

a) ( y+I1 _ y—1 ) 4 .
V-4t +4y—1  yP-2n2-2+1) Y -3p+1’
42 +8 4-—x2) ( 2 1)
6 = A== ).
) (x“—2x3+3x2—4x+2 o —1)? x " x?
128. IlpencraBsTe B BHAE PallMOHAIBLHON OPOOH BBIPAXKEHMS:
2a—b a b 1 1 1
—+1 —=+—= = —+=
b 5 bZ az. x x2 x
@)= 6) ; B) —ZX; r) .
Ezf—b—l a—2+£2- x+l—2 —13+x+3(~1~+1)
b b a x X x
129. [lokaxuTe TOXIECTBO:
6 6 3 3
| | T m.(f__&) R
(b—1) b—1 . 2y Yy Py x
2) a’ 2 = 0) R Rl s
( —l)( _ +1) o+t et ira
(b—1)>? B-12 b-1 ¥ X

2 —_—
130. Haiinure HauMeHbliee 3HAYCHME BHIDAKCHHS -(x+§ g2 )
4

131. Haiinure HauGonblllee 3HAYeHHE BhHIPAXEHMS

Ynpaxuenns AN nosropesns

132. Jokaxwure, YTO €ClIu %=%, TO BEPHO PaBEHCTBO:
& az+bz=a_2. 6) a+b) _a
P+ b b+c c

133. MoropHas noaKa NpoNUIa NPOTHB TedeHHs] peKH 16 KM M BepHYIach 06-
paTHO, 3aTpaTUB Ha oOparHBIl nmyTh Ha 40 MWH MeHble, 4eM Ha TyTh
npotuB TedeHus. CkopocTh TeyeHusi peku 2 km/4. Hailaure ckopocTh
JIODKU B CTOSIYEN BOJE.

m Kowtponshsie Bonpocsi w safanns
. Cdopmynupyiite npaBuso ymMHOXeHHs aApoGeit. [Ipusenute nmpumep.
B yéM cocToMT mpaBuIO BO3BeNeHMs APOOM B CTENeHb?

- Cdopmynupyiite mpaBuIo AeneHusi OOHOM Apobu Ha apyryio. IIpusexnre
TIpUMep.

1
2
3

u

[IpencraBeTe BHIpaXKeHHe

2+ 8x | 1
B BHIE paLMOHAIb-

i +
-4 \x-2 =+ 2)2)
HOW JpoOH.

5. [Tlouemy moboe pauMOHATBHOE BLIPAXEHHE MOXHO TIDEICTABMTL B BHIC
MHOIOWIeHa MM pallMOHAJIBbHON Ipob6u?

§ 3. MNpouseeneHue n YactHoe apobeit _



JononHutenbHbie ynpaxHeHus K rnase 1

K naparpady 1
134. Haiinute 3HaueHue aApobu:

6 S
22.0,35 21,2+
a) ’ 6) ki 5 372 +111. ) 395 + 79?
? L) ——y e
162:62 730 40 84
516 9
135. Haiinure 3HaYeHWe IpOOH:
2
a) 3— : 65 1 ot
1 2 3
+ 5 P
-5 142
L 1
1
136. Ilpu KakuMx UETBIX 3HAYEHWSX A JIpOOb MPUHUMAET LIE/Ible 3HAYCHMS.
91 . 159 . 5 .
a) T B) el ) =3
123", 205 . 6 o
6) an—1’ ) n+2’ ) ®—3
137. Tlpu KakuMX 3HaYEHWSIX MEPEeMEHHOH MMEeT CMBICI APOGE:
2%
5 ot ) m =
x—9x ol — 2 3.3
P o
1
1 45 x—2
0 ; r : e) ——7
) X —16x ) Ix+5° ) x| — x

138. Haiinure o61acTh onpeneneHus: HyHKIHH:

% 1 7
a = : o = - B) V= 5
) ¥ x2—49 ) ¥ o —16x ) Il — x
139. [Ipu Kakux 3Ha4eHUsX @ 3HaYeHUe APOOM PaBHO HYIIO:
2
a‘—169, lal -5, a—lalo
a) a ) 6) 3 3 B) 7 =
140. 3Has, uyt0 a, b, ¢ U d — OTIMYHBIE OT HyIs uMcaa u ad = bc, NOKaxure,
YTO:!
a__c, a+b _c+d, b __d .
a) TR B) b  d’ 1) at+nb c+nd’
a_ b, atc _a. 2a+b _a
W = ) 5vd= o’ ) Serd

3ameyanme. TlocaenHion mponopuuio mokasan Apxumen B III B. 10 H. 3.

Maea 1. Opobu




OpEeBHerpeYyecknii maremMatuk u Guank; passui Mme-
TOAbl BbIMMCNEHWA NNOWAnen pasnuyHbix ¢uryp u
06LEMOB Ten, a TaKkke MeToAbl KacaTeslbHbiX M 9KC-
TPEMYMOB, NPeNBOCXUTUB WHTErpansHoe u audde-
peHunansHoe WCHUCNEHWS; LWWPOKO NMPUMEHsN maTe-
MaTtu4yeckrMe MeTodbl B eCTECTBO3HAHUN U TEXHUKE.

141.

142,

143.

144.

145.

146.

147.

Apxumepn, (okono 287—212 . go H. 3.) —

CokpaTture Ipo0b:
a) c+ 1P +1, e at+at+1, ) a* +3ab — 2ac — 6bc .
s T (a+1)3+1’ @ — 3ab —2ac + 6bc
T i Pt =P+, b — bx — 6by + 6xy
0) T—a— r) T L € 3 2 2 "
y+1 =0 —b+1 b —120%y + 36by
YrpocTHTe BBIpaKeHHUE:
at+a’+1, b+ 4
a) By A1 6) 4 2 4 2 *
& +at+1 B+ 262+ (B - 267 +2)
2~ Sxy + Ty?
Hokaxure, 4To ecnu y apobu —5————=; TIEPEMEHHBIE X U J 3aAMEHUTH
3x° + 6xy — 8y

COOTBETCTBEHHO Ha Ax u ky, tne k # 0, TO MOAYYUTCS APOOB, TOXIECTBEH-
HO paBHasl MEePBOHAYAILHOI.

Haiinure omubKy B paccyXIeHHsIX.
Ilycts maHo ypaBHeHue x — a = (. Pasmenus obe ero yacTu Ha x — a,
X—a

0
NOMYIMM —— = ——, OTKyJa Cpasy Xe rojiyyaeM paseHcTso 1 = 0.

Haiinure 3HayeHue mpobwu:
2 2
a“ —3ab+2b 3 5
= npu a=> Hu b=23;
2+5ab—ap2 P 8 8
26 +3x%y + Sxp + P 1 2
4] npu X=— " y=—.
) 2x + 8y p 3 13
M3BecTHO, YTO @ M ¢ — HarypajibHble yucia U b = @ + c¢. Haiioure 3Ha-
10a+c¢
e e
HES: ADOOH. o e

27— 3% +4x—6

Hokaxure, 4T0o hyHKIHSI Y =
x2+2

SIBISIETCS IMHEHHOM (DYHKITHEH.

JononHuTenbHbie YNpaxHeHus




148.

149.

150.

05x’—xy _ 2

JloKaxHTe TOXIECTBO = \
0,25x* —y* x+2

Haiinure 3HadeHue apobu 2—'”0’“5—2, €CJIM M3BECTHO, YTO:
10a” + 2ab + 0,1b
a) 10a + b = 20; 6) 2a + 0,2b = 5.
IMoctpoiite rpadpuk QyHKUWH:
x4, =2
a) y-r 6) y= oo

K naparpadgy 2

151.

152.

153.

154.

155.

BrinmonHuTe cloXeHWe WM BHUMTAHME:

2) -9 18 : 5) datlosa"t e 74" +9ab™.
A" —21 XM +ax"-21 (2a" — 3" (36" — 24"
6) e Y 26 . 5 =80 a" =
" —ad"-2  220+d" -’ A +b" -1 a1

(@+b? (-0l +2bc , (c+a)
a+b+c a+b+c at+b+c’

YHPOCTH’I’C BbIPpAXXE€HHE

1 + 1 _ 2
24 2ab— 36 b+2ab—3a> (a+3b)(3a+b)

Jlokaxxurte TOXIECTBO

- 3x —18
Haiingute 3HauyeHHe BBIpAXEHUS - + IoIpH x = 2,5.
g P x2—6x+8 xI—8x+12 P

YIpocTuTe BhIpaXKeHHUE:

a) x  xy-— B
x+05y  x2-025°

6) x_v I2y + X +04xy

X% —1,2xy xy+04y
- + 1
B) 2a° al_ 22a al+ =
az—a+z a +a+; a"—z
3b— y 3b+y 6b
r) 22 TR 2 Itz 2 La
——by+ ' B +Zby+—y b ——y

3 9 3 9 9

Fnaea 1. Opo6u



156. Ynpocrute BBIpaXeHME:

1 1 1 i
D ote-0 T Potb-3 -G-8

1 1 1 .
Yl eote—a  B-o0-a T e—ae-B

a? b c?
B) wiies T o —R ok

157. IlpencrasbTe NpoOH —§- B BHIE CyMMbI TPEX ApoGeii co 3HaMeHaTe/sIMU:
a) 5, 6 u 10; 6) 3, 5 u 15.

158. Haiinure 3HaYeHus @, b ¥ ¢, IPH KOTOPBHIX PaBEHCTBO
X —x+1 a b c
3 e ; + 3
(x—1) x=1 " x-1? @x-1)

ABIIACTCA TOXIECTBOM.

159. Ilpencrasbre npo6b B BHIAE CYMMBI TPEX NpOGEH, 3HAMEHATENSIMH KOTOPBIX
SBIISIIOTCS. MHOTOWIEHBI TEPBOM CTEIIEHMU:

xI—4, 6) 2% —5y+3 . 322 +6z+2
a) x3 3 2 ] B) 3 2 .
—4x V-4 +3y 43+

160. Haiinute 3HayeHue Ipobu:

1 3
3,2 -y -cy-=

a) = +2x x5 4 mpu x = —1,75; 6) —e B LD npu y = 2,5.
x‘—x+1 y2+ly+l
2 4
161. Haiinute Bce uenble 3HauyeHus Apobu, 3HasA, 4To 7 € N:
n2—4, nj—nz—n+7,
) s B) —m
7] 2
n—3n-15, (n—Dn+1)* -1
6) n-5 ° r) n—1 ’

i62. Hajinute nenele 3HaYeHUsI @, TIPU KOTOPHIX Apo6Gb NPUHUMAET LEABle 3HA-

YEeHMUS:
’ §i428,,.38
a) (0—2) . 6 a G2
4a (3a+2)
163. YxaxuTe HaTypalbHble 3HAYECHHS a U b, NPU KOTOPHIX BEPHO PABEHCTBO
1,1_1
a5 3

HdononHutenbHbie ynpaxHeHus —



x+5_5=4x—40
x—17

164. YyeHuK, peliass ypaBHEHHE T,

le/IBéJl €ro JICBYIO 4acTb

x+5—=5x-7) - 4x — 40
x—=7 13—x "~

K O0OlleMy 3HAMEHATENI0 W TOJIYYHII Orciona oH

4x—-40 _ 4x-— 40
T—-x 13-x "'
MOCKOJIBKY YMCIHTEeNH npobeif paBHBEI, TO paBHBl M 3HaMEHaTeJH, T. €.
7 —x =13 — x, orkyzna 7 = 13. Kakyio OmIMOKY JOMYCTHJI YUEHHK?

MMoJIy4uJl pPaBE€HCTBO [anee y4YyeHWMK paccyXnal Tak:

165. JokaxuTe, YTO 3HAUEHHE BBIPAXKEHHS

In 1 2n
(5 + o) - (2 +
x"—-1 x"+1 x"+1  x"-1

MpH 1EJOM X, OTIMYHOM OT |, ¥ HATypanbHOM A SIBJISIETCS HATYpaJbHBIM
YHCIIOM.

K naparpadcy 3

166. YmnpocTtute BBIpaXecHHE:

2) Pt ed Bt 5) e . o S
Pt o P——2y—y Pttty
6) @ +axtab+bx o’ —ax—bx+ab. ) 10a” +40ab + 40> &’ + 2ab —3a

P 24 ax — bx —ab’ a® —3a + 6b— 4b* 5a +10b

a—ax—ab+bx a

167. BHIIOJHHUTE YMHOXEHHE:
a) 4x4+4x2y+y2—4 . 6xy . 6) 9% —6ab> +b*—9 . 12ab
42 +2y—4 42 +2p+4 12@+1)— 46>  3(a—1)—b?

168. YopocTuTe BBIPAXEHHE!

2, 1 1 . Xy )2 (l l).
= s———— ¢ —— —+—,
% (x +X) x+l_ E) B+t 24y’ Xy
X
8 1. YRt [ 1
& {3 —i—: p ZLex (L)
. T w-x \y x
y

169. Jlokaxwure, 4TO €CiiM d, b U ¢ ONIMYHBLI OT HYJsS, TO PaBEeHCTBO BEPHO:

(a+b} _ & -
¥Z% =2 npu ycnosuH, 4TO T =-;
a) Grol B PH Y » b ¢
| 1 ==
S o b S BU + b)(b + ¢) = 0.
6) —+5+¢ =555, PU YCTOBHH, uTO (a )¢ )

Fnaesa 1. Opo6wu



170. VYipocrure BhIpaxeHHe:
a) x2—30yz+10xz—3xy . x2 —1001.2.

zz—xz xz—xz )
6 & — :(a2+b2)2—a2b2;
a*+a—3b—9b? a—3b

o bxy —4x —9y+6 . 9P —12x+4
¥ —12x+36 3y —18y—2x+12

171. 3Hast, yto @ + b + ¢ = 0, HaWgUTEe 3HAYEHWE BBHIPAXKEHMNS:

) a+2b+c . 2a+4b-3c, 6) 3a+5bh—T7c , 2a+b+c
a+8b+c¢ 3a+7b—7T¢’ da+5h—6c Ta+b+c’

172. TlpencraBbTe B BHIE ApOGH:

1.2 _ s 3943
ad® —12ab+982\' . [37 "2 3% ).
a) 155 3 s )

6 3
O,Za2 + ab) g (a2 +10ab + 25b2)
4(12 +12ab + 9b2 ga +ab+ sz

026> +ab) \25a%+10ab + b*

173. JIOKaXWTe TOXIECTBO

2(a+b+a—b):(a+b a—b)=g+£_
b a

a—-b a+tb a—b a+b
174. YnpocTuTe BEIpaXEHHE:
a-b  2a+1 s
a) (a+a+b—b).(az_b2+1),

R 1 2+l
6) (x x_y+y).(1 x2—y2)’

) 2ed f2c+d
2c+d \2c—d

18x)” 2 B 9y” — bxy
I) 3y—2x+2x—3y'(9y 6xy+4x2_6xy.

—2(:—-d)+2€d;

175. [lokaxuTe, 4TO MPHU JI0OGOM HATYPATBHOM A SBJISETCA HATYPATBHBIM YHCIOM
3HAYEHHUE BBIPAXKECHHSA:

1 1 1 4 n 2 1 1
- 1)(11 -—1):—' —+=)iS—=4=]
a) (n+ e 7 0) n2+2 = M+2
176. [JoxaxwuTe, 4TO eciIu A_0_X58
X3 X3 X4
4tontxn _ x. n+xn+x\ _ x
=24, 6) =1
xtxutx, x xtx;+xy X4

JononHUTENbHbIE YNpPaXHEeHWs




177. [lokaxure, 4To MpH MOOOM m, OTIMYHOM OT HYJIs, 3HAYEHHE BHIPAKEHUS

178.

179.

180.

181.

(2m2+ 1 +1):(2m2— 4'"4)

2mt—1 2m* -1

ABISIETCA OTPHUUATE/IbHBIM YHCIIOM.

YnpocTute BeIpax)eHWUe:
0,56—1,5 26-6\. b-3
a) - - : : ;
056 —156+45 13,9 0857 +216
3
2,
a 3 2a » 0950 -1 .
&) 0,5a+1+2—a+la2_1 0,5a+1’
4
3,60y — 2,17 2 | 12T,
144x2 — 0,497  24x+14p]  x+3y

1 2y 0,5x 1 )
r i, : +2
) (0,5x+y 0,25x2+xy+y2) (O,ZSch—y2 by~

IIpencraBsTe B BMIIe PALIMOHANBHOM IpoOH:

_»

) 1
e = R
y- l+—r
i 1+=
x

a-x_, x 1

a a—x

6) atx x r) 1— 1
a atx 1

| )

BbInoaHUTE MOACTAHOBKY M YIIPOCTHTE IOJIYYEHHOE BEIPaXKEHME:

a
=—x
b 6) g
=+x

a

ax bx a
S X = —-:
) atx B-x" ¢ a-»b’

Yrpocture BHIpakKeHHE:

)( z-2 @+4P-12 1 ).Z3+2z2+2z+4.
6z+(z -2 -8 2-2) P22 +2—4

bx+d+ 2 @x? -y 1
) bx b

+ Cbx
2+ (B2 —4)x —2bx%  (b+2x)? —8bx

2

a—
, ITIe X =



Llenbie uucna.

HNenumocTb uucen

[:

B aTtoit rmaBe GyayT pacCMOTpeHbl HEKOTOPbLIE CBOMCTBA MHOXECTBa HaTy-
panbHbIX YACEN M MHOXECTBAa LeNbIX 4YMCesi, CBONCTBA AeNMMOCTU LenbiX Yncen,
NPU3HaKN OeNMMOCTW, NPOCTbIe U COCTaeHble Yucna. BmecTe ¢ Bonpocamu Teo-
pyun penumMocTy ByayT 3aTPOHYThbI BOMPOCH TEOPUMU MHOXECTB — 00beauHeHue
U NepecevYeHMe MHOXECTB, B3aMMHO OOHO3HA4YHOE COOTBETCTBME.

§ 4. MHOXeCcTBO HaTypanbHbIX
M MHOXECTBO Uenbix 4yucen

8. lepeceyeHne, obbegmHEeHNE U PA3HOCTb MHOXECTB

B kypce marematmkm 7 knacca Bbl MO3HAKOMMWAWCL C MOHATUAMW: MHOXE-
CTBO, 3NEMEHT MHOXEeCTBa, NOAMHOXECTBO AaHHOMO MHOXECTBa.

HanomMHuM, 4TO MHOXecCTBa ObiBalOT KOHEYHbIe 1 BeckoHeuYHble. MHOXeCTBO,
He cojepxallge HW OOHOro 3NEeMeHTa, Ha3biBAeTCHA MNYCTLIM MHOXECTBOM.
MycToe MHOXecTBO 0Bo03HavaeTcA 3HAKOM . Ecnn Kaxablii 3NeMeHT MHOoXe-
cTBa B fABNsieTCs 3MEMEeHTOM MHOXecTBa A, TO MHOXECTBO B Ha3biBaloT [104-
MHOXEeCTBOM MHOXecTBa A n nuwyTt: B = A.

Ecnu B= A, B# A, B# &, To B Ha3biBalOT COBCTBEHHBIM MOAMHOXECTBOM
MHOXecTea A.

OCTaHOBMMCA Tenepb Ha NOHATUSX MepeceHeHns U 06beAUHEHNS MHOXECTR.

MycTb A — MHOXECTBO NPOCTbIX ABY3HA4YHbIX Yncen, B — MHOXECTBO ABY-
3Ha4YHbIX YMCen, oKaH4YuBawLwmxcs umdppon 1:

A=1{11;13, 17, 19, ..., 79, 83, 89, 97},

B = {11, 21, 31, 41, 51, 61, 71, 81, 91}.

PaccmoTtpum MHoxecTBo C, cocTaBneHHoe U3
obLWKX 9NEMEHTOB aTUX MHOXecTB. OBwuMK ane-
MeHTammn MHOXecTB A u B sBnsioTcs npocTeie agy- 4 B
3HaYHble YMcna, okaH4Yuealowmecs umdpon 1, T e.

C = {11, 31, 41, 61, 71}.

loBop#rt, 4To MHOXecTBO C ABNSIETCA nepece-
4eHnemM MHOXeCTB A u B.

Ha pucyHke 2 mHoxecTBa A n B nsobpaxeHsl
C NOMoWLI0 KpYroB dinepa. @urypa, BolaeneHHas
Ha 3TOM pUCYHKEe LBeTOM, n3obpaxaer nepeceye-
HWe MHoxecTB A n B. Puc. 2

§ 4. MHOXeCTBO HaTypanbHbLIX U MHOXECTBO LeNbIX Yyucen




Onpenenenwe. lNepeceyeHueM ABYX MHOXECTB Ha3biBAaeTCA MHOXe-
CTBO, COCTOSILLIEE U3 BCEX OBGLUMX INEeMEHTOB 3TUX MHOXECTB.

MepeceyeHne mMHoxecTs A u B obosHavaioT Tak: A N B.

M3 onpepeneHus cnepyeTt, YTO nepecevyeHne MHOXecTB A U B copepxurt Te
M TOJIbKO T€ 3NEeMEHTbI, KOTOpble NpuUHaanexar Kak MHOXeCTBY A, Tak U MHO-
xectBy B, 1. e. nioboin aneMeHT X, npuHagnexawmin nepece4yeHmio MHOXECTB
A w B, obnapaet croiicTBoM: x € A U x € B. Vicnone3ysa 3agaHne MHOXeCTBa
C MOMOLLbLID Ero XapakTepucTUHEecKOro CBOWCTBA, MOXHO 3anucarthb:

AN B={x|x e Anx e B}.

Ecnn mHoxectBa A 1 B He umeloT 0BLWKUX 3N1EMEHTOB, TO UX NepecedYeHnem
SABMSIETCA NYCTOE MHOXECTBO, T. €. B 9TOoM cny4ae A N B = &. O4eBUOHO, HTO
ANA=A4 AN QD = .

3ametum Takxe, 4to ecnu A = B, To A N B = A, a ecnm B < A, 10
AN B =B (puc. 3).

BepHEMCS K paccMOTpeHHbIM MHoxecTBam A n B, rne A — MHOXecTBO
NMPOCTLIX ABY3HAYHbIX 4yucen, B — MHOXEeCTBO [ABY3HAYHbIX 4MCen, OKaH4uBa-
lowmxcs undpoin 1. PaccMoTpuM Tenepb MHOXeCTBO K, KOTOPOMY npuHaanexar
BCE 3NEMEHTbl MHOXecTBa A WU BCe anemMeHTbl MHoXecTeBa B. MHoxecTBO K co-
CTaBNEHO M3 BCEX [BY3HA4YHbIX YMCEN, KOTOpbIe ABNAIOTCA MPOCTLIMK WM OKaH-
yneaTca uuppon 1, T. e.

K= {11, 13,17, 19, 21, ..., 83, 89, 91, 97}.

loBOpAT, 4TO MHOXecTBO K ABnseTcs obbeauHeHnem MHoxecTe A u B.

Ha pucyHke 4 mHoxecTBa A U B n306paxeHsl C NOMOLLLIO Kpyroe Jinepa.
durypa, BbleNeHHas Ha PUCYHKE LBETOM, n3obpaxaeT 00bLeAMHEHNE MHOXECTB
Awv B.

Onpepnenenne. O6beauHeHMeM ABYX MHOXECTB Ha3blBaeTcsi MHOXe-
CTBO, COCTOfILLIEe U3 BCEX 3MIEMEHTOB, KOTopbie NpuHaanexar xors 6o
OAHOMY M3 3TUX MHOXECTB.

AcB BcA

Puc. 3 Puc. 4

Maea 2. Uensie uucna. [enMMoCTb Yvcen



O6beavHeHne mMHoxecTs A u B oboanavaetca 1ak: A U B.

W3 onpenenenus crnepyet, 4yto obbeauHeHne MHOXeECTB A u B coaepxut Te
M TONbLKO TEe 3NEeMEHTbl, KOTOpble npuHagnexar XoTa Owel 0O4HOMY M3 3TUX MHO-
XecTs, T. e. noboin aneMeHT x n3 mHoxectBa A U B obnapaeT CBOWCTBOM:
x € Avim x € B. 310 MOXHO 3anucaTtb Tak:

AU B={x|x € Avwwm x € B}.

OueBngHO, HTO A U @ = A4, A U A = A.

3ameTm Takxke, yTo ecim A = B, To A U B = B, a ecnin B = A, 10
AU B=A

MpuBepémM nNpumMepsbl.

Mpumep 1. Hanpém nepeceyeHne M 0O6BLEOAVHEHWE MHOXECTB LMPP, KOTO-
pele BCTpevalTcs B 3anucu yucen 162 655 u 255 424.

Mycte P — MHOXECTBO uUMdp, KOTOPbIE WUCMOMNBL3YIOTCHA B 3anucu NepBoro
Ynucna, a L — MHOXeCTBO umdp, KOTOpble UCMONL3YIOTCA B 3anvcu BTOPOro
yucna. Torga

P =1, 2 5, 6}
L ={2, 4, 5}.

MNepecevennem mHoxecTB P 1n L siBnAeTcs MHOXecTBO M, COCTaeneHHoe
M3 undp, KOTOpbie BCTPEYalTca B 3anucu oboux 4ucen, T. e.
M = {2, 5}.
O6beguHeHneM MHOXeCTB P 1 L CnyxuT MHOXecTBO F, KOTOpOMY npuHan-
nexar Bce UuM@pbl, UCNoNb30BaHHbIE MPU 3aNncy Kak MepPBOro, Tak U BTOPOro
yucna. Yrobel 3apath MHOXKECTBO F NepeynucneHmem afeMeHTOB, BbIMULLIEM CHa-

yana BCe 3NEMEHTbl MHOXEecTBa P, a 3aTeM MPUMNULLEM K HUM HEeoocTalowme
anemMeHTbl M3 MHOXecTBa L. Mony4um, 4To

F={1,225, 6, 4}.

Mpumep 2. Hailgém nepeceveHre n 06b- YA
eguHeHne MmHoxects C u D, ecnn C — MHo-
XeCTBO Touyek (x; y), roe x — nioboe yucno,
2 <y <3 abD — MHOXecTBO To4ek (x; y),
rne 1 < x < 4, y — moboe 4ucno.

MuoxectBo C — ropwuaoHTansHas nono-
ca, OorpaHuyeHHas npsMbiMKu ¥ = 2 1 y = 3,
a MHoxectBo D — BepTukanbHas nonoca,
orpaHnyeHHas npameiMi x = 1 1 x = 4. MNepe-
cevyeHmeM MHoxectB C u D cnyxut MHOXe-
CTBO MX OBOLUMX TO4YEK, T. €. MPSAMOYrOfibHUK,
06pa3oBaHHbIf NPY NepeceyYeHun aTUX Nonoc.
ObvennHeHnem wmHoxecte C u D cayxur
MHOXECTBO, COCTOSLLIEE M3 BCEX TO4YeK ropu-
30HTANLHOW MOMOCHI WU BCEX TOYEK BEpPTUKaslb-
HOI nonocebl (puc. 5). Puc. 5

P

§ 4. MHOXeCTBO HaTypanbHbIX U MHOXECTBO LEenbiX 4ncen b



BblicCHUM Tenepb, Kak CBA3aHbl MexXay COOOM YMCNO 3NEeMEHTOB ABYX KO-
HEYHbIX MHOXECTB M YUCNO 3NEeMEHTOB UX nepecevyeHus v obbeauHeHus.

MNycte A 1 B — HekoTOpble KOHe4YHble MHOXecTBa, n(A) u n(B) — uucno
9NeMeHTOB 3Tux MHoxecTB, n(A N B) u n(A U B) — 4ucno 3anemMeHTos nepe-
ceyerHnss u 00beanHEeHNs MHOXECTB.

Ecnn mHoxecTBa A 1 B He uMmeloT obLmx snemMeHToB, T. €. A N B = &, To
O4EeBUOHO, 4YTO

n(A U B) = n(A) + n(B).

Ecnm xe A N B # &, TO, Kak BUGHO M3 pucyHka 2, B cymmy n(Ad) + n(B)
OBaxObl BXOOWUT YUCNO 3NEMEHTOB MX nepecedeHus, T. e. n(A N B). Cnepoea-
TensHo, B 3TOM cny4ae

n(A U B) = n(A) + n(B) - n(4 N B).

3ametTuM, 4TO 3T1a dopMyna BKIKOHAET W MNepBblid  Ccnyyai, korga

AN B =, Tak kak B aTOM cny4ae n(4A N B) = 0.

Mgeawep 3. B TypucTMYecKyio rpynny, OTNPaBNAoLWYIOCa B 3apyGexHyio no-
e30Ky, BXoAaT 28 4enoBek, KaxObld U3 KOTOPbIX BnageeT aHrmMUACKUM UNn He-
MEeLKMM A3bLIKOM, NPUYEM HekoTopble BnageoT oboummn assikamu. M3BecTHO, 4TO
18 4yenoBek BNageloT aHMUACKUM A3bIKOM, a 15 4yenoeBek — HeMeLKUM A3bIKOM.
CKONbLKO 4YenoBeK B rpynne Bnageet OBYMs 3TUMWU A3bIkamu?

Mycte A — MHOXECTBO TYpPWCTOB, BNaAEIOWMX AHMNUACKUM S3blKOM, B —
MHOXECTBO TYPUCTOB, BRafewwmx Hemeukum A3bikoM. Torga n(A) = 18,
n(B) = 15, n(4A U B) = 28. U3 dopmynsbl (A U B) = n(4) + n(B) - n(A N B)
HaxogwuMm, 4TO

28=18+ 15 - n(A N B), 1. e. n(A N B) = 5.

CnepoBaTtenbHo, B rpynne 5 TypucToB BNaneioT ABYMSA YKa3aHHbIMW A3blKaMu.

Hapsgy c obbegvHeHnemM W nepece4eHMEM B MaremaTtuke WCnoNb3yeTcs
MOHATWE Pa3HOCTM OBYX MHOXECTB. Hanpumep, ecnn M3 MHOXECTBa HaTypasib-
HbIX YMCeN yaanuTb YACNO 1 M MHOXECTBO BCEX MPOCTbIX YACEN, TO OCTasLuas-
csl 4acCTb 6yneT COCTOATb M3 COCTaBHbIX 4Yucen, T. €. COCTaBATb MHOXEeCTBO
COCTaBHbIX 4Yucen.

. PasHoCTbIO AByX MHOXecTB 4 U B Ha3biBalOT MHOXe-
CTBO, COCTOSILEe U3 3NeMEHTOB MHOXecTBa A, He npuHagneXawmx
MHOXecTBYy B.

PasHocTe MHOxXecTB A u B o6o3Havaetca Tak: A\B.

N3 onpepeneHus cneayet, 4TO pPa3HOCTb MHOXeCTB A U B COCTOUT U3 Tex
3NEeMEeHTOB MHOXECTBa A, KOTOpble He NpuHagnexar MHoXecTsy B, T. e. moboi
aneMeHT x U3 MHoxectea A\B oGnagaeT cBoWcTBOM: x € A u x ¢ B. Ncnonbayn
3a0aHMe MHOXECTBA C MOMOLLBI0O ero XapakTepucTU4YecKoro CBOWCTBA, MOXHO

3anucaTtb:

A\B = {x|x € Av x ¢ B}.

Fnaea 2. Uensie uucna. [lenuMOoCTb 4Yucen



a) A O 6) A - B)
A\B=A

Puc. 6

OueBunaHo, 4T0 A\D = A, D\A = J, A\A = @.

Ha pucyHkax 6 a)—B) mHOxecTBa A U B n3obpaxeHbl C NOMOLLUBIO KPYroB
Aiinepa. Purypbl, BblOENEHHbIE HA 3TMX PUCYHKaxX LIBETOM, B KaXOOM chny4ae
1300paxaloT MHOXECTBO, ABNAIOWEECA Pa3HOCTbIO MHOXECTB A u B.

Jlerko BMOeTh, YTO PasHOCTb ABYX MHOXECTB A u B aBnaeTca nogMHoOXe-
CTBOM MHOXecTBa A, T. €. A\B = A; 4TO pas3HOCTb HEe MNepPeceKkaeTcsi C BblHYU-
TaembiMm, T. e. A\B N B = @.

3ameTum, HTO eC/IM MHOXECTBO B fBNAETCHA NOAMHOXECTBOM MHOXecTBa A,

TO pas3HocTb A\B HasbiBaercs aonosHeHueM MHoxecTsa B no mHoxectsa A
(puc. 6, B).

YnpaxHeHus

182. Haiinure nepeceveHue, oObenMHEHME W Pa3sHOCTh MHOXeCTBa 1Mp, wuc-
MOJIb3YEMbIX B 3alWCH YWCEL:

a) 122 568 u 325 186;
©) 483 501 u 272 557.

183. Haiinute nepeceyeHue, oObeNMHEHME W Pa3HOCTh MHOXECTBa OYKB, WC-
IMOJIb3YEMBIX B 3aIllUCH:

a) CIOB «MEpPUIMaH» U «MeIrWaHa»;
6) mocnosul: «Tume enems — ganbile Gyneib», «4T0 Moceellb, TO U MO-
KHEIb».

184. Ilycth A — MHOXECTBO NMPOCTbIX YMCeN, B — MHOXECTBO IBY3HAYHBIX YH-
cell, okaH4yuBalomuxcs: uudpoi 7. INpuHamiexar au:
a) mepeceyeHWIo 3TUX MHOXecTB yucna 37, 47, 57;
6) 0OBEeIMHEHUIO 3TUX MHOXecTB umcna 11, 81, 97;
B) PasHOCTH MHOXecTB A u B uucna 27, 29, 37;
r) pa3HOCTH MHOXecTB A u B uwmcna 27, 37, 103?

185. Ilycte A — MHOXECTBO KBaapaTOB HATYPalbHBIX YMCel, B — MHOXECTBO
Ky0OB HaTypanbHBIX uucel. I[IpuHamnexar am;

a) mepeceueHUI0 MHOXecTB A U B uucna 8, 64, 729;
6) obbenuHeHUI0 MHOXecTB A u B uucna 8, 16, 125;
B) pasHOCTU MHOXecTB A U B uucaa 1, 25, 64?7

§ 4. MHOXeCTBO HaTypaibHbIX M MHOXECTBO LIENLIX 4ucen




186.

187.

188.

189.

190.

191.

192.

193.

194.

M300pasuTe B KOOPOWHATHOW TIZIOCKOCTH MHOXecTBa A W B M ykaxure,
Kakylo GuUrypy rnpencrasisieT coboil mepecedyeHHe 3THX MHOXECTB, eclu:

a) A = {(x; y)| x — moboe umcio, 2 < y < 5},
B={(x;y)|2<x<5,y— moboe yucio};
6) A = {(x; )| x — moboe yucmo, 3 < y < 7},
B={(x;y)| 1< x <6, y— mnoboe uucio}.
(Ii-lat[epmre JIBa Kakux-1ubo MpsAMOYroJibHUKA TaK, YTOOBI MX MepeceueHHueM
BLIT:
a) TPEeYyrolbHUK; 0) IEeCTUYTrONIbHUK.

HU3BecTHO, 4TO A — MHOXECTBO BBIIYCKHWKOB, OKOHUYMBINKX IIKOIY C
OLIEHKOH <«5» mo (u3KKe, a B — MHOXECTBO BBITYCKHMKOB, OKOHYMBIIMX
HIKONY C OLIEHKON «5» mo xuMuM. OxapakTepu3yWTe MHOXECTBO:

a) AN B; B) A\B;

6) AU B; r) B\A.

B kakoM cnyyae A N B =@, AU B = A?

OxapakTepu3yiiTe TiepeceueHne MHoOxecTB A M B, eciu:

a) A — MHOXECTBO MPAMOYrOJbHbIX TPEYTOIbHUKOB, B — MHOXECTBO PaB-
HOﬁCI[pCHHI:IX TPEYIoOJIbHUKOB,

6) A — MHOXECTBO IIPAMOYIOJBHMKOB, B — MHOXECTBO pOMOOB.

B xyacce 26 yuammxcs, KaxIblii M3 KOTOPBIX JNIOOMT 4yMTaTh (aHTACTUKY
WM JeTeKTUBLl. M3BecTHO, yTo 19 yYeHWKOB yBiIeKalOTCH (DAHTACTHKOM, a
14 — nerektuBamu. CKONBKO yUaIIMXcs 9TOro Kjacca modAT yuTarth U daH-
TACTUKY W HETEKTHBBI?

B mocénke 56 yenoBek 3aHUMAlOTCs OXOTOM MM PBIOHOH Jsosneil. M3 HuMX
27 4enoBeK 3aHMMAIOTCH OXOTOi, a 47 — pribHOIL JioBNel. CKONBKO YenoBeK
B TMOCENKE 3aHMMAIOTCS M OXOTOM M PBIOHOM JIoBJICH?

M3 68 yyammmxcsi BOCBMBIX KJIACCOB, IHCABIIMX KOHTPOJBHYIO paboTry mo
reOMETPUH, KaXKIBI peurni XoTs Obl OTHY M3 ABYX INPEIIOKEHHBIX 3a1ad.
M3BecTHO, 4TO 32 yyeHHMKa peurwim obe 3amayu, a 53 yYEeHMKa DEIIMIM
TOJNBLKO TepBylo 3amauy. CKONBKO yYallMxcs PENIMau BTOpPYIO 3ajady?

B oduce TypucTHueckoii pupMbl paboTaioT COTPYIHMKM, KAXIBIH U3 KOTOPBIX
3HAET XOTsl Obl OIMH MHOCTPAHHBIN A3BIK. 6 UeJIOBEK 3HAIOT aHIIMHCKME, 6 —
Hemenkuil, 7 — QpaHly3CcKui, 4 3HAIOT aHDIMICKWI M HEMEUKMA S3bIKHU,
3 — HemeLKWii 1 (paHIy3cKuii, 2 — dpaHiy3cKuil 1 aHmumiickuii. Bee Tpu
S3bIKA 3HAET OIMH coTpyIHHK. CKONIBKO 4YesioBekK paboraioT B oduce TYPUCTH-
geckoil upMb1? CKONBKO YENOBEK M3 HUX 3HAIOT TOJILKO aHIIMACKWIA SI3bIK?

CrapocTa OfHOMW rpyIibl MHCTUTYTA NMoAal B HeKaHaT CJAEAYIOLIHE CBEACHHA
o crymeHTax: «B rpynme ydarcs 45 CTyIEHTOB, M3 KOTOPBIX 25 IOHOLICH.
30 cTYZEHTOB Yy4aTcsl HA OLIEHKH <«XOpOLIO» M «OTIWYHO», B TOM 4YHCIE
16 oHomIel. 28 CTYIEHTOB 3aHMMAIOTCSI CIOPTOM, B TOM 4Mclie I8 oHouei
u 17 CTYICHTOB, YYalIMXCs HA OLUEHKH «XOPOILUO» M «OTIHYHO». 15 10HOLIe#H
y4JyaTrcd Ha <«XOpoimo» U «OTJIMYHO» W TIpU 3TOM 3aHUMAKOTCA CIIOPTOM».
B mpenocTaBieHHBIX JaHHBIX ObUta HaiineHa ommbka. B uém ona cocrout?

Faea 2. Uensie yucna. [lenuMocTe Yucen



YnpaXHeHus ANs NOBTOpPEeHus

195. Haiinute KOOpPAMHATBHI TOYKM IepeceYeHUs] rpacuKOB (YyHKLHIA
y=-0l1lx+05uy=103x+ 0,L

196. Pemmre ypaBHEeHWE B IIETBIX YHCIAX:
a) 3x — 2y = 5; 6) 2x — 3y = 5.

197. B kiacce Tpoe yyalllMXCsli XOPOILIO 3HAKOT (PU3MKY, MATEPO — AHNIMHCKMI
SI3BIK M IBOE€ — GMOJIOTHIO, TIPUUEM, Cpead HUX HET HM OIHOIO YYEHUKA,
KTO XOpOILIO 3HaeT Oosiee omHOro M3 3TUX npeameroB. CKOIBKMMH CITOCO-
0aMM MOXHO COCTaBUTh KOMaHOy W3 TPEX YENOBEK ISl Y4aCTHSI B WHTEN-
JIEKTyalbHOM MapadoHe, ecad B KOMaHAe [J0MKeH ObITb OZWH 4YelOBEK,
XOpOWIO 3HAWIUKA (PU3MKY, OMIMH — aHIIMUCKMKA fA3BIK U OOMH — OHOI0-
ruio?

9. B3anMHO 0OHO3HA4YHOEe COOTBETCTBUE

MycTb TpebyeTcs CpaBHUTL YUCNO 3NEeMeHTOB MHoxecTe X u Y, roe X —
MHOXECTBO [OBY3Ha4dHbIX 4ucen, Y — MHOXecTBO TpéXBHa'-IHbIX yucesn, okKaH4u-
Barowmxca uudpoii 9. C nomMoulbilo HenocpeacTBEHHOro MoacYéTa yvucna ane-
MEHTOB MOXHO YCTaHOBWTb, 4TO A(X) = n(Y). OgHako K 3TOMy BbIBOAY MOXHO
NPUIATM 1 He npuberas K MNoOACHETY.

MNocTtaBMM B COOTBETCTBME KaXOooOMy ABY3HAYHOMY 4uCHy ab TPEx3Ha4yHoe

yucno ab9. Mpu 3TOM Kaxaoe TPEX3HAYHOE 4Mcno ab9 n3 MHOXecTsa Y oka-

XKETCH COOTBETCTBYIOLMM ABY3HAYHOMY YWUCHY ab. CoOTHOLLIEHME Mexay MHO-
xectBaMu X M Y nokasaHO C NOMOLLULIO CXEeMbI:

10, 11, 12, sty 98, 99
109, 119, 129, T 989, 999.

loBopAT, YTO Mexay MHOxXecTBaMu X 1 Y yCTaHOBNEHO B3aMMHO OAHO3HAaY-
HOE COOTBETCTBME.

II' Boobwie ecnu kaxaomy aneMeHTy MHOXeCTBa A NocTaBneH B COOTBETCTBUE
EOUHCTBEHHBIA 3N1eMeHT MHoxecTBa B v npu 3TOM 000i 31E€MEHT MHO-
xectea B oka3biBaercs COOTBETCTBYIOLWMM HEKOTOPOMY EAUHCTBEHHOMY
3N1eMEHTY MHOXeCTBa A, TO roBopsT, 4To Mexay MHoxecTteamu A n B ycra-
HOBJ/IEHO B3aWMHQO O[HO3HAYHOE COOTBETCTBUE.

YcTaHOBMB B paCCMOTPEHHOM BbilLE MPUMEPE B3aUMHO OJHO3HAYHOE COOT-
BETCTBME MexXay MHOXecTBamMu X n Y, Mbl TE€M CamMbiM nMokasanu, 4T0
n(X) = n(Y).

nDMBGAEM Tenepe npumMmep B3aMMHO OOHO3HA4YHOrO COOTBETCTBUA Mexay
6EeCKOHEYHbIMWU MHOXECTBAMM.

§ 4. MHOXeCTBO HaTypanbHbIX 1 MHOXECTBO LEMNbiX YUCEeN %*




PaccMoTpuM mMHOXecTBO NV HaTypanbHbLIX YACEeNn M MHOXECTBO P YETHLIX Ha-
TypasibHbIX Yucen. HatypanbHOMY 4ucny # NOCTaBUM B COOTBETCTBUE YMCNO 2A.
Torpga Kaxxaomy anemeHTy MHoxecTsBa /N ByneT cOOTBETCTBOBaTbL €OWMHCTBEHHbIN
aneMeHT mMHOxectBa P. lNpu 3aTOM Kaxablii anemMeHT MHoOXecTBa P okaxertcs
COOTBETCTBYIOLUMM N8 €AUHCTBEHHOIO 3NIeMeHTa U3 MHOXecTBa /¥, Tak Kak nio-
60e HaTypanbHOE 4ETHOE HYUC/I0 MOXHO NPencTaBuTe B Buae 2n, roe n € N,
NPUYEM eOUHCTBEHHbIM criocobom. CooTHoWeHue mexay MHoxectBamn N n P
rnoKasaHo Ha Cxeme:

I

Mol nokasanu, 4To mMexay MHoxectBamuv N n P MOXHO YCTaHOBUTb B3auM-
HO OJHO3Ha4YHOE COOTBETCTBME. ITOT NPUMEP MOXET Bbi3BaTb YAWB/EHUE, Tak
Kak MHOXecTBo P asnserca CoOCTBEHHbIM MOAMHOXECTBOM MHOXecTea V.
OpHako M3 Hero fICHO, 4TO NPUBbLIMHBLIE O/ HAC NpeacTaBfieHns, Kacawwmecs
KOHEYHBLIX MHOXECTB, Henb3A NepeHoCUTb Ha GeCKOHEe4YHble MHOXECTBa.

PaccMmoTpuM Tenepb NpUMEpP B3aWMHO OOHO3HAYHOrO COOTBETCTBUS MEeXay
HEYUCNOBLIMM MHOXecTBaMu. MyCTb OaHbl ABE OKPYXKHOCTU ¢ 00LWMM ueHTpom O
(puc. 7). NMpounaBosnbHO To4ke K BHYTPEHHEW OKPYXHOCTM MOCTaBUM B COOT-
BeTcTBME TOuky K' BHELUHE OKPYXHOCTM, nexaluylo Ha nydse OK. OuesugHoO,
yTo AnA NoBoA TOYKM BHYTPEHHEW OKPY>XHOCTU HaWOETcs eOWHCTBEeHHas COoOoT-
BETCTBYIOLLAA € TOYKa BHELUHen OKPYXHOCTK u, Haoboport, niobas To4Ka BHeLl-
Hel OKPYXHOCTM SIBNSIETCA COOTBETCTBYIOLLENA ANsi HEKOTOPOWM TOYKN BHYTPEHHEN
OKpyXHocTu. Takmm 0Opa3om, yCTAHOBNEHO B3aMMHO OAHO3HA4YHOE COOTBET-
CTBME MEXy MHOXECTBOM TOYEK BHYTPEHHE! OKPYXHOCTU U MHOXECTBOM TOYEK
BHELUHEA OKPYXHOCTHW.

YCTaHOBMB B3aMMHO OOHO3HA4YHOE COOTBETCTBME MEXAY MHOXEecTBamu TOo-
Yek OKPYXHOCTEW, Mbl TEM CambiM MoKasanu, 4YTO OKPYXHOCTU copaepxat oau-
HAKOBOE HYWUCMO TOYEK, XOTH O4YeBWAHO, HY4TO A/MHA BHYTPEHHEW OKPYXHOCTU
MEHbLLE [/IMHbI BHELHEeR. JTOT yauBuTeNbHbIM $akT ewe pas ybexaaer Hac B
0COBEHHOCTAX COOTHOLLUEHUIA Mexay GeCcKOHe4HbIMU MHOXECTBAMM.

Puc. 7

Maea 2. Uenbie yucna. [enMMocTb 4Yucen



Ynpamsenns
198. Vkaxure croco0, MO3BONSAIOUIMI YCTAHOBUTE B3aMMHO OJHO3HAaYHOE COOT-
BETCTBHE MEXILY:
a) MHOXECTBOM HATYPaTbHBIX YMCE] W MHOXECTBOM LIETBIX OTPHLATEIbHBIX
YHCE;
6) MHOXECTBOM BCEX HaATypaJbHBIX YHMCEI U MHOXECTBOM HEYETHBIX HaTy-
pPaJIbHBIX YHUCell.

199. Mexnoy kakuM# MHOXECTBAMH YCTAHOBJIEHO B3aMMHO OJHO3HAaYHOE COOT-
BETCTBME, €CIM KaXJIOW NpaBWJIBHOM Opodu co 3HameHarteneM 1l mocrae-
JileHa B COOTBETCTBME CyMMa €€ 4MCIMTeIsl M 3HaMeHaTens?

200. Mexny KakMMH YHCIAMM YCTAHABIMBAET B3aMMHO OJHO3HAYHOE COOTBET-
CTBHME TaOyMlla KBaApaToB ABy3HadHbIX yucen? ns yumcen 43; 57; 79 yka-
JXKHUTe COOTBETCTBYyIOLIE UM Yuciaa. KakoMy yMciy cooTBercTByeT uucio 729;
3969; 96047

201. KaxaoMmy LeIOMy YHCHY IOCTAaBI€H B COOTBETCTBHE €0 MOMYNIb. SBisieTcs
JIM B3aMMHO OIHO3HAYHBIM COOTBETCTBHE MEXIY MHOXECTBOM LIEJIBIX YHCEN
W MHOXECTBOM MX Monyneit? OTBeT MOsSICHUTE.

202. YkaxuTe croco®, Mo3BONAIONMI YCTAHOBHTE B3aMMHO OIHO3HAYHOE COOT-
BETCTBHE MEXIY:
a) MHOXECTBOM HATYpPaJbHbIX 4MCeJl MU MHOXECTBOM MX KBaJIpaToB;

6) MHOXECTBOM BCEX HATYPaJbHBIX YHCE]l M MHOXECTBOM HATYpaJbHBIX
yHces, GOMBIIMX 5.

203. Vkaxute crnoco®, MO3BOJSIOMMI YCTAHOBUTh B3aMMHO OIHO3HAYHOE COOT-
BETCTBHUE MEXOY:
a) MHOXECTBOM YETHBIX HATYPAJIbHBIX YMCE] M MHOXECTBOM HEYETHBIX Ha-
TYPanbHBIX YHCE;
6) MHOXECTBOM KBAaJIpaTOB HATYPAIBHBIX YHCE] W MHOXECTBOM KyOOB Ha-
TYPATBHBIX YHCE.

204. Ha pucyHke 8, a 1moKasaHO, KaK MOXHO YCTAHOBHTH B3aUMHO OJHO3HAYHOE
COOTBETCTBHE MEXIY MHOXECTBAMH TOYEK OTpe3koB AB w CD. JIns Touek
K, L v M Hali¥Te COOTBETCTBYIOLINE MM TOYKM. OTMETETE TOUKY, KOTOPOit
COOTBETCTBYET TOYKa P’

a) M
K & F B 6)
A
C it w A B
F! p D 0
Puc. 8

§ 4. MHOXECTBO HaTypanbHLIX U MHOXECTBO LenkLIX Yucen “



205. YkaxuTte KakoW-JMOO CITOCOO, MO3BOJSIOIIMA YCTAHOBUTH B3aUMHO ONHO-
3HAYHOE COOTBETCTBUE MEXIY MHOXECTBOM TOYEK MOJYOKPYKHOCTH M MHO-
JKECTBOM TOYeK nuamerpa AB (puc. 8, 6).

YnpaxHeHus Ans noBTOPEeHUs

206. YnpocTuTe BhIpaXeHHE:

gy X=2 2L+ i
¥y x? xy

a) Fdo Ty | AN 6 —; B TR
x" ) 27 ) o+ P

207. JlokaxuTe, YTO MpPH JI0O0M 3HAUYEHUM X TPUHUMAET IOJIOKUTEIbHBIE 3HA-
YeHHWST KBaJPaTHBIA TPEXUIEH:
a) x> — 18x + 101;
6) ¥ — 12x + 33,

208. Haiinure opauHaThl ODIIMX TOYEK TPapUKOB GYHKIIMNA:
a)y=xuy=Q - x}
) y=@x+2ny=@x - 17>~

10. HartypanbHbie 4yucna. Lenbie ymicna

Yucna 1, 2, 3, 4, 5, ..., ynotpebnsemble npu c4ETE, Ha3bIBAIOT, Kak N3BECT-
HO, HarypasibHbIMK _YUCAaMU.

Kaxaoe HaTypanbHOE 4Y4MCNo MOyvaeTcs M3 npeablayliero npubasneHvem
eouHULLI, T. €. 33 KaxObiM HaTypaNibHbiM YACNOM n crneayet u4icno a + 1.
Kaxxpoe HaTypanbHOE 4Wucno, oTnudHoe oT 1, cnedyeT 3a HaTypasibHbIM YMCNOM,
KOTOpPOE MONMy4aeTca W3 Hero BblMWTAHMEM eduHWUbl, T. €. HaTtypanbHoe
yucno n, roe n # 1, cnemyet 3a uyucnom n — 1. WcknoyeHwe cOCTaBnser
yucno 1, KOTOpoe He cneayeT HU 33 KakMm HaTypanbHbIM HUCIOM.

MHOXECTBO HaTypanbHbiX 4Mcesl 06bMHO 0603Ha4aloT, Kak Bbl 3Haete, Oyk-
Boii N (OT nepeoit GykBbl NAaTWHCKOro cnosa naturalis — eCTeCTBEHHbIW, Npu-
popHblil). MHoxecTBo N 6ECKOHEYHOe, B HEM eCTb HaUMEHbLUMIA SN1eMEHT —
yucno 1, HO HeT HanbonbLero anemeHTa.

CymMMa 1 npouasefeHve ABYX HaTypanbHbIX YMCEN BCerja sBAsioTCH HaTy-
panbHbIMW YUCNaMu, T. €. HA MHOXECTBE HaTtypasbHbiX YACEN BCeraa BbiNONHW-
Mbl OENCTBUS CROXEHUA U YMHOXEHWUS, & UMEHHO:

ectmac Nube N, Toa+be Nuab e N.

WHaye o6CTOUT OEN0 C BblMUTAHWEM W JeneHnem. Ha MHOXecTBe HaTypasib-
HbIX YACEeNn 3TV OEeNCTBUA B PAOE Cy4aeB HEBbINOSHUMSLI. [lpyrumu cnosamu,
ypaBHeHus @ + x = bu ax = b, rae a € N, b € N, Ha MHOXeCTBe HaTypasibHbIX
ynucen He BCerga UMeloT peleHms. Hanpumep, nmen B 3anace TOJIbKO HaTypanb-
Hble YMCNa, HeNb3s pelwuTb ypaeHenus 8 + x = 3, Ox = 16.

Maea 2. Uenbie yucna. lenmmocTb 4Mcen



[ns Toro 4ToObl BblMMTAHME HATypasbHbIX YMcen ObN0 BbINOAHUMO BO BCEX
cnyyaax, MHOXEeCTBO HaTypalbHblX 4Yucen A0noaHaT yucnom 0 v yucnamm,
NPOTMBOMONOXHBIMKA HaTypasnbHbiM, KOTOpble 0003HavaTes Tak: -1, -2, -3
W T. Aa. HatypanbHble Ynucna, NpoTUBOMONOXHbIE MM Yynucna u yucno 0 cocraens-
10T MHOXECTBO LIE/IbIX YUCEN:

v 0y 22 =% 001, 2,8, s

MHOXeCTBO LEenblX YUCen, Kak WM3BeCTHO, MPUHATO obo3Ha4vate OykBon Z
(oT nepoii BykBbl HeMeukoro cnoea zahl — uucno). MHoxecTBO Z Takke §iB-
naetcs 6ecKoHeYHbIM, B HEM HET HW HaWMeHbLUero anemMeHTa, HU Havbonbluero.
B mHOxecTBe Z Bcerga BbiMOAHMMbI AEACTBMA CNOXEHWUA, BbIMUTAHWS M YMHO-
XeHusa. B pesynbrate BbiNOAHEHUA NoBOro 13 aTux OEeNCTBUIA Hap, LEenbiMU YMuc-
namv nony4aeTcA LUEeNioe 4Mcno, T. e. echm a€ Z w be Z, 10 a+ b e Z,
a-beZwabelZ

OpHako peneHwe No-npexHeMy W Ha MHOXeCTBe Z BbiNONHUMO HE BO BCEX
cny4asx, T. €. ypaBHeHue ax = b, rpe a € Z n b € Z, He Bcerga paspeLummo
B UEJbIX YMcnax. Tak, Ha MHOXECTBE LENbIX YACEN He UMEET KOPHEW ypaBHeHue
3x = —11. '

3ameTum, 4To ecnn ans nobbix OBYX 3NEeMEHTOB MHOXecTea K onpepeneHa
HEKOTOpasi onepaums (HarnpuMmep, CNOXeHWe) W pPesynbTaT BLINOJHEHWS 3TONA
onepauuy Takxe NpUHagnNexuT MHoxectsy K, TO roBOpsT, YTo MHoXectBo K
3aMKHYTO OTHOCWTENbHO 3TOW onepaunu. Tak, MHOXecTBO /N HaTypanbHbIX
4Yncen 3aMKHYTO OTHOCWUTENbHO Takux onepauuii, Kak CNOXEHWE U YMHOXeHue,
@ MHOXEeCTBO Z UeNblX YMCeNn 3aMKHYTO OTHOCUTENbHO TPEX onepauuii — Cno-
XKEHUS, BbIYUTAHUA N YMHOXEHWS.

MHoxecTBO /V HaTypanbHbIX YUCEN ABAAETCA COBCTBEHHLIM MOAMHOXECTBOM
MHOXecTBa Z uenbix Yncen. Mokaxem, 4To Mexay MHoxectBamu Z u N MOXHO
yCTaHOBUTE B3aMMHO OOHO3Ha4HOEe COOTBeTCTBMEe. Ona aToro Gyaem BbINUCHI-
BaTb UeNble 4Yucna, pacrnonaras ux cnegyiowum obpa3oMm: Ha NepBoM MecTe
3anuwem 4ucno 0, a ganee Gynem 6paTh B NOPAAKE BO3PACTAHMA HATypalbHble
4Mcna W 3a KaxAbiM HaTypanbHbiM 4MCNOM Oyaem 3anuckiBaTb NPOTMBOMONOX-
Hoe emy uenoe 4ucno. Monyynm:

0,1-1,2 -283, -3, .., n,-n, .., t8e n € N.

Moctasum umcny 0 B coortBetcTBue umcno 1, uucny 1 — uucno 2,
uncny -1 — wuucno 3, uvcny 2 — yucno 4 U 1. A. Boobuwe kaxaomy Hary-
panLHOMy 4ucny # NOCTaBMM B COOTBETCTBUE HYWUCAO 2n, a NPOTMBOMNONOXHOMY
eMy uenomy oTpuuaTtenbHOMY YWuciy -# MOCTAaBMM B COOTBETCTBME YUC/O
2n + 1. Tem cambiM, KaXOOMy LENOMy Y4CNY Mbl NOCTaBUM B COOTBETCTBME
©AVHCTBEHHOE HaTypanbHOe 4Yucso. [pu aToM Kaxaoe HaTypanbHOe YUCNO OKa-
XKETCs COOTBETCTBYIOLMM BrOMHE ONPenenEéHHOMY LEnioMy HUChy.

YcTaHOBNEHHOE COOTBETCTBME MOKA3aHO C MOMOLLLIO CXEMbI:

RN U R R RN




Takum 06pa3oM, Mbl YCTAaHOBMAWM B3aMMHO OAHO3HAYHOE COOTBETCTBUE
MEeXAy MHOXECTBOM Z UEeNbiX 4Mcen U MHOXeCTBOM /N HaTypanbHbIX YUCen.

Ecnu mexpay MHOXecTBOM M 1M MHOXECTBOM HaTypasbHbiXx yncen /N MOXHO
YCTAHOBUTL B3aWMHO OAHO3HA4YHOE COOTBETCTBME, TO MHOXeCTBO M Ha3biBaioT
cY4€THbIM. Takum 06pasom, Mbl 40OKa3anM, 4TO0 MHOXECTBO LefbiX yYncen Z sB-
naetca cYETHbIM. B npepabiayuwiem nyHkTe ObINO MOKa3aHo, 4TO CYETHLIM ABNA-
eTCA MHOXEeCTBO P 4YETHbIX HaTypasbHbIX YUCEn.

YnpaxHeHus

209.

210.

211.

212.

213.

214.

215.

He BbhluMcass 3HaYeHUs] BbIPAXEHWS, ONpeNeNnuTe, sIBISETCS M OHO HaTy-
pPaJIbHBIM YHCJIOM:

a) (112,8 + 167,2) - 17; B) 175 - (341,6 — 248.,6);

6) (1284 — 1113) : = 1) 2,17-(3- 115 — 3,45).

BepHo 1M yTBepXIaeHME:

a)ecim a € N, 10 a € Z B) et @ € Z, T0 a € N;

0)eci a ¢ N, 10 a ¢ Z; r)ecmma ¢ Z, 10 a ¢ N?

3anaiiTe NYTéM IEPEYMCIIEHHS 3JIEMEHTOB MHOXECTBO A LIENbIX YHUCENl X,
YIOBIIETBOPSIOIIUX YCIOBHIO:

a) -4 < x < 3,7 B) |x| £ 5;

6) —0,8 < x < 0,6; r |x + 1| < 4.

Ha xoopnuHaTHOW MNpsiMOM OT- 5 s
MeueHBl TOYKM m u m + 4, 1ae m m+4

m € Z (puc. 9). OrmeTETe Ha 3TOM

npssMON TOYKM C KOOpAMHATAMH Puc. 9

m— 1, m¥ 1 s+ 3, m=23

IIpM paccMOTPEHHMH CBOWCTB MHOXecTBa Z LIEJIBIX YMCes] ObUIO I0Ka3aHo,
KakKMM CrocobOM MOXHO TIPOHYMEPOBaTh BCE Lelble uucia. BhIsCHHTE:

a) Mol KakMM HOMEPOM Ipu 3TOM OyaeT 3anmucaHo 4ucio 115 —7;

6) kakoe uucio Oymer 3anucaHo mox Homepom 6; 10.

Kakoe 43 NepeyrciIeHHBIX MHOXECTB SIBISIETCS CUYETHBIM:
a) MHOXECTBO YHCENI, KPaTHBIX TPEM;

©) MHOXecTBO 3puteliell (DWHaIBHOrO Marda no ¢yroony;
B) MHOXECTBO KBaJpaTOB HATYPAJBHBIX YHCeNn?

Asnserca MU CYETHBIM:
4) MHOXECTBO HEUETHBIX HaTypaJlbHBIX YUCEN;
©) MHOXECTBO BCEX HATypaJlbHBIX UMCE/l, OKaHUYMBAIOLIMXCA HYIEM?

Maea 2. Llenbie uucna. envMMoCTb 4MCeEnN



216. SlBnsercs M 3aMKHYTBIM OTHOCHUTENBHO CIOXEHHMS MHOXECTBO:
a) Y4ETHBIX YMCEN;
©) HEeYETHBIX YHCeN,
B) cremeHeil uucma 27

217. SlBnsercs M 3aMKHYTBIM OTHOCHUTEJIBHO YMHOXEHUsI MHOXECTBO:
a) YETHBIX YHCE;
0) HEeu€THBIX YHCen;
B) creneHei uwucia 27

218. fABnsdercs M MHOXECTBO AJIMKBOTHBIX HpOOEil 3aMKHYTBIM OTHOCHUTEIBHO
ofepaIuu:
a) CIOXEHUS;
6) ymHOXeHus1?

Saneyarye. ATUKBOTHBIMM HAa3bIBAlOT ApobM ¢ yucautenem l.

219. IIpv Kakux LeIbIX 3HAYEHWUAX /M 3HAYEHWE BBIPAXKEHWS SABIAETCH ILIEJIBIM

YHCIIOM:
(m—3). @m+3), (Bm+6)(m—=1)
%) m 6) 2m+3 B) Sm+1
2Z20. Tlpy KakuX UEJBIX 3HAYEHUAX /M KODEHb YPABHEHMs SBISIETCS LETbIM
YHCIIOM:
a) mx + 2 = 3x + 4, 6) mx — 1 = 2(x + 6)?

221. BepHo 1M yTBEpXKIEHME, YTO KaXI0€ HEYETHOE YMCIO MOXET OBITH Tpes-
CTABIICHO B BUIE:
a)2m — 3, e m € Z: 6) 2m*> — 3, e m € Z?

222. BepHO 1M yTBEpPXIEHHE, YTO KaXIOe YETHOE YHMCIO MOXET OBITh MpEeNcTaB-

JIEHO B BMIIE:
a)dm + 2, tne m € Z, 6) 2 —2m, tne m € Z?

223. JlokaxuTe, 4TO €CIM TIPH HEKOTOPHIX 3HAYEHHSAX X W y 3HaUeHHe ApobH -f;

ABIAETCA LEMBIM YHUCJIOM, TO TaKXe SABISIETCS LEJIBIM YHUCJIOM 3HadYeHHe

Ipoou:
x+3y. 3y —2x. 2 —3) =302 -2

a) Ad 2 6) y B) ( ) (6% )

y y ' ¥

224. Tlpu HEeKOTOPBIX 3HAYEHHUSIX @ W b 3HaYeHHe IpobH at3b gpngerca LETbIM
a

yucyioM. BepHo 11 yTBepkieHuWe, 4TO MPHU TeX Xe 3HAYEHUSIX @ U b 3Ha-

—b
yeHue apobu Ea— TaKXe SBISeTCA LETbIM YUCaoM?

225. Haiimute Bce mnapbl LETbIX YHCEN, YIOBIETBOPAIONIME YPAaBHEHHUIO:

a) xy = 17, B Qe+ D~ 2)= 1T;
6) (x + )y = 17, r)xy —2x +y=19

§ 4. MHOXECTBO HaTypasibHbLIX U MHOXECTBO LEnbIX Yucen _



226. HaiinuTe Bce LieIOYMCIEHHBIE pELICHHUS YPABHEHHUA:
a) x — y)x + 2) =5; B) (2x — y)(x + 2y) = —3;
O)xy—x+y —y=35; N 2+ xy—y = -3
anaxueuuﬂ Ans noBTOopeHus

227. W3 25 yyammxcsl Kiacca KaXXOblid M3y4daeT AHNIMHCKMIA WMIM HEeMELKHM
s3bIK. MU3BecTHO, uTo 17 yyaniuxcsl M3ydyaloT aHDIMHCKUN, a 12 — HeMeuKu#
sa3plk. CKOJIBKO yyalumMxcs M3y4aioT oba sa3biKa?

228. VnpocTuTe BBIpaXeHUe
a—2x _ 1 (0_3 _ 8x)
(a2+4x2+2ax “—Z’C) x2

" 1
W HaAWOWUTE €ro 3Ha4dyeHHe, €Clii a =_§a X =

| —

[ﬂ KoHTponbHbie BOMPOChI M 3apaHus

1. CdopmynupyiiTe omnpeneneHuss nepecedyeHus, OOBEIWHEHMsT U PA3HOCTH
IBYX MHOXeCTB. IIpuBenute mpUMEpHI.

2.  Kakoe COOTBETCTBHE MEXIy MHOXECTBAMH SIBJISIETCS. B3AMMHO OJHO3HAYHBIM?

3.  OObscHMUTE, KAKHM 00pa30oM MOXHO YCTAHOBUTbL B3aMMHO OTHO3HAYHOE CO-
OTBETCTBUE MEXIY MHOXECTBOM IIENBIX YMUCE] U MHOXECTBOM HaTYypaJIbHBIX
YuCel.

§ 5. denumocTb 4ucen
11. CBowcTBa OENIUMOCTU

B MHOXECTBE UEnNbIX YMCEN BCEraa BbiMOMHWUMBI C/IOXEHWE, BbIHUTaHME U
YMHOXEHWe YUCEN, T. €. CyMMa, PasHOCTb W NPOU3BEAEHNE LefbiX YNCen Beer-
[a ABNAIOTCA UenbiMu yucnamu. MHave o6CTOMT Aeno ¢ aenexdvem. Jiuwe B oT-
[efbHbIX Cny4asx npu OefeHUM OJHOro Uenoro 4vucna Ha apyroe B 4acTHOM
nony4aeTcs Lenoe 41chno.

HanomHUM, 4TO paspenvTb YACNO a Ha 4vcno b, rae b # 0, — 3TO 3HAYMT
HaiTK Takoe 4ucno k, NpU YMHOXEHWM Ha KOTOopoe uucna b nonyyaercs a, T. e.
BEpPHO paBeHCTBO bk = a. OrpaHuyeHue, KOTOPOe HaknagbiBaeTca Ha b, 0bOb-
sAcHaeTcs Tem, 4To npu a # 0 paBeHcTBO 0 - X = a He ABNAETCA BEPHbIM HU
npu kakom k, a npu a = 0 paseHcTeo 0+ k = a BepHO Npu nobom k, 1. e.
4aCTHOE CTAHOBUTCH HeonpeaenéHHbIM. 3TO AenaeT MOHATHOW 4acTo ynoTpe-
6nsemylo $hpasy «Ha HyNb OENnTb HENb3sA».

Hac 6yneTt uHTepecosarb cnydait, korma a u b (b # 0) — uensbie 4ucna, u
4acTHOE OT OeNneHust a Ha b Takke ABNAETCH LENbiM 4MCnom, T. e. Koraa cylle-
CTBYET uenoe 4ncno k, Takoe, 4To a = bk. B TakoMm cny4ae roBopsT, 4To «a Ae-
AUTCS Ha b HALENo», UMM KOPOYe: «a OENUTCA Ha b».

i il
%% MMaea 2. Uensie yncna. lenuMoCcTb 4Y4cen



Onpegeneune. Lenoe unucno a penutcsa Ha uenoe yicno b, He paBHoe
HYNIO, ecny cywiecTByeT Takoe uenoe 4ucno k, 4to a = bk.

Hanpumep, 56 penutcs Ha -8, Tak kak 56 = (-8) - (=7), roe -7 — uenoe
uncno, a 78 He genuTcs Ha —8, Tak Kak He CyLLeCTBYeT Takoro Lenoro yucna k,
A5 KOTOPOro BEepHO pasBeHCTBO 78 = (—8)k.

Ecnm a penntcs Ha b, TO uucno b HasblBalOT genMTeneM uvicna a,
a 4MCno a — KparHbiM 4vcna b. ToBOPAT Takxke: «a KpaTHo b». Hanpumep, ge-
nutensmu uucna 4 aenalotca yucna 1, -1, 2, -2, 4, —4. KpatHbiMu uucna 4
ABAATCA yucna 4, -4, 8, -8, 12, -12 u 7. A., Boo6we nboe yncno suaa 4m,
roe m € Z.

PaccMoTpuMm HekoTopble CBOMCTBA AenuMocTu (6ykBamMu 0603HaYeHb ue-
nble 4yucna).

1. Bcskoe 4nMcno a, OTAMYHOE OT HYNA, AeNUTCH Ha cebs.
2. Hyne penutcs Ha mo6Goe yucno b, He paBHOe HYnIO.

3. Ecnu a penutca Ha b (b # 0) u b gpenurtcs Ha ¢ (c # 0), To a penur-
CH Ha c.

4. Ecnu a penutcs Ha b (b # 0) w b penutca Ha a (a # 0), To uncna
a n b nn6o pasHbl, NGO ABNAOTCA NPOTUBOMONOXKHBIMKU YUCNAMM.

CnpaBeanvBocTb NEpBOro CBOWCTBA BLITEKAET W3 TOrO, 4TO pPaBeHCTBO
a-1=a BepHo npu no6GOM a, a BTOPOr0 — M3 TOrO, 4TO pPaBeHCTBO
b -0 = 0 BepHO npu nwbom b = 0. ;

Hokaxem cnpaBennvMBocTe TpeTbero csoicTea. M3 onpegeneHvs OenmMmo-
CTv cneayet, 4t0 a = bk, b = cm, tne k v m — uenvie uicna. Otcioga
a = (cm)k, T. e. B cuny coyetatenbHOro CBOWCTBA YMHOXeHusa a = c¢(mk), roe
mk — Uenoe 4ACNO, a 3TO 03HAYAeT, YTO g AENUTCS Ha c.

LHokaxem Tenepb cnpaBeAnMBOCTL YETBEPTOro CBoicTBa. M3 onpepeneHus
AenuMmocTu cnepyet, 4TO @ = bk v b = am, roe kK v m — uensbie yncna. OT-
coga a = (am)k, 1. e. a = a(mk). Tak kak @ # 0, T0 mk = 1. OpHako
mk = 1 ana uenbix yicen m u k TOraa U TONLKO Torga, korga oba yucna m
W k paeHbl 1 unn paeHbl —1. B nepsom cny4ae yvucna a n b pagHbl, BO BTOPOM
OHWU OTNINMHAIOTCHA TONBKO 3HAKOM.

Onpepenexvie u cBoOCTBA AENMMOCTW HAXOAST MPUMEHEHUE npwv peLueHun
3apau.

MNpuBeném npumepsi.

Mpumep 1. Nycte a U b — uenble yncna, npuyém b = 0. Ookaxem, 4To
ecnn a penutca Ha b, To a" penutca Ha b" npu NIOGOM HaTypansHOM #.

M3 onpegeneHvs OenuMoCTv cnemyert, yTo CYLLeCTBYyeT Takoe LEenoe Yuc-
no k, 4to a = bk. Bo3eeas obe 4actu aToro PaBeHCTBa B CTEMNeHbL 1, NONy4YmMm,
yto a" = (bk)", 7. e. a" = b" - K"

Tak kak k& — uenoe uucno u b # 0, 70 k" Takxe aBnseTcs LUeNbiM 4UCNoM
u &" # 0. CnepoBatensHo, No onpenenexuio a” AenuTcs Ha b".

§ 5. JenumocTts yuncen
3 Anrebpa. 8 k.




Mpumep 2. BbiIICHUM, KakOBO COOTHOLUEHWE
MexXzy MHOXeCTBOM A 4ucen, KpaTtHbiX 6, 1 MHO-
xectBoM B uucen, kpatHbix 18.

A Mycte uenoe uvicno a penutcs Ha 18. U3
ycnosusi, 4to a pdenutca Ha 18 n 18 penurcs
Ha 6, cneayeT, 4To a AenuTcsa Ha 6. 3HauuT, Kax-
[oe 4ucno, kpatHoe 18, sBnseTcs KpaTHbiM 6,
T. e. Kaxaplii 3aneMeHT MHoxecTBa B fasBnaetcs
aneMeHToM MHoXxecTea A. [pyn 3TOM B MHOXec-
tBe A ecTb BneMeHTbl, He npuHagnexawme B,
Hanpumep Yucno 12. 310 03HAYaEeT, HTO MHOXEC-
TB0 B ABNAeTcH COOCTBEHHLIM MOAMHOXECTBOM
MHOxecTBa A.

CoOTHOLLEHNE Mexay MHoxecTBamu A u B no-

Puc. 10 Ka3aHO C NOMOLLLIO KPYroB Jinepa Ha pucyHke 10.
YnpaxHeHust
229. VkaxuTe, ec/lHd BO3MOXHO, [Ba 3HA4YeHUs ¢, IIPH KOTOPLIX BEPHO BbLICKA-
3bIBAHME:
a) a menurcs Ha 1l B) 0 menutcsa Ha a;
6) 17 menurcs Ha a; r) a memuatcs Ha 0.
230. JloKaxuTe, YTO eclM @ KpaTHo 6 M b KpaTHO 5, TO I[POM3BENEHME ab
kpatHo 30.
231. BepHo /M BBICKa3bIBaHHE!
a) eco @ nenwres Ha 15, To @ JenuTes Ha 3;
6) ecnu @ JeaMTCA Ha 5, TO a aenutes Ha 15;
B) ecnu a nenurest Ha 30, To a menMTCA Ha 90;
r) eciu a nemarcst Ha 105, To @ nemares Ha 357
232. TMokaxuTe C MOMOIIBI0 Kpyros 3Diinepa co-
OTHOIIEHWE MEXIy MHoxecTBamMu A u B,
eCIu: .
a) A — MHOXECTBO YHCeN, KPaTHbIX 4,
B — MHOXECTBO uMCel, KpaTHBIX 12;
6) A — MHOXECTBO 4MCel, KpaTHBIX 96,
B — MHOXECTBO YMCeJl, KpaTHBIX 16;
B) A — MHOXECTBO YHCeNl, KPaTHbIX 37,
Puc. 11 B — MHOXeCTBO umcen, kparHeix 111.

233. Ilycre F — MHOXECTBO 4McCell, KPATHBIX 36. TIpuHAaLIEXUT TU MHOXECTBY
F 4ycio a, eclii U3BECTHO, YTO:
a) a kparHo 9; 6) a xpatHo 72; B) a kparHo 108?

234. Ha cxeme Ditnepa (puc. 11) mMeHbIIMA M3 KpPYroB n300paxaeT MHOXECTBO
uncen, KpaTHbix 12. [1pusenure npumep GECKOHEYHBIX MHOXECTB, KOTOPLIE
MOryT u300paxaTrb ABa APYTHX Kpyra.

Fhaea 2. Uensie yucna. [enuMoCcTb 4Mcen




235. Ha cxeme Diinepa (cM. puc. 11) cpenHHii Kpyr M300pakaeT MHOXECTBO Y-
cen, KpatHbix 4. IlpuBenute npumep GECKOHEYHBIX MHOXECTB, KOTODHIE
MOI'yT M300paxaTh [ABa APYTHX Kpyra.

236. Ilycteb P — MHOXeCTBO 4YMces, KpaTHBIX 5, K — MHOXECTBO 4MCes, KpaT-
HbIX 15, F — MHoOXecTBO wmcen, KpaTHbix 60. Ykaxure:
a) JBa YMclia, NPUHAUIEXKANIME BCEM TPEM MHOXKECTBAM,
6) nBa ymMcla, KOTOpPbIE NPUHANLIEXAT MHOXECTBY P, HO HE NpPHHALIEXKAT
MHoOXxecTBaM K u F,
B) [lBa YMCJIa, KOTOpbIE MPHHALIEXAT MHOXecTBaM P u K, HO He NpHHAaI-
Jexar MHOxecTBy F.

[TokaxuTe COOTHOIICHUE MeXay MHOXecTBaMu P, K u F ¢ nOMOIIbLIO Kpy-
roB Diinepa.

YnpaxHeHus Ans NoBTOpeHUs
1 1

b _a+b _a+b

1 1 a
a—b +a+b

a

237. Vnpocrure BhIpaxeHWe

238. Haiinure 3HaueHHe BhIpaKeHUs, 3HAs, YTO # € IV

a)

8n+i_5n—l_8n—1.5n+l 62n+3

40" ’ %)

92n+2, 2n+3 _ 9dntl, gin+l )

x*, ecmn |x| <1,

239. H3o0pasure cXeMaTHMYeCKH HH Y=
00pasuT q rpaduk GyHKUHKA Y {l, ]

12. JennmMoCTb CyMMbl U NPOU3BEOEHUSA

Hokaxem HeKoTopble CBOWCTBA LENMMOCTVM CyMMbl U NpousseaeHvs. Mpu
AoKasaTesibCTBe BOCMOMb3YEeMCs TEM, YTO CYMMa U NPOM3BEAEHUE LIeNbIX YUCen
eCTb LIenioe 4Yncno.

1. Ecnm B cyMMe uenbix YUCeNn KaXpoe craraemoe AeNUTCS Ha HeKoTo-
poe 4YMcno, To CyMMa LesIMTCA Ha 3TO YUCHO.

JokasatensCcTBo npoeBeaém ans Tpéx cnaraembix.
Mycte kaxpoe ua uenwix yucen a, b n ¢ genutcs Ha p (p e Z, p %= 0).
Mo onpenenenwio a = pk, b = pl, ¢ = pm, roe k, I v m — uenvle yncna.
Torna
a+b+c=pk+pl+pm=pk+1+m).
Tak kak k, I © m — uenble 4ncna, 10 k + [ + m — uenoe uucno, a 3HAYMT,
no onpegeneHwio a + b + ¢ penutca Ha p.

C nomolbio TEX Xe paccyxaeHwit u npeobpasoBaHuii MOXHO nokasatb
cnpaBeanMBOCTb OAHHOMO CBOWCTBA A/ NM0BOro Yyvcna cnaraemsbix.

§ 5. denumocTtb ymcen




3ametumMm, 4TO o6paTHOe YTBEpPXOEeHWMe HeBepHo. M3 Toro 4to cymma
a + b + ¢ penuTca Ha p, He cledyeT, YTO KaXaoe cnaraemoe OEenuTca Ha p.
MpuMepoM MOXET CnyxuTb cymma 4 + 10 + 16, koTopaa genutcs Ha 3, Torga
KaKk HMW OOHO M3 cnaraembiX Ha 3 He penwuTcAa.

2. Ecnu B pa3HOCTU UenbiX YUCesN YMeHbLUaeMoe U Bbl4MTaeMoe fensrT-
CH Ha HEKOTOpPOe 4YUCNO, TO PAa3HOCTb AENIMTCA Ha 3TO YMChno.

Mycte @ u b — uensie Yynucna, a AenuTcs Ha p u b penuteca Ha p (p € Z,
p # 0). Echm b penutca Ha p, To —b Takxe aenntca Ha p. lNpeacrasus pasHOCTb
a — b B Bupe a + (—b), nony4aem CyMMmy, KOTOpasi B CUy NpeablayLiero Ceom-
cTBa JOEfINTCA Ha p, Tak Kak B HEWl OenuTCA Ha p Kaxaoe cnaraemoe.

3. Ecnu B cymmMme UenbiX Yacen Bce cnaraemMmbie, KpomMme OfHOro, Aenar-
Cfl Ha HEKOTOpPOE 4YUCNO, TO CYMMa He AenUTCHA Ha 3TO 4ucno.

Myctb @, b 1 ¢ — uensie yucna, a genutca Ha p (p € Z, p # 0), b penur-
CA Ha p, a ¢ He genutca Ha p. [lokaxem, 4To cymma a + b + ¢ He penutcs
Ha p.

[okasaTtenscTBO NpoBeAEM METOAOM OT NPOTUBHOrO. lpeanonoxum, 4To
cymma a + b + ¢ penutca Ha p. Torga B pasHoctu (a + b + ¢) — (a + b) ymeHb-
WaeMoe U BblYMTAeMOe AENATCA Ha p, a 3HAYWT, Pas3HOCTb Aenutca Ha p. Tak
KaK pasHocTb (@ + b + ¢) — (a + b) paBHa ¢, TO NONy4aeTcs, 4TO ¢ AENnUTCH
Ha p, a aTo npoTuMBopeunT ycnosuio. CnepoBaTesibHO, Hawe npeanooxeHne
HEeBEpHO, N CymMMa a + b + ¢ He JenuTcs Ha p, 4TO U TpeboBanoch A0Ka3aThb.

4. Ecnv B npou3BefeHUM LenbiX YUCeN OAMH U3 MHOXWUTenei aenurtcs
Ha HEeKOTopoe YMCNOo, TO U NpouM3BefeHue AENIUTCA Ha 3TO Yucno.

MycTb B NMPOW3BEOEHUW LENbiX Yncen a U b MHOXWTEeNb a AenuTcs Ha p
(p € Z p # 0). No onpeaenenvio a = pk, rae k — uenoe 4{ucno. Toraa
ab = (pk)b, n B cuny coYeTaTENLHOrO CBOMCTBA YMHOXeHUA ab = p(kb), Nnpu4ém
kb — uenoe 4ucno. 3HauyuT, No ONpefeneHuio ab aenuTca Ha p.

5. Ecnu B Nnpous3BeieHMn ABYX LeNbiX YUCEeN OAWUH U3 MHOXWTenen ae-
NUTCS Ha m, a APYroi Ha n, TO Npou3BefeHue AeNnuTCcs Ha mn.

Myctb @ U b — uensie uicna, a penutca Ha m (m € Z, m # 0),
a b penutca Ha n (n € Z, n = 0). Torga no onpeaenedno a = mk, b = nl,
rone k v I — uensie yncna. OTcloga, NPUMEHss NepemecTuTenbHOe W co4veTa-
TenbHoe CBOWCTBA YMHOXEHWs, nosydYaem, HTo

ab = (mk)(nl) = (mn)kl.

Tak kak k n [ — uensie 4ynucna, T0 ux NPoOU3BeAEHUE TaKXKe ABAETCA LenbiM
yucnom. 3HauwuT, ab DEnUTCH Ha mA.

MpW peweHun 3apa4 Ha AeNMMOCTb 4acTo WMCMNONb3YITCA CBOWCTBa, KOTO-
pble CneayloT U3 [0Ka3aHHbIX CBOWCTB W CBR3aHbl C nocnefosartefibHbiM pac-
NONOXEHWEM LIENbIX YACEN:

Npou3BeAeHue n NOCNeAoBaTesNbHbIX LenbiX Y4Ccen AenuTcs Ha n;
I npousBefeHue TPEX NocnenoBaTesibHbIX UenbiX Yucen AenuTcs Ha 6;
npovsBeAeHne ABYX NOCNeAoBaTeNbHbIX YETHBIX YMCen AeNnTCHA Ha 8.

- 68 _ | Maea 2. LUenbie yucna. [lenuMocTb 4Yucen



PaccmoTpum npumepbi.

Npumep 1. Ookaxem, 4to cymma 2° + 4° + 82 penutcsa Ha 28.

Mpeacrasum kaxpoe crnaraeMoe B BUAE CTENEHW Yucna 2 U BuiHECEM 06-
LUMIA MHOXWTENb 33 CKOBKM:

28+45+82=28+(22)5+(23)2=28+210+26:
= 2522 + 2¢ + 1) = 28. 21,

Tak kak B npousBeneHwn 2°-21 nepebliii MHOXWTENL OENUTCH Ha 4,
a BTOpPOW — Ha 7, TO 3TO NpoOM3BedeHue (a 3HayYWT, U OaHHOe BhLIpaXeHue)
OenuTca Ha 28.

Mpumep 2. [lokaxem, 4TO UENOE YUCNO @, He PaBHOE HYMIO U He SBASIO-
weecss penutenemMm 40, He MOXET ObiTh KOPHEM ypaBHEHWs!
3x® - 9x® - 36x + 40 = 0.
AonyctuMm, 4to @ — kopeHb ypasHeHusi. Toraa BEpHO PaBEHCTBO
3a® - 9a° - 36a + 40 = 0.
B neBoii yacTn aToro paBeHcTBa 3anucaHa CymMma, KOTOpPasi He OEenuTcs
Ha a, TaK KaK B Heil BCE cnaraemble, KpOME MOCNEAHEro, AensTcs Ha a. B npa-
BOW 4Yactu 3anucaHo 4ucno 0, KoTopoe AenuTcsl Ha nioboe OTIMYHOE OT Hyns
HYWUCNO W, 3Ha4WT, fenutcsa Ha a. lony4eHHOe NPOTUBOPEYME MOKA3bLIBAET, YTO
NPennoJsioKeHne HeBepHO, M YUCNO a He ABNSIETCH KOPHEM YpaBHEHWS.

Mpumep 3. [lokaxeMm, 4TO Pa3HOCTb KBAAPATOB ABYX HEYETHLIX YMCEN ae-
nuTca Ha 8.

MycTe paHbl 4ucna 2m + 1 u 2p + 1, tae m € Z, p € Z. Jlokaxewm,
4TO NpU NIOGkIX LENbIX 7 1 p 3Ha4YeHne Boipaxenus (2m + 1)2 - (2p + 1)? pe-
nuTes Ha 8.

Pasnoxum naHHOe BbipaXeHue Ha MHOXWUTENW:

(2m+1)2—(2p+1)2=(2m+1+2p+1)(2m+1—2p—1)=
=2(m+p+1)-2(m-p)=4m+p+1)m- p).

Ecnun yncna m v p opuHakoBon yETHOCTU (06a YETHLIE UK 06a HE4YETHbIE),
TO MHOXUTE/Ib /m — p OENUTCH Ha 2, a €CNK HUCna m U p PasHOi YETHOCTU, TO
MHOXUTeNb m + p + 1 pnenutca Ha 2. Takum 06pasoM, Npu NOBbIX 3HAYEHUSIX
m W p B npousseneHun 4(m + p + 1)(m — p) Nepeblii MHOXWUTENb AENUTCH
Ha 4, a BTOPOW WK TPeTWiA AenuTcs Ha 2. 3HauWuT, NPOU3BeaeHue nenutcsa Ha 8.

Mpumep 4. [okaxem, 4To ecnm pasHoCTb a — b, rae a e Z b e Z pe-
nutca Ha 3, 1o @® - b° penutcs Ha 9.
Pasnoxum pasHocTb KyGOB Ha MHOXWTENN:
a® - b® = (a - b)(d® + ab + b?).
Mpencrasum Tpéxuned a® + ab + b* B Bupe CYMMbI, B KOTOpPOW nepsoe
cnaraeMoe ABNAETCA KBafpaTtoM AByuYNneHa a — b:
a+ab+ b’ =a®+ab+ b 2ab + 2ab = (a - b)? + 3ab.
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Tak kKak @ — b penutca Ha 3, To (a — b)? Takke penutcs Ha 3, a 3HauMT,
cymma (a — b)® + 3ab penutcsa Ha 3. '

Wrak, B npouasenenun (a - b)(a@® + ab + b%), paBHom @’ — b°, kaxawid U3
MHOXUTENen oenutcs Ha 3. 3HauuT, 3TO NpousBeneHue genutca Ha 9.

YnpaxHeHus

240.

241.

242.

243.

244.

245.

246.

JloKaXuTe, YTO 3HAYEHUE BhIPAXKCHUS:
a) 6° + 36> — 216 nenutcs Ha 41;

6) 9° + 27° + 81° nenmrcsa Ha 13;

B) 2° + 4 — 8% nenwrcs Ha 38;

r) 3" + 9% + 27° nenurcs na 111.

JlokaxkuTe, 4TO @ NeNWTCs Ha b, ecin:
a)a=4"+& + 4, p=2-2 -2

6)a=9+9+9, b=173°"-3+ 3%,

VKaxurte, ecli BO3MOXHO, TpHM IEIbIX 3HAYEeHUS [EPEMEHHOH @, npu
KoTopeIX cymma 35 + 3a:

a) KpaTHa 5;

6) kpatHa 7;

B) KpaTHa 3.

Onpenenure, IeMUTCH JIM 3HAYEHHWE NaHHOIO BBIPAXKEHMs Ha 6 mpu modom
LIC/IOM 3HAYEHUM C, MPU HEKOTOPbIX 3HAYEHWSIX ¢ WIM He JenuTcsa Ha 6
HU MpPU KaKOM 3HA4YEHUH C:

a) (3c+ 2§(2e + 1) — (6e + 1)(¢ — 2);

6) (12e — Dile + 3) — (Be + I{2e — 1)

B) (5¢ — 1)(6c + 4) + (15¢ — 2)(2c + 2);

r) (¢ + 6)(6c — 1) + (3¢ + 2)(2c — 3).

Omnpenenure, Kakue u3 apobei
a a 2a a+oé 2a S5a
atl’ a+5’ 2a+1’> 11’ a+4’ 15a+10

NPy JONMYCTUMBIX 3HAYEHMsIX a, e a € £

a) HECOKpATUMBI TIPH JI000OM d;
0) COKpaTHMBbI MpU J1H0O00M a;
B) COKpaTMMBI TPU HEKOTOPBIX 4.

HWmeer nu uenbie KOPHA YpaBHEHHE!
a) 17x* — 5lx* + 34x* — 87 = 0;
6) 26x* + 13x — 65x — 7 = 0?

JlokaxuTe, 4To Ha Tpamoii 32x + 48y = 105 HeT HU OLHOH TOYKH C ULEN0-
YUCIEeHHBIMA KOOpPIHMHATAMH.

Maea 2. Llensie uucna. JenuMocCcTe 4ucen




247.

248.

249.

250.
251.

252.

253.

254.

255.

256.

257.

258.

[Mpunannexar nu rpaduky ypasuHenusi 13x + 65y = 106 Touku ¢ 1en0-
YUCJICHHBIMUA KOOpAWHATAMH?

Jokaxure, YTO €cliM @ U b — TpPEX3HAYHBIE YMCIIA, CYMMa KOTODBIX JEJIUT-
cs Ha 37, TO, NPUIIMCAB K YMCIY @ YUCIO b, Mbl MOJYYMM HIECTH3HAYHOE
4YHUCII0, KOTOpoe jenutces Ha 37.

JokaxuTe, 4TO YeTbIpéx3HauyHoe 4yuciio Buma abba nemurtcs Ha 11.
HNoxaxwure, yro cymma 2002'° + 3003'" nenurcs wa 7, Ha 11, Ha 13.

Jlokaxwure, 4TO:
a) cymma 1* + 2° + .. + 98° + 99° penurcst Ha 100:
6) cymma I° + 2° + ... + 48° + 49° nenures na 25.

Jokaxure, 4TO ecnu KaXaoe M3 AByX YETHBIX 4YMCE] KDAaTHO 3, TO cymMMa
UX KyOOB nenutcs Ha 54.

Jlokaxure, 4ToO:
a) 2° + 1 nenutcs Ha 9; 6) 3° — 1 penmrcs Ha 13.

Hokaxure, 4T0 cyMMa KyOOB TPEX MOC/IENOBATEIbHBIX LEIBIX YHCE JIETUT-
csa Ha 3.

Hokaxwute, uto ecau uucno a + 7b penurcs Ha 17 (a e Z, be 2, 10
gucno 10a + 2b nenwres Ha 34.

JlokaxuTe, 4TO Mpy MOGOM LENOM /M 3HAYCHHME BBHIPAXKEHHsS KPaTHO 6
a) m* + 17m; 6) m' — 43m; B) m* — 3m* + 2m.

Hokaxurte, 4to npu I060M a € Z 3Ha4eHHUE BBIpAXKEHMSI OEJAUTCA Ha 3:
a) @ + 26a + 15; 6) @’ + 20a + 27.

Hokaxure, yto eciniu cymma ab + cd nemwres Ha a — ¢, To cymma ad + bc
TaKxKe NeTHTCd Ha a — c.

YnpaxHeHuss 4na NOBTOpPeHus

259.

260.

261.

Haiinure mepeceuenue u oObenuHeHME MHOKECTB HATYPAIBHBIX AeTHTENIEH
yucen 15 u 18. Yemy paBeH Haubonbuimii oBIMI meauTeNs STHX qucen?

Haiinure Bce ToukM ¢ 1enoYMCICHHBIMU KOOpIWHAaTaMHu, MNpUHaIeKalue
rpauky (DyHKIIHH:

2 2

__#Fl, _ X" t+3Ix+3,

2) &)=y m) ¥R ==

2 2

Aoy = X =3—1, o X=x=1

6) h)=322 n) e) =X

CpaBHuTe cpennee apudmernueckoe u MEIuaHy psiia JaHHBIX:
d)y 4 X 3; 16 6, 6; T 6) 4; 4; 5; 5; 5; 6, 6; 7.
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13. [leneHne c ocrtaTtkom

B mnagwmx knaccax Bbl BCTPEYanMCb CO CHy4asMu, Korga npu aeneHuu
O[HOr0 HaTypanbHOrO 4YUCNa Ha Opyroe nony4aeTcs ocTtaTtok. Hanpumep, ecnu
73 paspenuTb Ha 5, TO B 4acTHOM noayyutca 14 un B octatke 3. ITO 3anuckiBa-
10T Tak:

73 : 5 = 14 (oct. 3).
OcTtaTtok MeHblwe 5. Ecnn u3 73 BbiMecTb 3, TO nonyyutca ducno 70, koTopoe
[enuTcs Ha 5, T. €. 3annchb
73 : 5 = 14 (oct. 3)
MOXHO 3aMEHWUTb ApYrown:
73 - 3 =514,
npuyém 3 < 5.

3amMeTuM, 4TO ecnv OesfieHMe HaTypanbHOro 4Y1ucna a Ha HaTypanbHOe HWUc-
N0 b BLINOAHAETCS HALENno, TO CYWTAlOT, 4To ocTtatok paseH 0. B aTtom cny4ae
Pas3HOCTb MEXAy Y4MCIOM g WU OCTaTkoM Takxe AEenuTca Ha b.

Boo6LLe YMCNIO ¥ ABNAETCA OCTAaTKOM OT AEe/IeHWUs HaTypasibHOro 4icna a Ha
HaTypanbHOoe 4YUcno b, ecnu pasHoCTb a — F AeNNTCA Ha bno0<r<hb.

B kypce anre6pbl NOHATVE AeNeHns C OCTATKOM PacrnpoCTpaHAeTcs Ha cay-
yail, Korpa AenvMMoe SIBMSIETCA LeNbiM YWAC/OM, a fdenuTenb — HaTypanbHbIM.
Onpepenexve ocTatka, MPUHATOE A1 HaTypasbHbIX 4YWCEN, NMEepeHOCUTCHA Ha
3TOT cny4an.

Onpeneneuue. Llenoe 4ncno r Ha3bIBaeTCs OCTAaTKOM OT AefieHus ue-
IOro YMCNa @ Ha HaTypanbHoe 4Yicno b, ecnn pasHoOCTb 4 — r AENUTCS
Ha bwn 0 < r<bh

Hanpumep, ocTatok oT aenexus yicna —11 Ha 3 paseH 1, TAaK KaK pa3HOCTb
-11 - 1 penutca Ha 3 m 0 < 1 < 3.
0O603Ha4YMM YacTHOe OT genenus a — r Ha b Gykeoi g. Torpa

a-r=bg
unu
a=bg+r, tRe 0<r<hbh

Yucno g HasbiBaeTcs 4acTHbIM (Npu r = 0) UAK HENoMHLIM HaCTHBIM (npwn
0 < r<b).

Tak, —-11 = 3 - (-4) + 1. CnepoBaTenbHO, 4MCIO -4 — HenosHoe 4acTHOoe,
nony4eHHoe Npu aeneduy 4ucna —11 Ha 4ncno 3.

MpW pelieHun 3apad WMPOKOe MPUMEHEHME HaxoAUT Teopema O AeNeHNU
C OCTaTKOM.

Teopema. [ns no6oOro uenoro 4icna @ ¥ HatypanbHoOro Hvcna b cywecT-
ByeT eAnHCTBeHHas napa uenbix 4yucen g v r, Takux, Y10 a = bq + r, rO€
0 < r<hb.

Magea 2. Llensie yucna. [enuMmocTb Yucen




Aoxka3zaTenecTBO.
PaccmoTpuM MHOXECTBO 4MCen, KpaTHbiX b, B3ATLIX B MOpPsOKe BO3pacTaHus:

..., —4b, -3b, -2b, -b, 0, b, 2b, 3b, 4b, ....
OTMeTUM COOTBETCTBYIOLLME UM TOYKM HA KOOPAMHATHOW Npamon (puc. 12).

: : : : : : . l ——
-4b -3b -2b b 0 b 2b 3b 4b

Puc. 12

Mepepsurascb no KoopAMHATHOW NPAMOI cnesa Hanpaso, GyAemM CpaBHW-
BaTb YACNO a C 4Yucnamu, KpatHeimn b. MNycTte b(g + 1) — nepeoe U3 aTuUx 4u-
cen, kotopoe Gosblue a. Toraa yucno a nubo cosnagaet ¢ bg, nubo 3aknoye-
HO mexay uicnamu bg un b(g + 1), T. e.

bg < a< blg+1).

lfeoMeTpu4ecKkn 3TO O3HAYAET, YTO YACNO a M306pPaxXaeTCs TOYKOW, KoTopas
nMbo coBnagaeT C NeBbIM KOHLOM OTPes3ka, OrpaHUYeHHOro Tovkamu, u3obpa-
xawoummm sucna bg v b(g + 1), nnbo HaxoouTca BHYTpM Hero. B nepeom cny-
4ae pasHoCTb YMcen a n bg paeHa 0, BO BTOpoM oHa HGonblwe 0, HO MeHbLue b.
O6Go3HaumB 3Ty pas3HoCTb GyKBOW 7, MOAY4MM, HTO

a-bg=r, toe0< r<hb,
T. e.
a=bg+r tne0<r<hb.

Tak Kak OTPe30oK, KOTOPOMY MPUHALNEXWUT TOYka a, OnpeaenseTcs eamH-
CTBEHHLIM 00pa3oM, TO YMCNO ¢ — EOMHCTBEHHOE, @ 3HAYUT, eAMHCTBEHHBLIM
SBNAETCA U YUCNO r, paBHOE a — bgq.

Teopema pokasaHa.

Mpumep 1. Hailném HenonHoe 4acTHOE WM OCTaToK OT AeneHus Yucna —34
Ha 9.

MNpeacrasum yucno —34 B Buge cymmbl —36 + 2, roe —-36 — Haubonbliee
M3 oTpuuatesnbHbIX 4Mcen, KpaTHblx 9 W He npeBocxogswmx -34. Toroa
-84 =-36 + 2 =9 - (—4) + 2. HenonHoe yacTHoe paBHO —4, a OCTATOK paBeH 2.

Ha nenexHun ¢ octatkom OCHOBaHbl pasnnyHbie GOpMbl NPeacTaBneHus Le-
NbiX 4ncen. Hanpumep, npu AeneHnn LENoro 4ucna Ha 3 MOryT Moay4uThbCs
octatkv 0, 1 u 2. MNoatomy no6oe Lenoe YMCNo MoxXeT BbiTb NPeaCcCTABNEHO B
OJHOM W3 cneaylwnx BUOOB:

3k, 3k +1, 3k + 2 (k — uenoe u4ncno).

AHanorn4Ho, Mcxoas W3 OCTATKOB, KOTOPLIE MOMYT MOAYYUTHLCH MPU ASNEHUN
Uenoro 4yucna Ha 5, BCAKOE Lenoe YnCNo MOXeT 6biTb NPeACTABNAEHO B OAHOM
13 cnenywwmux BUOOB:

Sk, Sk + 1, Bk + 2, 5k + 3, 5k +4 (k — uenoe uncno).

§-5. enuMmocTb 4yucen



B nepBoM criyyae MHOXECTBO LEeSfbiX Yynicesn pasbuBaeTcsl Ha TpW Henepe-
cekalwuecs nogMHoXecTsea, Ui, Kak roBOpaT vMHa4de, Ha Tpu Knacca, BO BTO-
pom cnydae oHO pas3buBaeTcs Ha NsiTb KIAacCoB.

NMpumep 2. Haiipém, Kakvue ocTaTkM MOMyT NONYYUTLCA NPW OENeHun KBam-
para uenoro 4Yicna Ha 4.

B coOTBETCTBMW C OCTaTKaMW, KOTOPblIE MOMYT MONY4YUTLCA MpPU OeneHuu
uenoro yYvcna Ha 4, nmoboe Uenoe 4H4MCNo MOXHO NpeacTaBuTb B OOHOM W3
BWOOB:

4k, 4k + 1, 4k + 2, 4k + 3 (k — uenoe 4vicno).

Otcioga nony4aem:
(4k)? = 16k% = 4(4K%),
(4k + 1)> = 16k + 8k + 1 = 4(4Kk* + 2k) + 1,
(4k + 2)° = 16k® + 16k + 4 = 4(4k> + 4k + 1),
(4k + 3)> = 16k> + 24k + 9 = 4(4K* + 6k + 2) + 1.

Mbl BUAMM, 4TO KBagpart uenoro 4ucna nubo genutcs Ha 4, 1. e. gaért octa-
Tok 0, nubBo npwu aeneHun Ha 4 Oaét octatok 1. 3HauuT, NPW OeneHuy Keagpa-
Ta Lenoro Yyicna Ha 4 He MOXEeT Mofy4YMTbCA OCTaToK 2 uiam 3.

3aMeTuM, 4TO MPW PeLlleHuM 3a4ad, CBs3aHHbIX C pas3bueHnem MHOXecTBa
LienbiX YACen Ha KacChl B 3aBUCUMMOCTM OT OCTaTKOB OT Ae/IeHWA Ha HaTypanb-
HOE YMCNO A, 4acTO UCMONbL3YETCA YTBEPXAEHVE, KOTOPOe Brepsblie ACHO cdop-
MYNMpPOBaNn M YCMELWHO MPUMEHSN B [0Ka3aTesbCTBax W3BECTHbI HEeMeLKuid
matematuk lNMetep lyctas dupuxne.

l—_{] OpuHuun Aupuxne. Ecnm m v n — HaTypanbHbie Yicna u m > n, T0 Npw

p3.36IfIEHMIA MHOXeCTBa, COCTOALLEro 3 m 3/1eMEeHTOB, Ha # KNaccoB XOTs
6bl B OOMH M3 KnaccoB nonagér bonee ofHOro anemeHTa.

O4eBMOHOCTb 3TOMO YTBEPXAEHUA AENaeT MOHATHOW ero wyTto4yHan (popmy-
NWPOBKA: €c/n m 3aliiieB cUMasaT B h kieTkax u m > n, TO xota Gbl B OAHOM
knetke cuaut bonee ogHoro 3anua.

Awupuxne Netep Nyctae Jlexén (1805—1859) —
HeMEeLKWit MaTemaTuk; caenan psp, KPYnHbIX OTKPbITUIA
B Teopwun 4ucen, B obnactm mMaremMaTtu4eckoro aHanu-
3a, B MexaHuKe U MatemaTtu4eckon ¢uauke, B 4acT-
HOCTM B TEOpUW NOTeHuwrana.



Mpumep 3. Jokaxem, 4To cpegu 13 pasHbIX LEenbix YWcen Bceraa Hanlayt-
cA ABa Yucna, pasHOCTb KOTOPbLIX Aenutca Ha 12.

JeicTBuTensHO, B 3aBUCUMOCTW OT OCTaATKOB, KOTOPbLIE MOAYy4alTCA Npw
JeneHunM uenoro yucna Ha 12, MHOXEecTBO Uenblx 4ucen pasbusaetcs Ha
12 knaccoB. [Jonyctium, 4TO0 12 M3 OaHHbIX YMCEn nonagyT B pasHble KNacchl.
OpHako TpuHaguaToe 4YMCNo B COOTBETCTBUM C NpUHUMnom dupuxne nonagér
B OOMH KNacc C Kakum-nubo m3 atux ducen. Takum o6pasom, cpeau AaHHbIX
yucen Bcerga HalayTes ABa Yucna, KOTopble Npwu geneHuu Ha 12 paT oauHa-
KOBbl€ OCTaTKuU, a 3TO 03Ha4yaeT, 4YTo UX pasHoCTb genutca Ha 12. B camom
Aene, ecnm a U b — uenvie uucna, a = 12¢, + r n b = 12g, + r, roe
0<sr<12,toa-b=(12¢q,+r) - (129, + r) = 12(q, - ¢q,), . €. a — b
nenutca Ha 12.

PaccmMoTpum CBOWCTBO OENeHUsi C OCTaTKOM, OTHOCSILLIEECS K [AeNeHUI0 Ha-
TYPanbHOr0 YACNa Ha HaTypanbHOe:

Ecnu npu peneHumn HaTypansHOro YMcna a Ha HaTypansHoe Yvcno b no-
nyyaeTtcs ocrtatok r, To Hanbonbwmii o6WwMiIA aenuTtenb Yicen a u b pa-
BeH Hauwbonblwemy obwemy aenutenio Yucen b u r.

B camom pene, ecnvu a = bg + r,tne 0 < r < b, 7o r = a — bg. MNo ceoit-
CTBY [ENUMOCTW PasHOCTU Kaxablii oM genutene yucen a v b aenaetcs
nenuteneM 4yucna r. 3Ha4nT, MHOXECTBO 0Dwwux genurtenein yYmucen a v b co-
BNajaeT C MHOXECTBOM oOwwx pgenutenein yucen b v r u NOTOMY 3Tu napsbl
4Mcen MMeloT OAWMH U TOT Xe Hanbonbwwuii obwmii penutens. Takum oBpasom,
ecnu a = bg + r, To HOL, (a; b) = HOL (b; r).

Ha aTtom BbiBOgE oOcHOBaH cnoco® HaxoxaeHus Hawbonbluero obLiero
denurtensa OByX HaTypasbHbiX 4Yucen. PasbACHUM CYLLIHOCTL 3TOro cnocoba Ha
npuMepe.

Mpumep 4. Hainpém HambGonbwmii 06WmiA oenutens yucen 527 n 1984.

Mpu peweHun nopobHbix 3aAady OBLIMHO 3aMMUCLIBAIOT 4YUCHA, Pa3NOXMB
Kaxgoe na HUX Ha npocTbie MHoxwuTenu. B Hawem cnyyae 527 = 17 - 31,
1984 = 2° - 31. lMocne 3TOro MOXHO HaWTVM HaMBONBLLUWIA OBLMIA MHOXUTENb —
4YUCcno 31 Pewwum 3apayy opyrum cnocobom.

Paspnenum Gonbluee 4ACNO Ha MeHbluee, a 3aTem OyAeM nociefoBaTesnsHO
OennTb aenvTenb Ha MONYYMBLUMIACSH OCTaToK, MNoka aeneHue He GyneT Bbinon-
HEHO Haueno:

1984 |527 _ 527 | 403 _ 403 |124 124 |31
1581 [3 403 [1 372 [3 124 [4
403 124 31 0

Mo pokazaHHOMY CBOWCTBY

HOZ (1984; 527) = HOJA, (527; 403) =
= HOJ (403; 124) = HOZA (124; 31) =

§ 5. JenuMocTb 4ucen




Eeknup (Il Bek 00 H. 3.) — pApeBHerpedyeckui
Y4EHBIA, aBTOP CaMoro W3BECTHONr0 MaTemMaTW4ecKoro
couynHeHua — <«Havana» («3nemMeHTbl»), co3paTenb
reoMeTpUYecKO CUCTEMbI, HA KOTOPOIM OCHOBbLIBAETCH
BCA Knaccuyeckass Gpu3nka; OCHOBOMOMOXHWK reome-
TPU4ECKON ONTUKW.

PaccMOTpEHHbI crnocob HaxoxaeHus Hanbonbliero obwero genurens AByx
HaTypanbHbIX YACEN ONucaH rpeveckum marematnkom Esknupom (Il B. go H. 3.)
B €ro 3HaMeHWTOM TpakTaTe «Hayana» v NoNy4yun Ha3BaHWe «aJrOPUTM EBKIAAE>.

MoxHO [ookasaTbh, 4TO Mexay Hawbonbwum oBLMM AenuTenemM OBYX 4vcen
a v b, HaMMeHblIMM OBLIMM KPaTHbIM 3TUX 4MCen WU MNPOW3BEeAEeHWEM Hucen
a v b cywecTtByeT COOTHOLUEHUE:

HOA (a; b) - HOK (a; b) = ab.

C NOMOLLBIO 3TOr0 COOTHOLWIEHWs U anroputMma EBknnMaa MOXHO CYLEeCTBEH-
HO ynpocTuTb BelducneHnua HOK (a; b).

Hanpumep, ana Boiamucnenns HOK (1984; 527) HyxHO HaWTW 4acTHOe npo-
nasenenuna umncen 1984 n 527 u mux HanGonbluero obwero pgenurtens, T. e.

) 1984 - 527  _ 1984 - 527 _
HOK (1984; 527) = HOL (1984, 527) — 5 = 33728.
YnpaxHeHus
262. HaiguTe HEMOMHOE YacTHOE M OCTATOK OT JEJICHWS:
a) 38 ua 13; B) 5 Ha 6; n) —1 Ha 3; XK) —26 Ha §;
6) 10 nHa 5; r) 117 ua 24; e) —3 Ha 4; 3) —75 Ha 16.

263. Tlpu neneHWM IEIOTO YKMcaa @ Ha 85 B OCTaTKe MOIYYHIIH 34, Jlenutcsa oy
ypcao a Ha 17; Ha 5?

264. Beimucanyu mnoapsi NEpBble CTO HATypaJibHBIX uncesn. CKOJNBKO Cpeny HUX
TaKUX, KOTOpBIE:
a) gensTest Ha 6]
6) mpu meneHud Ha 6 MAIOT OCTaToOK 1,
B) IIpH HeneHuu Ha 6 NarT ocTaTok 37

265. Haiinute HauboJbliee YMCAO BOCKPECCHUH B rojy.

266. JlokaxuTe, YTO €CIIM Liejble 4MCJa @ WM b NpH JENCHWHM Ha HaTypalbHOE
YMC/IO p JAIOT PaBHBLIE OCTATKH, TO PasHOCTh @ — b menuTcess Ha p, a ecid
[Al0T pasIM4YHBIE OCTATKM, TO Pa3sHOCTb @ — b HE NENWUTCH Ha p.

;i fmaea 2. Uensie 4ucna. JenuMocTb 4vucen



267.

268.

269.

270.

271.

272.

273.

274.

275.

276.

277.

278.

279.

280.

281.

M3 pmaHHBIX TIap 4uces BhiOepuTe Te, KOTOpbIE IPU JEeJeHWHM Ha 5 maioT
paBHBIE OCTATKM:

a) 176 u 131; B) 72 u —23:
6) 78 u 33; r) —61 u —87.

Haiinute Bce HaTypanbHBIE YHCIa, KOTOPHIE MPH AejeHuK Ha 17 1aioT ocra-
TOK, pPaBHBIA KBaJApaTy HEMOJHOr0 YacTHOTO.

Ilpu nenenun Ha 7 OfHO Liejioe 4MCIO HAéT ocTtaTtok 2, a apyroe 5. Kakoii
OCTATOK IIOJIYYUTCS] MPH NeNeHUHM Ha 7 TNpPOM3BeNeHUsl 3THX dHcen?

Kakue octaTku MOryT MOMYYMTHCH TPH JIENEHWH KBaJpara LeJIOro 4ucia:
a) Ha 3; 0) Ha 5?

Jokaxure, 4TO MpPH JieJleHMH HAa 6 KBazpaTa 1IeIOr0 YHC/Ia HE MOXET MOMy-
YUTHCH B OCTATKe 2 Wi 5.

CKONBKO pa3IM4YHBIX OCTATKOB MOJIYYMTCSA NPH JeNeHWH Kyba LeJIoro 4uc-
aga Ha 13?7

Yucno a npu neneHmu Ha 7 naér ocratok 2. Kakoii ocTaTok MOMYYHTCS
MpH JeeHUH Ha 7 4Hucia:

a) 8a + 1; 6)a’+a+ 1?2

Hekoropoe uenoe yucno m paér npu neneHuu Ha 8 ocratok 3. Kakoit
OCTaTOK MOJyYMUTCsl NIPH JedeHMH Ha 8 umucna m’ + 3m + 27

Hoxkaxwure, 4ro:

a) ecnv IEN0E YMCIO m TIpH AeJeHHMM Ha 6 maéT octatok 1, To uucio
m’ — 2m + 19 nenurcs Ha 18;

6) ecnM 1eNOe 4MCIO m UpU AeleHMM Ha 8 NaéT OCTATOK 2, TO YHCIO
m? + 4m — 12 penurcs Ha 64.

CyluecTsyer 1 Takoe 1ie/ioe YHCiIo, KOTOpOe MpH IeleHHH Ha 12 1aét ocTa-
ToK 11, a npu neneHud Ha 18 — ocratok 1?

Hekoropoe uwcno mpu nemeHus Ha 5 1aér octaTok 1, a mpu JelieHuM
Ha 3 — ocrarok 2. Haiinute oCTaTOK OT IENEHMS 3TOTO YMcia Ha 15.

Hekoropoe uucno mpu genenum Ha 5 naér ocratok 2, a MpH  NeNeHun
Ha 3 — ocTarok 1. Kakoii ocTaTtok rojyuyures or IeleHus 31oro uyucaa Ha 159

[okaxuTe, 4TO eC/IM LielBIe YUCAA @ M b JAlOT TIpU JeJeHUH Ha 3 OJMHA-
KOBBIE OCTaTKW, HE PaBHBIE HY/IIO, TO 4YMCIO ab — 1 penurcs Ha 3.

Hokaxute, uto cpenu 16 pasiMyHbIX HATYPATBHBIX YHCEN HaWayTCd XOTs
OBl Ba yMcaa @ M b, Takue, UYTO YHCIO g — b menuted Ha 15.

Jlokaxure, 4To cpenu 25 pasiuyHBIX HATYPAILHBIX YACET HANLYTCS XOTS Obl
IBa yucna a u b, Takue, 4to ymciao a’ — b® neaurcs Ha 24.

§ 5. denumocTs uncen |




282. B xmacce 37 yuamumxcsa. Haiinérca nM Takoil mecdll B roay, B KOTOPOM CBOM
JIeHb POXIEHWs] OTMEYaloT He MEeHEe UYeTHIPEX yJalluxcs 3Toro Kiacca?
283. Jlokaxwure, 4TO:

a) ecIu LeJioe YMCI0 @ He menutcd Ha 5, To a* — 1 genutcest Ha S
0) ecliy 1eNoe YKMCIIO @ He AeIUTC Ha 7, TO a® — 1 nmemurcs Ha 7.

284. JlokaxwuTe, 4TO €CJIM YMCJIO HE OEJIMTCA HA 7, TO MO0 ero KyO, yBeIM4YeHHBIH
Ha 1, menurcs Ha 7, n1ubo ero Ky0, yMeHblieHHbI Ha 1, menudrcss Ha 7.

285. JlokaxuTe, 9TO TIPH JIOOBIX HENBIX @ U b 3HAYECHUE JPOOH
ab(a’ — b?)
6
SIBJISIETCS] TIEJIBIM THCIIOM.
286. okaxuTe, yTO MpH JOOBIX LENbiX @ U b MpoU3BEIEHHE
ab(a@® — b)(4a’ — b))
nenutcs Ha 30.

287. Wcrnonb3ys anroputM EBkimpa, Haiinure HauOONBIIMI OOIIMH JETUTENb

qHCelL:
a) 437 n 133; B) 1848 u 375;
6) 735 u 1050; r) 805 m 1265.

288. Haiigute HavOONBIIMIT OOIIMI AENUTETh YHCIUTEN U 3HAMEHATENA ApooH
M COKpAaTMTe 3Ty JpoOb:

114, 253 . 357 . 205
133’ ETER ) T020° N %7

289. Ucnonw3yss anroput™ EBKiwaa, HaiguTe HauMeHbllee oO0Iee KpaTHOe
YHUCEJI.

a) 884 u 689; 0) 2442 u 2838.
YnpaXxHeHus ANs NMOBTOPeHus
290. YnOpocTHTe BBIPaXEHME:
(1_3)2. 2a-3 __]2a—18)
2 3) \ad*+9-6a 8 +27)
291. Haiinure, NpM KakKuxX 3HaueHuaX Koadduumenra k mpsMas, 3aqaHHas
ypaBHeHMeM y = kx + 3, HE MPOXOAUT YEepe3 TOUKY:

a) A4 —1); 6) B(—4; 1); B) C(0; 3).
292. Haiimure 061aCTh JOMYCTHMMBIX 3HA4YEHWH MEPEMEHHOM B BbIPaXKECHUM!
X . x . x ]
Vi 95 Ped DA

Fhasa 2. LUensie 4yucna. JenMmMocTb Hucen



14. ApudpmeTnka ocTaTkos

B HekoTopbix cny4yasx npu pelleHny 3afady Ha OenMMOCTb NONe3HbIMU OKa-
3biBalOTCA apudmeTnHeckue CBOWCTBA, MO3BONAIOLLME B PasfiM4HbIX YUCNOBbIX
BblpaXeHNAX 3aMeHATb 4Yucna MxX octatkamMu OT AesieHUMA Ha TO Unn UMHOEe Ha-
TypanbHoe 4ucno. OCHOBbLI Takux AeWCTBUIA — Tak Ha3blBaeMylo «apudmeTuky
octatkoe» — paspabotan JleoHapn Jitnep, a No3xe — «KOPOfb MATEMATUKOB»
Kapn ®puagpux lMaycc.

CHauana ans yoobcTea BBeAéM cneayioulee obo3HaveHmne aenmmocTtu. Ecnm
Lenoe 4Yucno a JenuTcs Ha Lenoe v OTAWYHOE OT Hyns 4vcno b, To Gymem nu-
catb a:b. 3Tta 3annck YMTAETCH NO-Pas3HOMY: «a KPaTHO b», «a OENUTCs Ha b»,
«b — penutenb a», «a — KpaTHoe 4ucna b». Ecnn 4Mcno a He KpaTtHo uucny b,
TO 3TO MHOrAAa 3anucLiBaloT Tak: af b wam a ve : b.

Mpwv peneHvm Ha HaTypanbHOE 4WCNO b CyLIECTBYET POBHO b pasfimMyHbIX
octatkoB — oT 0 go b — 1. MNo3ToMy BCAKOE LENOe YMCNO a EOWUHCTBEHHBLIM
06pa3om MOXHO NMPeAcTaBUTL B BUAE a = bg + r. B 9TOM Cny4ae MHOXECTBO
uensix Yucen pasbusBaeTcs Ha b Tak HasbiBAEMbIX KJ1accoB no mogynto b. Yuc-
na, npuHagnexaiwne ogHOMY KJiaccCy, HasblBalT cpaBHUMbIMKU 1o mogyso b (ot
naTUHCKOro cnoea modulus — mepa).

Ecnu nBa uensix uncna a, u a, NpU OeNeHUud Ha b JAalT OQUH U TOT Xe
OCTaToK r, TO 3TV YUCna NPpUHALNEexaT 0AHOMY Knaccy no Moaynio b, T. e. cpas-
HUMBLI no mogymo b. Ecom a, = bg, + r v a, = bg, + r, TO nUWYT
a, a,imod b). Hanpumep, ecnn 24 = 5-4 + 4 nu =11 = 5-(-3) + 4, 10
24 = (-11)(mod 5).

Ecnm uensle yicna a, U a, Npu OEneHUuM Ha 4Yucno b JalT OOuMH W TOT
Xe ocTarok r, TO pasHOCTb a, — a, KpaTHa b (3TOT BbLIBOL, COenaH B 3a-
nave N2 266). dpyrumum cnosamu, 4Yuci BHUMbIE 10 _MOAYIO b, MOXHO
onpegennTe ABYMSA pasHbiMKU crnocobamu.

Onpepenenve 1. Ecnu pBa uensix yucna a, v a, NPy AENeHUN Ha Ha-
TypansHoe 41ucno b palT oAvH U TOT Xe OCTaTok, To a, = a,(mod b).

Onpepenenve 2. Ecnm (a, — a,) : b, T0 a, = a,(mod b).

[
i
b 1
4
E
&
4
5
L
b
<
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MoutoBas mapka, nocesawéHHaa K. @, I'ayccy.
rOpP, 1977 r.
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Bynem nonb30BaTtbCA B PABHOW Mepe OBYMA 3TUMW 3KBUBAJIEHTHLIMIK OMNpe-
neneHvamMu. B cBA3KM CO BTOPbIM OonpefeneHneM MHOXECTBO 4Mcesi, CPaBHUMbIX
no moaynio b, Ha3bIBAIOT KIACCOM BbIMETOB o moaymo b. OgHako nogpobHo
paccMaTtpvBaTb CaMiu 3TU MHOXECTBa M WX CBOCTBa Mbl HE Oyaem.

Bropoe onpeneneHue cpaBHeHus YOOOGHO NMPYMEHsTb, 4TOObl ONpeaenvTh,
CpaBHUMbI N1 AaHHble Yucna no moayno b. Tak, yucna 1492 u 92 cpaBHu-
Mbl MO Moayno 7, nockonsky 1492 — 92 = 1400 : 7. U3 atoro cnepyert, yTto
npM [OeneHun Ha 7 3TW 4Yucna pJ[aloT paBHble octatku.  [encTBuUTensHo,
1492 =213-7+ 1192 =13-7 + 1.

CpasHeHusi 06N1aaailoT CBOMCTBaMM, NPaKTUHECKU COBMaaalowmumMy Co CBOK-
CTBAMW PaBEHCTB, U NMOTOMY A3blk CPaBHEHWI OKa3biBaeTCs O4eHb YAOOHLIM npu
pelleHnM MHOTMX 3a[a4y, CBA3aHHbIX C OcTarkamu. PaccMoTpum HekoTopbie
CBOWCTBA CpPaBHEHWNA.

Ona mobbix uensix uYucen a, b, ¢ v moboro HaTypansHOro 4vicna n
BEpPHO:

1. a = a(mod n).
2. Ecnm a = b(mod n), To b = a(mod n).
3. Ecnm a

b(mod n), b = ¢(mod n), T0 a = ¢(mod n).

1l

MepBoe CBOWCTBO — pe@IeKCHBHOCTL (OT naTWHCKOro cnosa reflexio —
obpalleHve Hasagn) BrnonHe o4eBuaHO. Ero AokasbiBaeT pPaBeHCTBO (a - a): n.

BTopoe CBOWCTBO — CUMMETPUHYHOCTb CPABHEHUA — TaKkKe O4YeBWAHO.
OHO 03Ha4aeT, 4TO eCc&M YUCNO0 @ WMEET TakoW Xe OCTaToK Nnpu AeneHrun Ha
Yucno M, 4TO W 4ucno b, TO N 4MCNO b MMEET Takoi Xe OCTaTOoK Mpu AenNeHuu
Ha Yucno A, 4TO U 4yucno a. JokaslaTensCTBO MOXHO MNPOBECTW, WCMONbL3YA
BTOpPOEe onpegeneHue cpasHeHui. Ecnm a = b(mod n), 170 (@ - b)in. Ho
W3 3TOro Ccnegyer, 4TO MPOTUBOMOMOXHOE 4HMCNO (b — a) Takke KpaTHo
yucny n, T. e. b = a(mod n).

TpeTbe CBOWCTBO — TPaH3WTUBHOCTbL — 03HA4aeT, 4TO ecnn 4micna a w b
NpW OeneHuwn Ha n Jal0T paBHble OCTaTkW, 4vcna b v ¢ Npv AeneHun Ha n
[JAI0T paBHble 0CTaTKW, TO YACNa a U ¢ Npu OeneHui Ha n AalT paBHble ocTaT-
ku. MpuBeaém nokKasaTensCTBO 3TOr0 CBOWCTBA.

Echy a = b(mod n), 70 (@ - b)in, ecom b = c(mod n), TO
(b — ¢) i n. MNMockoneky a — ¢ = (a — b) + (b — ¢), TO Npasas 4acTb KpaTHa n
KaK CymMMa [OByX KpaTHblx n uucen. CnefnoBaTenbHO, M fieBas 4acTk pPaBeHCTBa
penutcsa Ha nu, T. e. a = c¢(mod n).

Ha STuUX CBOWCTBAx «MOXOXECTb» CBOWCTB CpaBHEHWIA CO CBOWCTBaMM pa-
BEHCTB HE 3akaH4uBaeTcsi. BepHbl Takke crnefylolme CBOWCTBA:

4. Echm a = b(mod n), ¢ = d(mod n), TO
a+c = b+ dimod n);
a - c¢ = b - dimod n);
ac = bd(mod n);
a* = b*(mod n), rpe k € N.

11}
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Jokaxem, Hanpumep, NEPBOE yTBEPXOEHWE.

Ecnu a = b(mod n), ¢ = d(mod n), 70 (a - b): n n (¢ — d): n. MNockoNbKy
(@ = b) + (c — d) penuTcs Ha 4Mcno n, TO U Bbipaxexue (a + ¢) — (b + d),
TOXOECTBEHHO PaBHOE YKas3aHHOW CyMMeE, AENUTCA Ha 4ncno n. ITO M O3Haua-
er, yTo a + ¢ = b + d(mod n).

MNoxoxwum 0Bbpasom AoKasbiBaeTCA M BTOPOE yTBepxXxaeHue. [na nokasarens-
CTBA TPETbero YTBEPXAEHWA NOCTATOYHO PACCMOTPEeTb PasHocTk ac — bd =
=ac - bc + bc -— bd = ¢la - b) + b(c — d), B npaBoi 4acTu KOTOpPOW 3anuca-
Ha CyMMa AOBYX BbIPaXeHWA, KpaTHbIX A.

MNocnegHee yTBepXaeHue ceoWcTea 4 cneayeT M3 NpPefllecTBYIOWero npea-
NOXEHWsi: AN [oKasaTeNbCTBa [O0CTAaTOYHO MEPeMHOXUTb Ak pa3 CpaBHEeHWe
a = b(mod n).

Takum 06pa3oM, CpaBHEHUS] MOXHO MO41EHHO CKA3AblBaTb, BblYMTATh, Mepe-
MHOXaTb Y BO3BOAWUTL B CTEMNEHb.

M nocnegHee CBOWCTBO CpPaBHEHWIA:
5. Ecnm a = b(mod r), To ana nwbdoOro uenoro Yicna c:
a+ c=b + c(mod n);
ac = be(mod n).

370 CBOWMCTBO 03HA4YaeT, 4YTO kK 0OemM YacTaM CPaBHEHUS MOXHO npubasutb
moboe Yncao nau YMHOXUTL Mx Ha J1ioboe 4ucro.

MpounniocTpupyeMm MpUMEHEHWe 3TUX CBOWCTB Ha NpPUMEpe CpasBHEHWN
no mopynwo 7. Yucno 2211 npwu peneHun Ha 7 paér octatok 6, a uuc-
no 401 — ocratok 2. 3Hauut, 2211 = 6(mod 7) n 401 = 2(mod 7). Torpa
2211 + 401 = 6 + 2(mod 7), a 3HauMT, OCTATOK OT AeneHws yucna 2211 + 401
Ha 7 6ymeT paBeH ocTatky OT AeneHus yicna 6 + 2 = 8 Ha 7, T. €. OH pa-
BeH 1. 3TW pacCyXOeHWs MOXHO 3anucaTb B BUAE LIEMOYKU CPaBHEHWIA:

2211 + 401 = 6 + 2(mod 7) = 8(mod 7) = 1(mod 7).

MpoussepoeHme 2211 - 401 cpasHMMO C npowu3BegeHveMm 6 -2 = 12, T. e.
2211 -401 = 6 - 2(mod 7) = 12(mod 7) = 5(mod 7), cnepoBarensHO, OCTATOK
OT OeNleHUsi 3TOro NPOM3BeAeHua Ha 7 paBeH 5.

MpuBeaEHHbIE NPUMEPLI NOKA3bIBAKT, YTO MNPU BLIYUCIEHWUU OCTATKOB OT Ae-
neHus yoobHO 3aMeHsiTb 4Yncna ux octatkamu. ITO MOXHO BbipasvTb B BUAE
cnenyowmux npasun:

OCTaTOK OT AgeneHua CymMmMbl Hucen Ha gaHHOe YUMCNo paBeH OCTaTKy oOT
AeneHva Ha AaHHOe YUCNo CyMMbl OCTaTKORB, Nony4YalowuUuxca npu gene-
HUU KaX[aoro cnaraemMoro Ha gaHHoe 4vMcno;

OCTaTOK OT AgeneHus Pa3HOCTM 4Yucen Ha AaHHOe 4YUCHNo paBeH OCTaTKy
OT AeneHvwa Ha AaHHO€ YUCNOo Pa3HOCTU OCTATKOEB, NONy4YawlMXCH nNpu
AeneHMn yMeHbLUaemMoro M BbiuMTaemMoro Ha gaHHoe 4Yncno;

OCTaToK OT pgeneHvws npon3segeHvs 4vcen Ha AgaHHoe 4Yucno pasBeH
OCTaTKy OT AeneHuna Ha JaHHOe 4MCNo Npouv3BefeHus OCTaTKoB, nony-
HawuWwMuxca nNpu geneHnn Kaxporo MHOXutena Ha AaHHOe YUCNo,;
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OCTaToOK OT AeneHus k-oii CTerneHu Ha [AaHHOEe YMCNO PaBeH OCTaTKy OT
AeneHus Ha AaHHOe YUCNOo k-0l CTeneHW OCTaTKa, Mosy4Yalouwerocs npu
AefieHUM OCHOBAHWUS CTeneHW Ha JaHHOe YWUCHO.

Mpexpe 4em paccmoOTpeTb Apyrve npuMepbl, COEenaem OOHO NOofe3Hoe
C MpPaKTUYECKOW TOYKM 3peHus 3ameqaHve. Ecnu ocTtaTtok r OT geneHus Ha
4ncno n okasbiBaeTcs Gonblue NOSOBUHBLI YUCNA B, TO B CPABHEHWM €ro yao6Ho
3aMeHUTb OTPULUATENIbHBIM Y4MCAOM » — x. Hanpumep, nNpyv pelueHun OaByx npu-
MEpOB, MPUBEAEHHBIX BbILE, MOXHO 3anucarhk:

2211 = 6(mod 7) = —1(mod 7).
Torpa cooTBeTCTBylOLIME Uenovku GyayT uMeTb BUA;
2211 + 401 = -1 + 2(mod 7) = 1(mod 7) u

2211-401 = -1-2(mod 7) = -2(mod 7) = -2 + 7(mod 7) = 5(mod 7).

Wcxopgs n3 atux coobpaxeHnwid, Knacckl BbIMETOB MO MOAYMIO A 4acTo 3a-
nucelBaloT B Buae ng + 1, ng = 2 n 1. A. Takum 06pasom, Knaccel LenbiX YUcen

no Mx ocTatkam OT AeneHus Ha 3 MOXHO 3anucatb B BUae 3k v 3k + 1, uyto
yoobHo ans nocnegywuwein pabotbl ¢ 3TUMW YUCNaMK.

Mpumep. HailTn octatok OT AeneHua Ha 7 4ucna:
a) 221122
6) 112212

PeweHune.
a) Tak kak 2211 = -1(mod 7), To 2211%2"2 = (-1)2'*(mod 7) = 1(mod 7).
6) Tak kak 1122 = 2(mod 7), To 1122'"?' = 2"%'(mod 7). Cpasy patb oTBeT

Ha MNOCTaBNEHHbLIA BOMPOC He yaaértcd. PacCcMOTPUM OCTaTKM OT AefeHus Ha 7
HaTypanbHbIX CTeneHel uyncna 2, 3anuceiBaa ux B Tabnuuy.

CreneHb X 2= 4 23 =38 ot=46 | 25=32

OcTaTtok 2 4 1 2 4

HeTpyaHo 3ameTwTb, 4TO ocTatku GyayT MOBTOPATLCA WM Aanblue, U npo-
DOJXaTh BLIMUCLIBATE UX YK€ HeT HeobxoomMocTu. BaxHee Bcero ang pelieHus
3apa4M OKasbiBaeTcs cpaBHeHuve 8 = 1(mod 7).

Mpeactasum 2''%" B Bupge 2'"9.2% = (2%)°°. 22 Tak kak 2° = 1(mod 7),
10 (2%)°” = 1%¥(mod 7) = 1(mod 7). YuuTbiBas, yto 22 = 4(mod 7), noay4mum
B utore (2°)°®.22= 1.4(mod 7) = 4(mod 7).

OtgeT: a) 1; 6) 4.

B 3aknioyeHne 3amMeTvM, 4TO BbIMMCNEHWS C OCTATKaMM MOXOXW HA BbIMWC-
neHvs Ha umdepbnate vacoB. TONBKO Ha TAKOW «OKPYXXKHOCTU» Pa3MELLEHO He
12 OTMEeTOK, KaKk Ha 4yacax, a CTO/IbKO, Ha CKOMIbKO Mbl AE€NMM [AaHHOE YUCNO.
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YnpaXHeHus

293.

294.

295.

296.

297.

298.

299,

300.

301.

302.

303.

304.

IMpouTHTe 3aMMCh:
a) a = b(mod 2); 6) a = 1(mod 2).
Yro oHa o3Hayaet?

3anuiuuTe, UCIONB3Ysl 3HAK CPaBHEHMS, IPELIOXECHHE:

a) @ — 4YéTHOE YHMCIIO;

6) a Tipu OeneHud Ha 5 gaér ocratok I

B) X KpaTHO 3;

r) KBagpaT HEYETHOTO 4Wcia, YMEHbILEHHBIH Ha 1, menuTcs Ha 8.
(IMocnenHee yTBepXIeHUE TOKAXKHUTE.)

Bepno nu:

a) 17 = 11(mod 2); B) 17 = 1l(mod 4);

6) 17 = ll(mod 3); r) 17 = —11(mod 4)?

Haiinure HauMeHbIlIee TIONOXHUTETbHOE 3HAYeHHWe X, IPU KOTOPOM BepHa
3aIMCh:

a) 24
6) 37

W3 yucen 1253, 1328, 1360, 1222, 1194 Beibepute T€, KOTOPBIE CPaBHHUMBI
¢ yucnoMm 1246 mo monymio 6

x(mod 5); B) —24 = x(mod 7);
x(mod 13); r) —2 = x(mod 8).

n

HzBectHO, yto @ = 5(mod 7) u b = 3(mod 7). Kakoil ocTaTOK OT OEAEHHA
Ha 7 JamT yMcaa:

a) a + b; 6) a — b; B) ab; D & n) b*?

Ipu nenennn Ha 16 umcno 1524 maét B ocratke 4, a yuMcno 957 — ocra-
Tok 13. Haiigure ocrarok or meneHud Ha 16 yucia:

a) 1524 + 957; 6) 1524 — 957, B) 1524 - 957, r) 1524% + 957%

Bpems ornpasneHust noesna mo pacnucaHuio — 15 4. B kakoe Bpemsi OH
npubyIeT Ha KOHEYHYIO CTaHIWIO, ecliM B IMyTH Toe3n Haxomutes 116 4?

B aTom romy Moii neHb poxineHus Obul B cy00oTy. Ha kakoii neHp Hemenu
nmonanéT Mo JeHb POXIECHUSA B CIEOYIOIIEeM Tomy?

Ha Kakymo uﬂd)py OKaH4YMBaeTCsa 4YUCJIO:
a) 22010; 6) 32010; B) 92010?

HaiinuTe OCTaToK OT NEeNeHW:
a) 201'% + 102*"" Ha 6; 6) 3332+ 222" ua 8.

HaiimuTe Bce UeNble YMCHa M, TaKHUe, UTO:
a) n* = 1(mod 7); 6) 3n = 5(mod 13).

§ 5. JenumocTb yncen




YnpaxHeHus ONns NOBTOPeHMs
305. [dokaxwure, uto cymma I° + 20 + .. + 98% + 99° nemurcs Ha 50.

1 1 1
306. Hcronb3yss TOXIECTBO aFH + T s MpeacTaBbkTeé B BHAE CYMMBI

IBYX npobeii: a) é; 0) %; B) %; r) ilﬁ'

307. YyeHHMK Kynua 8 OIMHAKOBBIX aBTOPYYeK, HECKOJBKO KapaHmameid 1o 4 p.,
JMHEHKy 3a 9 p., 2 obuue Terpanu mo 18 p. u 12 ToHkux terpameit. Ilpo-
OABell TOACYMTAl OOIIYI0 CTOMMOCTb TOBAPOB M IIONPOCHI YIUIATUTE 527 p.
Her 11 omMbGKku B BBIYMCIEHHMSAX Mpomasila?

15. lMpusHakm penumocTu

Mpu peweHnn MHOrMX 3agad, HanpuMmep Npu PasNoXeHUU YUCeN Ha Mnpo-
CTble MHOXWTEeNW, cokpaweHuwn apobei, BbiHECEeHUW OOWEero MHOXWUTENs 3a
CKODKW, YNPOLEHWM YpPaBHEHWA WU T. M., NMONE3HO 3HATb HEKOTOPbIE MPU3HAKK
AeIMMOCTH, MO3BONSAIOWME, HE BbINOMHAS AENeHus, ONpeaenaTb, OennuTcs nn
OOHO YMCNO Ha JOpyroe vnu Het. Tak Kak AeneHuve UenbiXx 4ucen CBOAUTCA
K OEeNeHUI0 X MoAaynei, TO Npu3Haku AenUMOCTU GOpPMYNUPYIOTCS NS HaTy-
paneHLIX YMucen.

Jokaxem HeKOTOpbIe yXXe U3BECTHbLIE BaM NPU3HAaKM M BbiBe4eM HOoBble. [Mpu
hokasaTtennctee Oyoem MCnonb30BaTb OCOOEHHOCTWM 3anMcu 4Yncen B OecAThY-
HO CUCTEME CUYMCNEHWUSI U CBOWCTBA AENMUMOCTW.

Ha4HéM C Npu3HakoB OenMMOCTM Ha 2 U Ha 5.

BcAkoe HaTypanbHOE 4MCNo MOXHO npeactaBute B Buae 10a + b, roe
a — 4YUCNO OECHATKOB, b — 4uCno, BbIPpaXEHHOEe nocnegHen uudpon. Cnarae-
moe 10a npu mobom a genutca Ha 2. 3HauuTt, penumocte cymmbl 10a + b 3a-
BUCWUT OT OeNUMOCTW BTOpPOro cnaraemoro. Ecnu b penutca Ha 2, T. e. uudpa
b — uétHana, 10 cymma 10a + b penutca Ha 2, a ecnn b He penuTca Ha 2,
T. e. undpa b — HeyétHasa, To cymma 10a + b He penuTca Ha 2. Takum 06-
pa3oM, Mbl 00OKa3anu Apu3Hak AenMMOCcTy Ha 2:

YACNO AENUTCA Ha 2 TOorAa M TONMbKO TOrAa, KOrAa OHO OKaH4YMBaeTcH
I YyéTtHon uudpon.

Tak kak B paccmoTpeHHon cymme 10a + b cnaraemoe 10a penutca Ha 5,
TO C MOMOLLLIO TEX XEe PacCyXOEeHUA MOXHO 00Ka3aTb MPU3HAK AeIMMOCTH Ha 5.

YUCNO AEeNnuTCH Ha 5 Toraa M TONLKO TOrga, Koraa OHO OKaHYMBaeTcs
uudppoit 0 unu 5.

BoiBegem Tenepb NpU3Haku OenMMocTh Ha 4 n Ha 25.

Bcsikoe HaTypanbHOe 4ucno MOXHO 3anucate B Buge 100a + (106 + ¢),
roe a — 4acno coted, 10 + ¢ — 4ucno, BbIpaXeHHOEe ABYMS NOCNegHUMU
undppamu. B cymme 100a + (105 + ¢) cnaraemoe 100a penutca Ha 4. 3HauwuT,
OenMMOCTb CYyMMbl 3aBMCWMT OT OeNMMOCTM BTOporo cnaraemoro 106 + c.
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Ecnm 106 + ¢ penutcs Ha 4, To cymma penutcs Ha 4, a ecom 106 + ¢ He
genutca Ha 4, TO cyMMa He [OenuTcs Ha 4. 3HauuT, [okasaH [pusHak
AenuMocTy Ha 4:
YUCNO AenuTcH Ha 4 Torga v TONMbKO TOrga, Koraa 4vcno, BbipaXeHHoe
ero AByMs nocnegHuMu umdppamm, Aenutcs Ha 4.

YuyuTbiBasi, 4TO B paccMoTpeHHoi cymme 100a + (106 + ¢) cnaraemoe 100a
OenuTcs Ha 25, MOXHO C MOMOLLbIO TeX Xe PacCyXAeHWid [oKasaTb [1pU3HaK
genumMocty Ha 25:

l Yyucno penuTcAa Ha 25 Toraa M TONbKO TORAA, KOrga Yvcno, BbipaXeHHoe
ero asyms nocnegHumu uudpamu, aenurcs Ha 25.

JokaxeM Tenepb NpuaHaku genumocTi Ha 9 u Ha 3. [lokasaTtesibCTBO Nnpo-
BeAEM Ha NPUMepe LUeCTU3HA4YHOro 4ucna.

MycTtb aaHo 4ucno abcdef, roe a # 0. NpeacTaBum ero B BMAE CyMMbl Das-
PSIOHLIX cnaraembix U Npeobpasyem aTy CymMMy, BbiA€NMB B HEl cnaraemoe, Ae-
naweecs Ha 9. MNony4um:

a-10°+b-10*+¢-10° +d- 102 + - 10 + f =
= (99999 + a) + (9999 + b) + (999¢ + c) + (99d + d) +
+ (9e + e) + f=(99999a + 9999bh + 999c¢ + 994 + 9e) +
+(a@a+b+ctd+e+f)

B nonyyeHHoii cymme nepeoe crnaraemoe aenutca Ha 9 (Ha 3). 3Hauwmr,
ecnn BTopoe cnaraemoe pgenutcs Ha 9 (Ha 3), TO cymMma OennTca Ha 9
(ha 3), a ecnu BTOpOE cnaraemoe He aenutca Ha 9 (Ha 3), To n cymma He
penutcs Ha 9 (Ha 3). OaHako BTOpoe crnaraeMoe npeacTasnser coboi, kak ro-
BOPSAT, CyMmMy undp OaHHOrO 4ucna.

Paccyxnenvs, NPoBeAEHHbIE AN1A LWEeCTU3HAYHOro Y1ucna, cnpaseanvebl Ans
noBoro MHOro3Ha4HoOro Yyucna. TakuMm obpasoM, Mbl BLIBENW [1DU3HAKN OE/TNMO-
ctv Ha 9 n Ha 3:

YMCNo aenuTcs Ha 9 Torpa M TONbKO TOrAa, Koraa cymma ero uudpp ae-
nutca Ha 9;

YMCNOo AenuTcA Ha 3 Toraa v TONbKO TOrAa, Koraa cymma ero uudp ae-
nUTCA Ha 3.

BoiBegeM Tenepb npusHak aenumocTtn Ha 11. [ns atoro BOCMons3yemcs
TeMm, 4To BCcsikoe uucno eupa 102" — 1 wam 10" * " + 1, rae n € N, penutcs
Ha 11. OdeAcTBUTENBHO, YACNO BUAA 10" — 1 penutca Ha 11, Tak Kak ero Mox-
HO 3anucaTb B Buae 100" — 1, nocne 4ero MOXHO NpeacTaBUTe B BUAE NMPouU3-

BEeAEHUSI NepBbIii MHOXWUTENb KoToporo paseH 100 — 1, T. e. 99. Yucno 10 * ' + 1
penutcs Ha 11, Tak kak cymmy 107" * ' + 1 MOXHO npeAcTaBuTb B BUAE NPOM3-
BEefEeHUs, B KOTOPOM nNepBbii MHOXuTen, pased 10 + 1, T e.
paBeH 11.

Kak n npu nokasaTensCTee NpuaHaka AENMMOCTH Ha 9, pacCyxaeHus npo-
BEOEM Ha MPUMEpPE LWECTU3HAYHOro Y41cna.

§ 5. JenumocTb 4ynucen




MycTe paHo u4ucno abedef, rpe a # 0.

MpeacTaBum 3TO YMCNO B BUAE CYMMbl PaspsifiHbiX ClaraembiX U BbiAeAUM
B Hel cnaraemoe, gensuieeca Ha 11:

a-10°+5-10* +c-10° + d-10° + - 10 + f =
= a(10° + 1) + b(10* = 1) + ¢(10°+ 1) + d(10° - 1) + (10 + 1) +
tf-a+b-c+d-e=
= [a(10° + 1) + b(10* = 1) + ¢(10° + 1) + d(10° = 1) + (10 + 1)] +
+[(b+d+f)~ta+c+e)

MepBoe cnaraemoe, 3akniO4EHHOE B KBaApaTHble CKOGKWU, menutcs Ha 11.
3Ha4yuT, cymMMa aenutcs Ha 11 Toraa M Tonkko Toraa, korga Ha 11 genuTes
BTOpOE cnaraemMoe, 3ak/io4eéHHoe B KBadpaTHble CKOOKM U NpeacTasfsiowee co-
60l pPasHOCTL MEXAY CyMMOI LUMdP, CTOALWMX HA YETHBIX MecTax, U CyMMOM
undp, CTOALWMX HA HEYETHLIX MecTax.

lNpoBenéHHble paccyxoeHus crpaseanmebl 4N MOBOro MHOrO3HA4YHOMO
yucna.

OTciopa nonyyaetca npuaHak AenuMmocty Ha 11:

Yucno penutca Ha 11 Toraa M TONBKO TOrAa, KOrAa PasHOCTh MexXay
' CYMMOW UMdp, CTOALMUX HA YETHBLIX MECTax, U CYMMO umdp, cTosLMX
Ha He4&THbIX MecTax, genutca Ha 11.

B npaktvke BLIMMCNEHWIA 4acTO WCMNONL3YETCH CBOMCTBO, CBA3AHHOE C Ae-
NeHneM HaTypasibHOro 4ncna Ha B3aMMHO MPOCThIE YMCNA, T. €. TakMe HaTypasib-
Hble Yyncna, HaumbonblKi OBLWMIA nenuTens KOTOPbIX paBeH 1:

l ecnu HatypanbHOe 4YMC/I0O OeNIMTCH Ha Kaxaoe M3 OBYyX B3auMHO npo-
CTbIX YWCeN, TO OHO AEeNUTCA Ha MX NpoM3BefeHue.

Lokaxem 310. HayHém c Gonee obwero cnyyas. MNyctb uicno m penutcs
Ha a u Ha b, roe a, b, m — HaTypanbHble Yucna. Jokaxem, 4To m OEenuTcs Ha
uucno p (p € N), KOTOpoe SABNSETCH HAMMEHbLUMM OBLMM KpPaTHbIM YUCEN
a v b. lokazatenbcteo NposenéM METOAOM OT MPOTUMBHOrO. JonycTum, 4TO
m He pgenutca Ha p. Torna m = pg + r, e 0 < r < p. OTcIOpa r = m - pPq.
Tak KaK 44Cno m OenuTca Ha a (No YCNOBWIO) U p AENUTCS Ha a (No onpepe-
NEHNI0 HauMeHbLero obLwero KpaTHoro), TO Mo CBOMCTBY AENMMOCTU Pa3HOCTM
r DENnUTCA Ha a. AHanorM4HO MOXHO [0KasaTb, YTO r OEnUTCHA Ha b. 3HauuT,
4ucno r sABnsetcs obwum kpatHbiM uucen a w b, Mpu atom 0<r<p,
T. €. MeHbllIe HauMeHbllero obLero kpaTtHoro. Mony4yeHHoe NpoTUBOpEYUe no-
KasblBaeT, YTO Halle NpenrofioXeHuwe HeBEpPHO, W, CNeaoBaTenbHo, YMCNo m age-
nWUTCH Ha p.

Takum 06pa3om, Mbl NoKasanu, YTO €CNN YUCNO m ASAUTCS HA KaKXOoe U3
uucen a u b, ToO OHO AenuTCcs Ha WX HauMeHbluee obulee kpatHoe. B cnyuae
Korga @ u b — B3aMMHO NPOCTLIE YUCNA, HaMMeHbllee oblluee KpaTHOe 3TUX
YACEN pPaBHO WX NPOWM3BEOEHWIO. 3Ha4YWUT, €Cnu m OENUTCA Ha a W OenuTcs
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Ha b, a yMcna a U b — B3aWMMHO MNpOCTble, TO m OENUTCA Ha UX Npou3BeneHue

ab, 1. e. ux HaumeHbluee oblee kpaTHoe. YTo u TpebGosanock N0Ka3aTb.
Hanpumep, uvicno 792 penutca Ha Kaxpoe us yucen 22 n 3, a Tak Kak aTu

yncna B3aMMHO NPOCTbIe, TO OHO AENMTCA Ha MX npou3BejeHue, T. e. Ha 66.

NMpumep. [Jokaxem, 4TO0 npu niOBOM HaTypanbHOM n 3HauyeHne apobu

10" +5
15

ABNAETCA HATypanbHLIM YMC/IOM.

Yucno 10" + 5 penutca Ha 3, Tak kak cymma ero uudp pasHa 6 wu

6 pgenuTtcs Ha 3. 3TO YMCNO OEenNUTCs Takke Ha 5, Tak Kak okaH4ymBaeTcsl und-

poi 5. Tak kak 4yvucna 3 v 5 B3aMMHO NpOCTbie, TO OTCOAa CNeayeT, 4TO 4YUCno

10" + 5 npu no6om n € N genutcs Ha UX Npou3BeneHue, T. e. Ha 15. 3HauurT,

10" +5
15

npu niobom n € N 3Ha4yeHne apobu ABNSIETCA HATypasibHbIM YXC/IOM.

YnpaxHeHus

308. Jlenarcsa M yMcaa
134 664, 81 162, 22...2, 66...6:
e —

——
12 pas 18 pas
a) Ha 2; 0) Ha 3; B) Ha 4, r) Ha 9; m) Ha 11?

309. M3 pa”HHBIX 4YMCEl
256 284, 119 637, 8 631164, 300600, 22...2, 88...8, 66...6

e —— —— A
12 pa3 37 paz 25 pa3
BHIOEPUTE TE, KOTOpPHIE:

a) nensrcs Ha 4 1 Ha 9;
0) mensitcs Ha 4 wiu Ha 9;
B) menArcda Ha 4, HO He nenaTcs Ha 9.

310. B uucne a3609a samenute GykBYy @, eci¥ BO3MOXHO, M(POH TaK, YTOOBI
MOJIy4eHHOE YMCIIO HETUIOCH:

a) Ha 5; B) Ha 3; o) Ha 11.
6) Ha 4; r) Ha 9;
311. Jokaxure, yto npu jgwboMm n € N:
a) yucno 3" + 4 nenurcs Ha 5;
6) uncao 9 + 1 menuTcs Ha 2;
B) yucio 71 + 2 * 2 penmrcs wHa 11

312. Hcnomesys toT (akt, yro 1000 nenurcs Ha 8, chopMymMpyiTe M TOKaXH-
T¢ INPU3HAK OEJIUMOCTH Ha 8.
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313.

314.

315.

316.

317.

318.

319.

320.

321.

322.

323.

Joxkaxwure, 4T0, KpOME MOKA3aHHOTO MPHU3HAKA JETUMOCTH Ha 4, UMeeT Me-
CTO OPYroM TIPHM3HAK: YMCIO NeIWUTCs Ha 4 TOTAa W TOJNBKO TOTHA, KOIna
CyMMa LMGPLI eIWHULL M YIBOEHHOM LU@PHI IeCATKOB AenUTCs Ha 4.

BepHo nu yTBepxmeHue:

a) eciiM 4Yucio JenuTes Ha 3 v 8, TO OHO nenuTcs Ha 24;
6) ecnu umciao genuTcst Ha 4 W 9, To OHO JenuTcs Ha 36;
B) eC/IM 4YMCJI0 OenuTcs Ha 4 U 6, TO OHO JenuTcs Ha 24;
I) ecliM 4YMclo AeauTcs Ha 15 u 8, To oHO menurcs Ha 1207

CdopMynupyidTe TpHU3HAK IeTMMOCTH:
a) Ha 6; 0) Ha 12; B) Ha 15; r) Ha 36.

Kakue M3 JaHHBIX 4Hcel
5645112, 863210, 685425, 2786000

TIEJSTC:
a) Ha 6; 0) ua 12; B) Ha 15; r) Ha 33?
Henurcst i Ha 99 umcno:
a) 121 968; 6) 1106 424; B) 11...17

S !

27 pa3
Cokparute IpoOb:

222, 165.. 525, 396

a) 5?6, 6) 36_0’ B) m, 1") 407

VKaKXuTe HauMeHblllee W Haubobllee TPEX3HAYHBIE YMCIA, KpaTHBIE:
a) 5; 0) 9; B) 6; r) 15; o 22.

MoxHO 1M, nepectasisast uudpsl yucna 752 046, moayuyMTh YMCIO, KOTOPOE
KpaTHO:

a) 6; 6) 50; B) 75; r) 12?7

B uyucne b7483b 3amenure b umdpoii Tak, 4TOOBI MOIYUYEHHOE YHUC/IO Jie-
nunochk Ha 6. PaccMoTpuTe BCe BO3MOXHBIE CIYYaH.

3aMmeHuTe 3BE3004kM LMdpaMu Tak, 4Tobel yucao 2*4* nemunocs:
a) na 15; 6) Ha 36.

JlokaxuTe, 9TO TIPU JTHOOOM HATYPAILHOM A SABISETCS LEJbIM YMUCIOM 3Ha-
YCHHUEC BBIPpAXCHUA

10" +17., 10 +8, 107 +134
a) —5— 0) =5 B) ===

Fmaea 2. Uensbie Yucna. [lenuMoCThb ‘HUcen



324. He BbINOJHSAS JeJIeHHs, HAWIATE OCTATOK, KOTOPLIA ITOMYUYMTCS MPH Hejie-
HMM Ha 9 yucna:

a) 867 724; 0) 143 703; B) 300 806.

325. Haiinure Bce Mapbl LEABIX YHUCEN, YAOBJIETBOPAOIIMX YPaBHEHMIO:
a) xy = 1l; B)xy —2x—y =29,
6) (x— Dy —2) =11, r) xp— 2x =y = 1L

326. CKONBKO HEUETHBIX HATYpalbHBIX uMcel, He mpeocxomsmux 100, He ne-
JIaTCS HM Ha 3, HM Ha 5?

YnpaxHeHua ONs NOBTOPeHWs

327. He BouluMCIss 3HAa4€HUE @, ONPENEIUTE, SBIAETCA JM OHO LEABIM YMCJIOM,
ec/u:
1 .
a) a=216:L; 6) a=2304-(—%); B) a=—7185:2.
328. WUmeercs nBa BMIA KOHBEPTOB Oe3 MapoK M Tpu BHMa Mapok. CKOIbKMMU
crocobaMu MOXHO BbIOpaTh KOHBEPT W MapKy IUIsi OTHOTO IHCbMa?

329. Ilpu kakux 3HaAYeHMSIX a, b, ¢, d SBIETCS TOXIECTBOM PaBEHCTBO:
X+ X+ +2=0+ax + b + cx + d);
) x*+ 2 —x+2=(0"+ ax + b + cx + d)?

16. lpocTbie N cOoCTaBHbIE 4YMcna

HanomMHuUM u3BeCTHbLIE BaM OnpefeneHusl NPocToro U COCTaBHOro 4ucen.

[lpocThiM 4ACNOM Ha3blBAeTCH TakOe HaTypa/libHOE YWCNOo, KOTOpOoe WMeeT
TONbKO ABa HaATypanbHbIX genutensa: 1 1 camo 3TO 4MCno.

CocTaBHbIM YACNOM Ha3bIBAETCH TAKOE HaTypanbHOE YWUCTO, KOTOPOoe MMeeT
Bonee OByX HaTypalbHbIX AENUTENeA.

HYucno 1 He ABNAETCHA HU NPOCTLIM, HW COCTaBHbIM YWUCIIOM.

MocnenoBaTensLHOCTb MPOCTLIX YUCEN, B3AThIX B MOPSAKEe BO3pacTaHws, Ha-
YMHaeTCa Tak:

2,3 5,7, 11, 13,17, 19, 28, 29, 31, 37, 41, ... .

[ns HaxoxaeHws NPocTbix yucen B Il B. A0 H. 3. OPEBHErpeyeckuin y4eHblin
OpatocdeH paspabotan cneuuancHbli MeTon «OTCEMBAHWS» COCTABHLIX YM-
cen — Tak HasblBaemoe «pelueto dparocdeHa». B HacToswee Bpems cocras-
NeHbl Tabnuubl, coaepXalie MUNMOHBI NPOCTLIX Yucen. EcTecTBeHHO, BO3HW-
KaeT BOMpOC, HAMOETCH N1 cpegu nMpocTbiX Yucen Hambonbwee. OTBET Ha aTOT
Bonpoc Obin pgaH ewé B Il B. g0 H. 3. rpeyeckum maremartukom Esxangom,
KOTOPbIA O0oKasan, 4To NPOCThiX 4ucen «Bonblwe, Yyem noboe 4yucno ux», T. e.
HeckoHe4yHo MHoro. MNMpoBeném COOTBETCTBYIOLLEE A0KA3aTENbCTBO.

§ 5. 1enuMoCTb 4Yucen




Teopema. MHOXeCTBO NMPOCTbIX YACEN GEeCKOHEeYHoe.

Aoxasartenscreo. [JONyCTUM, YTO MHOXECTBO MPOCThIX YWUCEN KOHEY-
Hoe. Torga cywecTeyet Hanbonsliee nNpocToe Yucno. O603HaYMM ero Yepes p,.
Cocrasum npousseaeHwe npoctbix uucen 2-3-5-..-p, U  paccMOTpUM
4Yyncno p, paBHoe

2:3:0wuu-p, ¥ 1L

Hucno p He ABNSAETCH NPOCTLIM, TaK Kak p > p,, a No NPeanonoxXeHuto p, —
Hanbonblee npoctoe ymucno. OHO He ABNAETCA TaKKe COCTaBHbIM, TakK Kak Mo
CBOWCTBY AENMMOCTM CYMMbl HE [OENUTCA HW Ha OAHO W3 MPOCTbIX YMCEN
2, 3,5, ..., p,, @a Apyrux NpocTbix 4ACEN Mo NPeanonoxXeHuio HeT. MonyyeHHoe
NPOTHMBOPEYME MOKa3biBAET, YTO MNPEANONIOXKEHWE HEBEPHO, W, 3HA4YMT, MHOXEe-
CTBO MPOCTLIX Ynucen GeckoHevHoe.

B HaTypanbHOM psagy NpoCTele Yucna pacnpefensiTca KpaiiHe HepasHo-
MepHOo. MOXHO nokasaTtb, 4TO B HEM CYLLECTBYIOT CKOMb YroaHo 6GosbLine npo-
MEeXyTKM, He cojepxalive HJM O0OHOro npoctoro u4ucna. J[elcTButenbHo,
nycTb # — MPOU3BOJIbHOE HaTypasbHoe 4ncno. CoctaBuM HaTypanbHOE HMCNo

1-2-...-nn+1)+1.

Mpubasnss no 1, nony4um nocnenoeaTenbHble HaTypanbHbie YMcha:

1-2:...-n(n+ 1) + 2,
1-2-...-nn+ 1)+ 3,
1-2-...-nn+1)+n,
1-2+...~nfer+ 1)+ (n+ 1)
Bce ykasaHHble Yncna — cocTtaBHble. B camomMm pene, nepeoe M3 HUX ae-

niTca Ha 2, BTOpoe — Ha 3, ..., npepnocnegHee — Ha nu, nocnegHee —
Ha n + 1. Takum 06pasoM, Mbl BbIOENWIN B HATYPanbHOM PAOY NPOMEXYTOK
oT1-2-..-nn+1)+2p01:2-...-0n+1)+(n+1)

BKJIIOYUTENBHO, HE COoAepXalluii HU OAHOrO NMPOCTOro YWucna.

MHOrMMKM y4€HBIMU Oenanuch MonbITKKM HANTKU Kakoe-nnbo BbipaxeHwe, 3Ha-
YeHUAMW KOTOPOro ABNAKTCH TOJNIbLKO MPOCThLIE 4ucna.

PaccMoTpum, Hanpumep, BoipaxeHune F(n) = n° + n + 41. Beluucnsas ero
3Ha4YeHWs, MoAY4YUM, YTO

F(1) = 43, F(2) = 47, F(3) = 53, F(4) = 61, F(5) = 71, F(6) = 83.
Mbl BUOUM, 4TO BCAKWIA pa3 nonyyaetca npocrtoe ducno. OgHako
F(41) = 412+ 41 + 41 = 41(41 + 1 + 1) = 41 - 43,
T. e. F(41) — cocTtaBHOe 4umcno.
Boobuwe pokasaHo, 4TO He CylwecTBYeT MHorouneHa P(n) ¢ uensimm koadg-
duumeHTamn, 3Ha4YeHUeM KOTOpOro npu nobom n ABASETCHS NPOCTOE YUCNO.

He ypanocbk Takxe HaiTu 6Gonee CnoxHoe BbipaxeHue, obnajalolwee Takum
CBOWCTBOM.

Fmaea 2. Uensie yucna. flenMmMmocTb 4ucen



Ocob0oe BHUMaHWe MaremMaTUKOB K MPOCTbiM Yucnam OOYyCOBNEHO TEM, YTO
no6oe HaTypansHoe 4ncno, Gonbluee eamHuubl, TGO ABNSETCA NPOCTLIM, G0
pasnaraetcsi Ha NpPocThle MHOXWTENW. [loka3aTenbCTBO 3TOr0 YTBEPXAEHUS CO-
nepxutcsa B «Hadanax», TaM Xe, rae [okasbiBaeTcs GeCKOHEeYHOCTb MHOXecCTBa
NPOCTbIX 4YMcen v npusoauTcs anroput™ EBknmpa. OpHako eoWMHCTBEHHOCTb
pasnoXeHusi COCTaBHOrO YMcna Ha MNpPoCThble MHOXWUTENUW B ABHOM Buae EBKAUA
He chopmynuposan. Jluwe B 1801 r. Hemeukuii matematuk Kapn ®Ppuapux
lfaycc chopmynupoBan 1M CTpOro gokaszan Tak HasblBaemylo OCHOBHYIO TeopeMy
agng'gmemm:

ana moboro HaTtypanbHOro u4ucna, GONbLIEro eAuHULUbl, CyllecTeyeT
eAVHCTBEeHHOEe (C TOYHOCTBIO [0 NOpPsSAKa CNefoBaHUMs MHOXWUTEenen)
pasnoXeHue 3TOr0 YMCNa Ha NPOCTbie MHOXWUTENW,

T. e. nmo6Goe HaTypanbHoe 4ucno a, Gonbwee 1, MOXHO €AMHCTBEHHbLIM
F

06pa3om NPeacTaBuTb B BUAE @ =P " P32 ... Dok, TOE Dys Do Das v P —
NpOCTLIE YnCNa, My, My, ..., B, — HATypasibHbIE 4YMCsa.

C noHATMAMWU NPOCTOr0 M COCTAaBHOrO 4Yucna CBA3aHbl MHOMME 3ajadn Ha
0ennMmMmocCTb.

Mpumep 1. Jokaxem, 4TO ecnu p — MNPOCTOE 4Yucno u p > 5, 1o nubo
p? — 1, nubo p? — 19 penutcsa Ha 30.
Tak Kak 4yMcno p — npocToe, TO B 3aBMCUMOCTW OT OCTArkoB, KOTOpPbLIE MO-
ryT nonyd4artbca Npu aeneHun yucna p Ha 30, oHo MoxeT umeTs Bua: 30m + 1,
30m + 7, 30m + 11, 30m + 13, 30m + 17, 30m + 19, 30m + 23, 30m + 29.
NHave roBOpP4A, YUCNo p MOXeT BbITb npeacrtaeneHo B 0gHOM M3 BUOOB!
30m + 1, 30m £ 7, 30m = 11, 30m *+ 13.
Buipaxas oTciopa p®, nonyumm:
p* = (80m + 1)® = 900m* + 2 - 30m + 1,
p® = (30m + 7)> = 900m*® + 2 -30m -7 + 49,
p? = (30m + 11)> = 900m® + 2-30m - 11 + 121,
p* = (30m £ 13)* = 900m* + 2 - 30m - 13 + 169.

O4eBMAHO, 4TO B NMEPBOM U TpeTbeM chydasx Ha 30 aenutca umucno p’ -1,
a BO BTOPOM W 4eTBEPTOM — uucno p° - 19.

Mpumep 2. Jokaxem, 4yto ecnu # € N v 1 > 1, TO 3HAYEHUE BbIPaXEHWUS
(n® + 1)(n = 1)(n + 1) + 5 ABNAETCA COCTABHLIM YWCIIOM.

lNpeobpa3yem OaHHOE BbIpaXeHWe B MHOIOYNEH W PasnoXum 3TOT MHOro-
4YNeH Ha MHOXWUTENu:

(RP+ )n-1)n+1)+5=@n+1)n*-1)+5=
=n*+4=n"+4+4n - 4n"= (n" + 2)* - 4n® =
=(n® + 2 + 2n)(n®* + 2 - 2n).

§ 5. JenumMmocTb 4ucen




Ecom n € N v n > 1, TO 3Ha4YEeHNE NEPBOrO MHOXWUTENS ABNAETCH HaTy-
pasnbHbIM YUCIOM, Bonblmm 1. Tak kak n? + 2 = 2n = (n — 1) + 1, To 3Have-
HWUEe BTOPOro MHOXWTENs MPU YKa3aHHbIX 3HAYEHWSX K TaKXKEe ABMAETCHA HaTy-
panbHbIM Yucnom, Gonblunm 1.

Takum obpasom, ecnmt n e N v n > 1, TO 3HAYEHUE BbiPAKEHUS
(n® + 1)(n — 1)(n + 1) + 5 ABNAETCA HATYPaNbHLIM YUCAOM, UMEIOLLMM [Ba Ha-
TYpanbHbIX OENUTeNs, KaXkabii U3 KOTopbix Gonblie 1, a 3TO 03HA4YaeT, 4TO OHO
ABNAETCA COCTABHBIM YUCIIOM.

YnpaxHeHus
330. BemmummTte Bce npocrtbie wucaa or 50 go 100.

331. U3 nanubix yucen

401, 411, 421, 431, 441, 451, 461, 471
BBIOEPUTE TIPOCTHIE YHUCIIA.

332. Haiinute Bce TIPOCTHIE YHMCNA, HA KOTOpPHIE NETATCA CyMMa JOOBIX YeTHIPEX
MOCAen0BaTe/NbHBIX CTEIeHel Jucia:

a) 2; 6) 3, B) 5.

333. Ykaxure HauMeHbIlee HATYpPaJbHOE YHCIO, KOTOPOE HWMEET TONBbKO TpH
MPOCTBIX JEIUTENS.

334. Paszjnoxure Ha MPOCTbiE MHOXWUTEIM YHUCIO:

a) 1176; 6) 1020; B) 10
335, CkKoOJIbKO HATypaJbHBIX AeIUTeed UMeeT 4YMCIIO:
a) 32; 0) 48; B) 3!?

336. [Ipn kKakux HaTypaJbHbIX 3HAYEHUSX TIEPEeMEHHBIX M W n 3HaueHHe BBIpa-
XkeHust mu(m + n) Gyoer COCTaBHBIM 4YMCIOM?

337. Jokaxure, 4YTO MpW J10O0M HATypalbHOM # 3HAauY€HUE BhIPAXEHUS
n’(n + 1) — n*(n — 2) + | gBaAsieTcs COCTaBHBIM UYHMCIIOM.

338. Jlokaxure, 4To MpH JI0O60M 7 € N SIBISIETCS COCTABHBIM YMCJIOM 3HA4YEHME
BBIDAKEHHA:

a) i + Tn + 12; 6) 27° + lln + 12.

339. JlokaxuTe, 4TO BCAKOE IMPOCTOE YMCIIO, Oosblnee 3, MOXeT OBITh TIpelcTaB-
JeHo B Bune 6mn + 1, tne n € N.

340. Jdokaxure, 4TO €clIM p — MPOCTOe 4yucio, Ooneiee 5, To nHbO P -1,
6o p* + 1 nenmrcs Ha 10.

341. JlokaxuTe, 4TO ecld p — MPOCTOE YHUCIO0 W p = 5, TO MpPH [OEIeHUH P’

Ha 12 B ocrarke mnojydaercs 1.

Maea 2. Llensie yucna. enumMmocts Ynucen



342.

343.

344.

345.

JlokaxuTte, 4TO €CcIu MPOCTOE YMCJIO p PaBHO Pa3HOCTH KBaIpaToOB IBYX
—1 +1

LEABIX YUCEeN, TO 3TH YHMCIa PaBHBI pT 7} PT.

JloKaxuTe, 4TO €ClU /M — COCTaBHOE YMClo, TO gMeno 2™ — 1 Takxke

ABIISIETCA COCTAaBHBIM.

Haiinure Bce npocrbie 4ucna p, Takue, 4tobbl wucna p + 10 wu
p 1 14 Takke SIBISAIUCE TPOCTBIMHA YMCIaMH.

IMpocTteie 4Mcna, KOTOphle MOXHO HaitTh mno dopmyne M = 2 — |,
e p — IpPOCTOE YUCI0, HA3BIBAKOTCS 4YMciaaMu MepceHHa (M0 HMMEHH

(bpanuysckoro Oorocnosa, ¢wumocoa u marematuka Mapena MepceH-
Ha (1588—1648)). Haiinure Heckonbko MepBhIX yucen MepceHHa.

YnpaxHeHus ANA NOBTOPEHUA

346.

347.

348.

IIpyn xakux LEeNbIX 3HAYEHWSIX m ypaBHeHWe 4mx + 2 = 5 + x uMmeer lie-
JIble KOpHU?

VYnpocturte BBIpaXkeHHE
1 1 1 1
(x=3(x-2) + (x—2(x—1) " (x—1)x + x(x+1) *
1 1
¥ (x+1)(x+2) G x+2(x+3)°

W3 nyHktoB A u B, paccTosiHMe MEXIy KOTOphIMM paBHO 270 KM, OXHO-
BPEMEHHO HAaBCTpe4y IpYyr [APYry BbieXxaau aBa aBTtoMobuis. CKopocTh
onHoro aBToMo0uas Ha 10 kM/4 MeHblue ckopoctH apyroro. Yepes 2 9 pac-
CTOSTHME MeXIy aBToMoOmisaMu cocraBuio 50 kM. Hailimure ckopocTh Kaxk-
I0ro aBTOMOOMIIS.

KoHTponbHbie BONPOCHI M 3afjaHus

Haiite onpeneneHue NOHATHS «a OeauTcss Ha b». CdopmyaupyiiTe U moka-
JKMTe CBOWICTBa JCITUMOCTH YHUCEI.

CohopMmynupyiTe cBOMCTBa OeIMMOCTH CYMMBI M TipoussencHus. [Ipusenure
JoKa3aTrenbCTBa.

Cdopmynupyiite Teopemy 0 neneHuM ¢ octatkoM. Haiigure HenosaHoe yact-
HO€ M OCTaTOK OT JeleHuss —5 Ha 4.

Jlaiite omnpejeleHUe NOHATUSI «9UCHa @ M b CPaBHUMBI MO MOIYIIO H».
ChopMynupyiiTe U TOKAXHUTE CBOMCTBA CPaBHEHMIA.

Cdopmynupyiite npusHaku menumoctd Ha 2, 3, 4, 5, 9, 11, 25. Jlokaxure
[PU3HAKU AeTUMOCTH Ha 4, 9, 11.

Kakoe umcno HasweiBaetcss npocteiM? JloKaxuTe, YTO CPeAM TPOCTHIX YHCE
HET HauOOJIbLIETO.

§ 5. denumMocTb 4YMcen




HononHutenbHbie ynpaXHeHUs K rnaee 2

K naparpacy 4

349.

350.

351.

352.

353,

354.

355.

Haueprure nBa kakux-nud0O KBAgpaTa Tak, YTODObI MX NepecedeHueM Obuiu:

a) TIPSAMOYTOJNIBHUK; B) TPEYTONbHUK; ) TOYKA.
6) kBazapar; I) OTPE30K;

B knacce 32 yuammxcs, KaxIBIH W3 KOTOPHIX Moceniaer (akyJbTaTUBHEIE
3aHATHS 10 MaTeMaTHKe Wid 1o ¢u3uke. M3 Hux 20 yyanmxcs: 3aHMMAIOT-
¢ (hakynbTaTHBHO MaTeMaTWkoil, a 16 yuamwmxcs — usukoir. CKoIbKO
yualuxcs mocemaioT oba dakynsratupa?

M3 30 yyammxcs kjiacca KaxIblii 3aHMMaeTcss XOTs Obl B OIHOH M3 criop-
THBHBIX CEKIIMH — IMMHACTHYECKOM, BOIei0onpHOI MM 6ackeTboBHOIM.
B ruMHAcTMYECKOI CceKIMM 3aHuMaloTcs 17 yyamuxcs, B BOJeHOOIb-
Hoii — 14, B OackerbonbHoi — 12. [Ipu sTOoM 7 yuammMxcsi 3aHMMAalOT-
¢ TMMHAcCTHKOM M BoJieiibooM, 5 — TruUMHAcTHKOM U Oackerbonowm,
3 — Boueitbosom U OackeTdbooM. CKOMBKO yyalllMXCs ITOrO KJacca 3aHu-
MalOTCSI BO BCEX TPEX CEKIIMAX?

M3 42 BrnamenslleB YYAaCTKOB, BXOISLIMX B KOOIEPATHB, KaXIblid BHIPAIIW-
BaeT KPbDKOBHUK, CMOPOIUHY WIH MaduHy. M3BecTHO, 4TO 26 4€10BEK Bbl-
paLIUBAIOT KPBDKOBHHMK, 16 YeJlOBEK — CMOPOOUHY, 29 4eloBeK — MalliHYy.
Tpu stoM 20 YenoBeK BHIPALIMBAIOT KPbDKOBHUK M CMOpPOOUHY, 18 — KpbI-
JKOBHUK UM MaauHy, a 10 4YeJoBEeK BBIPAIIHBAIOT ArOObl BCEX TPEX BUIOB.
CKOJIbKO YeJIOBEK BHIPANIMBAIOT CMOPOIMHY M MaiuHy?

BepHO 1M, 4YTO MpU JIOGOM LEIOM m SABJISETCS LEIbIM UMCIOM 3HauyeHHe
BHIPaXXEHMS:

2 2
—m— 2m”~+5m —
a) 3m —m 2; 6) m m 12?
3m+2 m+4
-3
H?-BCCTHO, YTO IIPHU HEKOTOPBIX X KW Y 3HAYE€HHE .H.pOﬁH Y SABJISIETCS

LEeNBIM YHMCIOM. BEepHO JIM, 9TO MPH TeX Ke X M ) LEIbIM YUCIOM SBISET-

S5y +16x
Csl 3HAYEeHWE BbIPAXKEHMS yT?

M3BeCTHO, 4TO MPH HEKOTOPBIX 3HAYECHHSX M W A 3HAYEHHUE APOOH % SIB-

JIAETCH LENBIM YMCITIOM. SIBNsieTcsl JIM LeJIbIM YHCIIOM TIpU TeX Xe m U A
3HauYeHHUE APOOU:

a) Sm® — 3n 6) (4m — n)g4m + n); B) (m — n)(.-rz2 + mn+ nz) 9

3 (s
n2 n3

Maea 2. Uensie uucna. [envMOCTb 4YMucen




356. Haiinute Bce Lenble 3HAYEHMsS] @, MPHU KOTOPBIX 3HAUEHHE IpOOU

a’+4
a-1

SABJIAETCA LECJIBIM 4YHUCIIOM.

357. Haiim¥te Bce lenble 3HAYECHUS m, TIPH KOTOPBIX KOPEHb YpaBHEHMS
mx —2x=m + 2
SABJIACTCA IIeJIBIM YHCIIOM.

K naparpady 5
358. Jlokaxwure, 4TO:
a) 97 + 3° + 27° menurcs Ha 39;
6) 25* — 5* — 125 penurcs Ha 95;
B) 4° + 8° — 2 nenurcs na 44;
r) 6° — 367 + 216 menurcs Ha 93.

359. JlokaxuTte, YTO €CIM CyMMa LIENbIX YMCen @, b W ¢ JenuTcest Ha 6, TO CyM-
Ma uX KyOOB TakKe IeluTcs Ha 6.

360. [lokaxwuTte, 4TO Cpeod CEMM LEJBIX YHCEN HalyTes XOTsS OBl JBa 4MCia,
PA3HOCThL KOTOPBIX HENUTCS Ha 6.

361. [dokaxuTe, UTO €ClAM LENbIC YMCIa g W b TNpPH JIEJEHUU HAa HATypaJbHOE

4UCJIO /1 JAIOT paBHbIE OCTATKH, TO uuciaa a” u b™, tne m € N, npu ne-
JICHUH Ha # TaKXe NAl0T paBHBbIE OCTATKU. MCronb3ysi 3TOT BBIBOI, HaWIW-
TE€ OCTATOK OT IOCIIEHWUSI:

a) 5" ua 6; 6) 3 Ha 8.

362. llpu nmenenuM Ha 7 NEJ0€ YWUCIO m JaéT OCTATOK |, Lenoe wucIo
H — OCTaToK 3, a uejoe YHCIo p — octarok 2. JloKaxkure, 4TO YHCIO
12m + 1ln + 2p nenurcs Ha 7.

363. llenoe yMucao x Mpw JAejienuu Ha 5 maér ocratok 1. Kakoit ocratok mnony-
4MTCH MPU JEEHUM Ha 5 4Mcia x°; yucna x°7

364. [lokaxurte, 4TO €CITM TPU JEIEHHH IIEJOr0 YMcaa X Ha 4 Moaydaercs ocTa-
ToK 1, TO Heno x> + x — 2 menurcs Ha 4.

365. Kakue oCTaTKuM MOTYT TIONYYWTHCS TPH JAEJEHUM KBajpaTa HaTypalbHOTO
yycna:

a) Ha 6; 0) Ha 8?

JononHuTensHbie ynpaxHeHus



366.

367.

'368.

369.

370.

371.

372.

373.
374.

Hal‘fmm"e HaMMEHbIIIEE HaTypajlbHOE 4YHCJ/IO, KOTOpPOE:
a) IpM OeJeHHH Ha 5 maér ocrarok 1, a mpH OeleHWMH Ha 6 — ocTaTtok 2;
0) npu geneHuy Ha 9 maér ocraTok 5, a MpU NeJeHWH Ha 4 — ocTaTtok 3.

Ipu meneHWM HATYpaIbHOIO 4YMCIa #, MeHbimero 60, Ha umcna 3, 4 u 5
MOJIYYHJIM COOTBETCTBEHHO OCTaTKHM a, b W ¢. JlokaxuTe, 4TO YMCIO H paB-
HO OCTaTKy ot meneHust uuciaa 40a + 45b + 36¢ nHa 60.

Jokaxure, 4TO IpM JIOOOM LIEJIOM A7 3HAYEHWE BBIPAKEHMSI:
a) n’ + Sn nenurcs Ha 6;
6) 2n° — n* — n* genutcs Ha 36.

JlokaXuTe, 4YTO €CAM Kaxk[Ioe W3 IEeJbIX YMCel m W n He KpaTHO 3, TO
yucno m’ — n® genwTest Ha 3.

Jlokaxute, 4TO ecau yucia m (m € Z) ¥ 6 B3aUMHO TPOCTHI, TO PA3HOCTb
m’ — | menutcsa Ha 6.

Hemurcss nm umcno 44 ... 4:
A
30 pas3
a) Ha 4; 6) Ha 3; B) Ha 9; r) Ha 6; ) Ha 667

JloKaxuTe, YTO €CIM 1 — I[IPOCTOE YWCIO MU B > 3, TO Pa3sHOCTb n -1
nenures Ha 24,

JoKaxuTe, 4TO MpH JI06OM LeaoM a pasHocTh @® — a* aenutcs Ha 30.

JokaxwuTte, 4TO KBajpaT J000ro mpoctoro yucia, Oonsiiero 3, mpH aene-
HUM Ha 12 maér ocratox .

fmaea 2. Uenbie yucna. lenuMocTb 4Yucen



HencteurenbHble yucna.
KeappaTHbie KopHU

B aT0i rmaBe K MHOXECTBY pauvoHanbHbIX YUCen A06aBUTCH MHOXECTBO
4MCen, KOTOpbIe HeNb3A NPencTasnTe B BUOE OECKOHEYHOI Nepuoauyveckon ae-
CATMYHON Apo6M vnn B BuAe OOLIKHOBEHHON APOBM, — MHOXECTBO MppaLmo-
HanbHbIX Yncen. BmecTe paumMoHanbHblie U MPPaLMOHANbHBLIE YUCNA COCTABNAIOT
MHOXECTBO AEWCTBUTESIbHbIX YWCES. MMOABNEHME MPPALMOHANLHBIX YACEN NO3BO-
NfeT pacCcMOTpeTb apudMEeTUYECKWA KBaapaTHbLI KOPEHb U €ro CBOWCTBA, HTO,
B CBOIO O4epefpb, AAET BO3MOXHOCTL B MOCNEAYIOLMX riaBax BLIBECTU HOPMYY
KOPHEe KBagpaTHOro ypaBHEeHWUS.

§ 6. MHOXeCTBO pauMoHanbHbIX
U MHOXECTBO AEWCTBUTEJSIbHbIX 4Yucen

17. PaumoHanbHble Yucna

B MHOXecTBe uenbix Ynucen He BCerga BO3MOXHO BbIMOMHUTE geneHue. Ho
€CN1 pacluMpuTb MHOXECTBO LENbiX YyMcen, Beens ApobHble yucna, Takue, Kak

%, —%, —g. —% M T O, TO B MHOXECTBE uenbix M ApobHbLIX Yncen peneHue
CTaHOBWUTCS BbINOSHUMBIM. Llenble n apobHble YMcna COCTaBNSIOT MHOXECTBO
paumoHasbHbIX Yyuces. CNoBO «PaLMOHANBHOE» MPOUCXOANT OT NATUHCKOro Cho-
Ba ratio — OTHOLWeHWe (4acTHoe).

MHOXeCTBO paumoHanbHbix yucen oboaHaualT GykeBoi Q (nepeas OykBa
dpaHuysckoro cnosa qutient — oTHoweEHWe). B 3TOM MHOXECTBE BbINONHWUMBI
CNoXeHue, BblMUTaHUe, YMHOXEHUE U [eneHne, Kpome AeNneHus Ha Hynb. B pe-
3ynbTaTte BbINOAHEHUA NMOOOW M3 3TUX OMepaurii Haf PauMOHaNbHLIMKU YUCNAMU
noJly4aeTcs paunoHanbHOe 4YWCNO, T. €. MHOXEeCTBO pauMoHanbHeix uyucen Q
3aMKHYTO OTHOCUTENBLHO HYETBIPEX apudMeTN4ecKUx onepaumin (McknoHas nene-
HWEe Ha Hynb). Hanpumep:

Boobuwe
ecrm aeQ v beQ, 10 a+beQ a-beQ abe O
echm aeQ v beQ n b#0, 10 a:be Q.

§ 6. MHOXEeCTBO pauMOHaNbHBIX U MHOXECTBO OEACTBUTENbHBIX Yucen




1o
t
9]
o
b

Puc. 13 Puc. 14

PaumoHanbHble YMcna NPUMEHSIOTCS NPY U3MEePEeHUW BEeSIYUH (ANUH, Nno-
waneit, 06bLEMOB, NMPOMEXYTKOB BpeMeHn M Ap.). Tak, ecnu anuvHy otpeska OB
(pyc. 13) NPUHATL 3a eaMHULY AnWHbI U 0603Ha4UTL eé Gyksoi e, T0 OB = le,

=1 _3 _ _5
OK =ze, OM =3e, OC = 2¢, OP=ze.

Ecnn eauHudHbiiA otpesok OB (puc. 14) pasgenutb Ha 3 paBHbie 4actu, TO
Npu TOM Xe eAuHULE AJIMHBI € NONY4UM: OX=%e. 0Y=§e, 02:%9.

MONOXHUTENbHBIE PALMOHANBHLIE YMCHA 3anUChIBAIOTCH B BUAE OObLIKHOBEH-
HbIX Apo6eit, a oTpuuarenbHble — B BUAE OObIKHOBEHHbIX APOGE CO 3HaKoM
«MUHYC». OHO U TO Xe pauvoHaNbHOe YMCNO MOXET ObiTb NPeACTaBNeHO MHO-
rumm cnocobamu. Hanpumep,

1_2 _3_4 1_ 2_ 3_ 4

27476 8 7 27 47 6 8
Tak kak 4yepta Opobu sBNSETCA OOHOBPEMEHHO W 3HakOM AeneHua, To W
ApoGHOE OTpULATENLHOE YMCIO MOXHO 3anucate B Buae Apobu, Hanpumep:
—1 3_-3 -7
—%=?, ~5=5 —%=T. Takum e 06pasom MOXHO NpeacTasuTb nioboe
Lenoe Y1cno B BuAe Apobu ¢ niobbiM HaTypanbHbIM 3HameHartenem. Bosbmém,
HanpuMep, 3HameHaTenb 2, Noay4YuMm:

~3e=8  =2=2% =22, 0=2 1=2. B=%
3= -2=3, -1 0=z 1=3 8=3

R 2
Boobuwe noboe pauuoHanbHOe YACO MOXHO NpeacTaBuTe B BUAE npobu,
YUCNUTENb KOTOPOA — UENOE 4MCno, a 3HameHaTenb — HaTypanbHoe, T. e.

B BUOE OTHOLIEHWS LIENIOro 4MchAa K HatypasjbHOMy. Jns Kaxporo 4ucna cyuie-
CTBYET CKOMbKO YroAHO Takux ApoGei, HO cpean HWX €CTb /b OfHa npobb C
HauMeHbLUM 3HamMeHaTenem. ONns uenbix YACen TakuMm 3HameHaTeseMm siBNseTcs
yucno 1.

Tak,

B2 9-"2 =71 0= 1=l 2=2 8=2
3=, -2==, -1 0=3, 1=3, 2=, 3=

PaccMoTpUM Tenepb BOMPOC O NpeacTas/iieHny paunoHasibHbIX 4ucen B BU-
ne pecsaTudHbIX Apobeir. OGbikHOBEHHYI0 Apobb, 3HameHaTenb KOTOPOW paBeH
ctenenun umcna 10, 3anucbiBaioT B BUAE AecaTuyHoi Apobu. Hanpumep:

3 14 4005
2203 ——=014; =——==4,005.
10 0.:3; 100 ' 1000

Ecnuv 3HameHaTtenb 00bIKHOBEHHOM Apobu copepXxuUT NvLlb NPOCTbIE MHOXW-
Tenu 2 unu 5, To e€é MOXHO NPMBECTU K 3HaMeHaTeno, NpeacTasnsalowemy cre-
neHb Yucna 10, u 3anvcath B BMAE AECATUYHOW Apobu. Hanpumep:

Masa 3. HdeicrBuTenbHble Yyucna. KeagpaTHbie KOPHU



L . 43 _0938 _»15 o945

25 100 =0,28; 20 _220 ~ 7100 i
Ecnn 3HameHaTenb Hecokpatumoi Apo6u comoepXuT Apyrue npocTbie MHO-
XUTENN, KpOMe MHOXUTEnein 2 u 5, To eé Henb3s NpenctasuTe B BUAE [ECH-

TU4HOW apobu. Hanpumep, apo6u —1-g~ n2 HENb3s MPUBECTU K 3HAMEHAaTenNo,

11
ABNSAIOWEMYCS CTeneHblo yncna 10, u NoaToOMy Henb3a 3anucaTth B BUAE OECH-
TUYHOW Apobu. B Takux cnyyasx npu OENeHWM YUCIUTENs Ha 3HAMEHaTeNb He
MOXeT nofyuntecst B octatke 0, U geneHve npoaonxaetcs BEcKOHEeYHOo;

17 |6 9 |11
50 [2,8333.. 90 [0,8181..
20 20

20 %
20 20
2 9
Cuutalot, 4T0 3T Apobu 06pawaioTcs B BECKOHEYHLIE AecsatnyHbie 1pobu:
7-28333..; +==08181...

B Takux Apo6sx HauMHas C HEKOTOPOro MOMEHTa ofHa umbpa vam rpynna
ungp 6eCKOHEHHO MOBTOPAIOTCH. ITO OBLACHAETCH HEeW36EXHbIM NoBTOpEeHMEeM
OCTaTkoB npw aeneHun. lMNoetopswowylocs uMbpy uam rpynny uvdp HasblBaioT
nepuonoM. Tak, B GECKOHe4HbIX AecATWMHHbIX Apobax 2,8333... u 0,8181...
nepuogamu AenSOTCA 3 U 81 COOTBETCTBEHHO.

BeckoHeuHble aecsTuyHble nepuoanyeckme npobu 3anuchiBaloT KOpo4e: Bbl-
MUCLIBAIOT BCE UMOPBLI 4O NEepsoro nepvoaa v MNPUNUCLIBAIOT K HAM Mepuos,
3aKNIOYEHHLIA B KPYINble CKOOKM.

Hanpumep, '

7 =2,8333..=2,8(3); 2=0,8181...=0,(81).

Yutalot: 2 uenbix 8 pecateix M 3 B nepuoge; 0 uenvix 81 B nepuoge.

ToByio KOHEYHYI0 AeCSTUYHYIO Apo6b MOXHO NPeACTaBuUTb B BUAE GECKO-
HEYHOW AECATUYHOW NEepUOAMYECcKO APOBW, MPUNUCAB K AECATUYHOM nopobu
GeckoHeuHyl0 NoCcnenoBaTENLHOCT HyNei.

Hanpumep:

4,271 = 4,271000... = 4,271(0);
-5,68 = -5,68000... = -5,68(0).
Takum xe crnocobomM MOXHO npeacraBuTe nioBoe uenoe 4ucno B suaoe bec-
KOHEYHOW OEeCATUYHOW nepuoamyeckoin apobu.
Hanpumep:

75 = 75,000... = 75,(0);
-32 = -32,000... = -32,(0);
0 = 0,000... = 0,(0).

§6. MHOXECTBO pauMOHANLHLIX U MHOXECTBO AECTBUTENLHBIX YACEn




[sﬂ 3HauuT, moGoe pauMoHanbHOE YMCNO MOXHO NpeacTaesuTs B Buae Gec-
KOHEYHOW [JecAaTUYHOW nepuoauudeckoin papobu. BepHo u obpaTtHoe
yTBEepXaeHue: niobas GeckoHeuHas nepuoanveckas AecATuvHas apobb
npeacTasnseT HEKOTOpPOe pauuoHaNbHOe 4uCcno.

Bo3bMEM, Hanpumep, OECKOHEYHYID AECATUHHYIO NepuoaMyeckyro Opobb
x = 0,8333... = 0,8(3). YmHOxus eé& Ha 10, nonysnm 10x = 8,333... = 8,(3).
PasHocTh 10x — x paBHa 7,5:

8,333...
0,833...
7,5
=76 x=I9. x5
Otciopa 9x = 7,5; x= 50° X=g

3HauuT, 0,8(3):%.

Takum 06pa3oM MOXHO 06patTuTL No6YI0 BECKOHEYHYIO AECATUYHYI0 nepu-
oAMyeckylo Opobb B OGLIKHOBEHHYIO. 3ameTum, 4To GeckoHedHas [AecsTudHas
npobb ¢ nepvogom 9 obpallaercs B HaTypanbHOE 4MCNo WU AECATUHHYIO
Apobb.

MycTtb, Hanpumep, x = 5,6(9), Toroa

10x = 56,(9),
10x - x = 51,3,
9x = 51,3,
x=5,"7.

Tak kak noboi aecaTnyHoi Apobu COOTBETCTBYIOT ABe GeCKOHe4Hble Oecs-
TuHble apobu, ogHa ¢ nepuoaom 9, apyras ¢ nepuogom 0, To Apobu ¢ nepu-
opoMm 9 ob6blMHO HE paccMaTpuBaloT.

YnpaxHeHus
. 3, 4. 4. . Y. A 6. .
375. Kakue w3 uucen —100; -3 o T —8: 3 0; == 1 gBAsIOTCS:
a) UEeJbIMU TIOJOXKHUTEIbHBIMU,
0) UeNBIMU OTPHLATEIBHBIMHA;
B) IPOOHBIMH IOJIOXUTETBHBIMU;
r) IpOOHBIMM OTPULATETBEHBEIMU?
376. BepHo M, 4TO:
4 14.2 ; i ]
a) ?'T'EEN’ ¥ 35 3:9e N;
1 5).1 . 2. {13} L s
6) (3_§)'§EZ’ n 3 (1 6)'3EQ’
32\ 6 6.(n 5\ 1. 70
B) (Z—E)‘EEQ, e) ',?.(2 7) 2EZ.

too i aea 3. OeicTeuTensHble Yyucna. KeagpaTtHble KOPHW



377

378.

379.

380.

381.

382.

383.

384.

385.

§ 6. MHOXECTBO pauMOHANbHBIX U MHOXECTBO AEACTBUTENLHBIX YMCEN

BepHo siu, uto eciau: Q
a)ae NtoaecZuacQ,
0)ae Z,Toaec Nua e Q?

Hanumure nBa 3Ha4YeHMs1 X, NPH KOTOPBIX:
a)xe Zux g N,
6) x e Qux ¢ Z
B) x e Quxeg N.

Hanuiure nse npoGH, 3HAMEHATeleM KOTO-
pBIX siBJsieTCsl 4ucao 17 M KOTOphIe BhIpaXa-
I0T HATYpaJlbHBIE YHCJIA.

Ha pucyHke 15 kpyramMu u300paxeHbl MHO-
kectBa Q M Z. MHOXeCTBY KaKuUX YHCEN CO- Puc. 15
OTBETCTBYET 3aKpallleHHAasl 4acTh?

[lpencraBeTe Kaxmoe W3 4ucen

0, 5 —6; 1,4, 025 u —0,75
B BUZIE MPOOH C LEJbIM YHCTUTEIEM M HAMMEHBIIHM HATYPAIbHBIM 3HAME-
HaTeNeM.
IMpencraBbre Kaxmaoe W3 Yyucen

4, 12, 2

-5 5 —=1,2; -8 nu 22

IBYMsl CIIOCODaMH B BUIE Apo0H %, rmeae Zube N

CpaBHUTEe pallMOHAIbHBIE YUCTA:

a) —2,7 u —2,69; r) 3% u 3;:

0) % U §; ) —1% U —l%;

B) -2 u -3 e) 17 u 1875,

CpaBHuTe yucna:

a) 2 u 0,3); B) 2,7(8) u 2,8(7);

6) 1,(65) u 1%; r) —62,31(564) u —62,31(465).
HasoBute nsith pauMoHambHBIX 4uces, 3aKTIOUEHHBIX MEXIY YHCIAMMU:
a) 5,01 u 5,02; r) _TST u —%;

6) —1,1 u —0,99; o) 32,0062) u 32,0(70);

B) 2w e) —5,3(4) u —5,3(5).




386.

387.

388.

389.

390.

391.

392.

HanuimuTe nsath ApoOHBIX YMCe, 3aKIIOYEHHBIX MEXIY YHMCIaMH:

a) 6,3 u 7,3; D -3 u g
6) —8,9 m —5,1; o) 0,1(7) u 0,1(8);
B) % u %; e) —3,2(52) u —3,2(51).

[lpencraBsTe B BuIe OECKOHEYHOW NECATHYHON TNEpUOIMYECKOH Apobu
YHCTIO:

2 3
a) 3 B)-—%; o) —23; x) 4E;
6) %; r) 18; e) —%; 3) 53‘3.

3anumuTe B BHIE OECKOHEYHOH JIECATHYHOM TEPHOIMYECKON Ipobu
YUCJIO:

5. 48 |

a) ’_‘6‘, B) _i'ﬁs

101, 12
0) < r) -
[MpencraBere B Bule OOBIKHOBEHHOH JPOOM YMCIIO:
a) 1,(3); r) 0,41(6);
6) 2,(25); m) 5,2(45);
B) 1,6(7); e) 3,6(020).

Haiinure 3HauYeHHUe BLIPAXECHMA:
a) 3,1(28) + 2,(21);
6) 3,1(28) + 2,4(1).

Hajimure Momyne pa3HOCTH X M Yy, €CJIH:
a) x = 7,(8) u y = 5,(4);

6) x = 1,(38) u y = 2,(57).

PesyiibTaT OKpYIIMTE [0 IECATBHIX.

Haueptute orpesok. Iycts ero jummHa pasHa le. [locTpoiite oTpesku mnu-
1
HOH e, 0,le, %e. KakuM 4HMCIOM BbIpaxaeTcsl [UIMHA KaXOoro u3 Io-

1
CTPOE€HHBIX OTPE3KOB, €CJIH CIAWHHIIA JITHHBI Ze‘}

Maea 3. OeiicTeuTensHbie Yucna. KeagpatHbie KOPHW



YnpaxHeHus Ans noBTOPeHUs
393. [loxaxwuTe, 4TO MpH JOGOM LEJIOM 3HAYCHWUM X 3HAYEHUE Opo0H STBIISIETCS
LIE/TBIM YUCIIOM:
2r2 o
a) X% :8) 16
x“+4

4
: 6) 6(x —2.x1—3(2—4x)‘
v <l o))
394. lana dyHKuMs ﬂx)=x2+%+£—:—;. Haitnure:
w0 3wl o)

18. [eicTBuTtenbHbie Yyucna

B MHOXeCTBe pauuOHaBHBIX YMCeN BbINOMHUMBLI ONepaLvn: CroXeHWe, Bbi-
HUTaHue, YMHOXEeHUEe M OeneHue (3a UCKIIDHYeHWMEM OeneHns Ha Hynb). OaHako
PauUMOHaNbHLIX HYUCeN HEeAOCTAaTOYMHO U1 U3MEPEHUs BENAWYMH. PaccmoTpum
AECATUYHOE M3MEpEeHMEe OTPE3KOB.

Mpumem pnuHy otpeaka OB (puc. 16) 3a eanHULY AMHBI M 0603HAYUM eé
6ykBoii e. Torna OB = 1le.

0 B c
—F :

i

il
L

} L
T T

Puc. 16

WMamepum anuny otpeska OK. B otpeske OK eguHWuHbIA 0Tpesok OB ykna-
AbiBaeTca 2 pasa, u nNpu 3ToM nonyy4aetcs octatok CK, KOTOPLIN MEHbLUe,
4eM OB. 3HauuT, AnnHa 2e ecTb NPUBNMXEHHOE 3HaYeHue ANvHbl oTpeska OK
C TOYHOCTbIO g0 le: OK = 2e.

Paspennm otpesok OB Ha 10 paBHbix yacTeil. [ecstas 4acTb 3TOro OT-
peska yknagbisaetcs B octatke CK 4 pasa, M Nnony4aetca OCTaToK, MEeHbLUWIA
0,1 otpeska OB. 3HauuT, anuHa 2,4e ectb NpuBANXKEHHOE 3HAYeHue OJINHBLI OT-
peska OK c ToyHocTbio 0o 0,1e: OK = 2,4e.

Takum 06pasoM MOXHO HEOrpaHWMYeHHO MOBLIWATL TOYHOCTb U3MepeHus,
Haxo[s COTble, ThiCAYHbIe U T. 4. O0AW ANWHLI OTpeaka OK.

B npouecce necATMHHOrO M3MEpeHUa OTPE3KOB Ha KaKOM-

TO ware MOXeT He MONy4YMTLCA OCTaToK. Torda pPesynsTaTtom

namepeHus Oyaert gecatuyHas apobb Mnv HaTypanbHoe usuc- B c
no. Ecnu xe octartok GyneT nony4atscs BCEraa, TO pesynbra-
TOM usmepenus Oyaet GeckoHeyHas AecsiTuyHas apobb. Hig

Monyyaiowmecs Npu OECATUHHOM WM3MEPEHWN OTPE3KOB
BeckoHeuHble AecATUYHbIE APOBU NAaneKko He BCeraa OKasbiBa-
IOTCA nepuogvyecKknmm. Hanpmmep, ANrHa guaroHanun ksan- A
pata, CTopoHa KOToporo pasHa le (puc. 17), GymeTt Bblpa- le
XaTbCsi GECKOHEYHON AECATUHHONM HENepUoaNHECKON APOBLIO.

Puc. 17

§6. MHOXECTBO paUMOHANBHBLIX U MHOXECTBO AEMCTBUTENBHLIX YMCen




JeiicTeutensHo, ecnn Bbl ata Apobb Okasanack
nepuvoaMyeckoin, To oHa npeacTtaenana Gbl pa-
LMOHaNkHOE 4YUCNO, KOTOPOE MOXHO 3anucaTtb

B BUOE HECOKPaTUMO OBLIKHOBEHHOW Apo6uM %,

A N The m n n — HaTypajbHble 4ucna. Ecnv Ha aw-
aroHann AC kBagpata NOCTPOWTbL APYroin Ksa-
opat (puc. 18), To ero nnowanb 6yner B 2 pasa

Gonble MiowWaan nepeoro keagpara. Tak kak
nnowaab nepBoro keaapara 1e€®, To nnowanp
P BTOPOro paBHa 2¢°. 3HauuT,

2
Puc. 18 (ﬂ) =2,

n

Tenepb OOKaXeM, YTO He CYLeCTBYeT pauvOHabHOrO Yucna, Keajpar Ko-
Toporo paBeH 2. ITO 4MCNO He MOXET ObiTb HaTypasbHbIM, TaK Kak s LA
252 325214

2

2
U3 paBeHcTBa (ﬂ) =2 nonyyaem: 7 =2, m? = 2n®. Tak kaK 2n° — 4&THoe
n H
yucno v 1 # 1, To m®> — 4BTHOe, U MOTOMY m — YETHOE 4YUCNO. 3HAuWT,
m MOXHO NpeacTaBuTb B BuOe 2k, rae k — HatypanbHOe 4ncno.
Mony4yum:

(2k)? = 2n?, 4K* = 2n?, 2K* = n’.
M3 nocnegHero paBeHcTBa crnenyet, 4TO # — Y&THOe 4YWMCNo, a MnoaToMy
npobb % cokpatuma. Mony4ymnu npoTusopeyne, oTKkyaa Cnepyert, YTO HeT Tako-

ro pauMoHanbHOro 4vcna, KBaapar KOTOporo paseH ABYM.

[eitcTBUTENEHO, AnMHa gvaroHanu kesapparta AC (cm. puc. 17) HEe mMOxXeT
BblpaXaTbCA PaUMOHANBHLIM YMCIOM, €CNIU 338 €AWHULY ANVHbI NPUHATE ANUHY
CTOPOHbLI KBagpata. [0BOPAT, 4TO AuaroHanb Keajgpara Hecousmepuma C ero
cTopoHoii. Boof6lie, ecnv AnnHa HEKOTOPOro OTPe3ka He BbipaXkaeTCs Hepes
[PYroil OTPe30K, NPUHATLIA 38 €AMHUYHBIA, pauvoHasbHbIM YUCIOM, TO 3TW OT-
pPEe3KN Ha3bIBAIOT HECOU3MEPUMbIMU.

YToBbl [/IMHA KAXO0ro OTpeaka, a CNeaoBaTesibHo, W KoopavHaTa Kaxiown
TOYKM KOOPAMHATHOM MPSAMOA BbIpaXanuck YACIOM, HaLO K MHOXECTBY pauuo-
Ha/lbHbIX 4MUCen, T. €. MHOXecTBy OECKOHeYHbIX AECATUHHbIX NEPUOAMHECKMX
npobeit, nob6aeuTb GeckoHe4Hble OEeCATUYHbIE Henepuoaudeckue apobu. MNony-
4MM MHOXECTBO AeiicTBuTeNbHbIX Yucesl. Ero oboaHavaloT Gyksoint R (nepsas
GykBa NnaTMHCKOro crnoea realis — peanbHbii, CYLLECTBYIOLWMA B OEWCTBUTENb-
HocTK). BeckoHeYHble AeCATUYHbIE HENepnoauyeckne Apobuv Ha3bIBAIOT MPPALIMO-
HanbHbIMKM_ Yucaamy (NpucTaeka «up-» O3HayaeT oTpuuaxue). lNpumepom mnppa-
LMOHANILHOMO YMUCna MOXET CNYXUTb YUCNO T = 3,1415926536... . 3Ha4UT, MHO-
XECTBO AEACTBUTENbHBIX YACEN COCTOWUT U3 paunoHasNbHbIX U MPpPaUMOHaNbHBIX
yucen.

e 1‘&‘ ' nasa 3. [leiAcTBUTENbHbIE YACNA. KsappatHbie KOPHW



Mexay MHOXECTBOM AeNCTBUTENbHBLIX YMCEN U MHOXECTBOM TOYEK KOOPAM-
HaTHOW NPAMON CyLLECTBYET B3aMMHO OQHO3HA4YHOE COOTBETCTBME, T. €. Kaxao-
MYy OEeACTBUTESIbHOMY YMCSTY COOTBETCTBYET EAVMHCTBEHHAS TOYKA KOOPAMHATHOWM
MPAMOA 1 KaXOoW TOYKE KOOPAMHATHOW MPSAMOI COOTBETCTBYET EAMHCTBEHHOE
DEeNCTBUTENbLHOE YUCIIO.

LeicTenTeNbHbIE YNCNA MOXHO CPaBHMBATL TaK, Kak CPABHUBAIOT OECATUY-
Hble Apobu. NS MONOXUTENbHLIX YUCEN CHavYana CPaBHWBAIOT LENble 4acTu.
Ecnn OHM paBHbl, CpPaBHUBAIOT paspsabl OECATLIX. ECAM M B HUX eduHul, no-
POBHY, CpaBHWBAIOT pa3psgbl COThIX U T. 4.

Hanpumep,

6,513... < 6,520...; -1,807... > -1,808....

Ecnn n306pa3nTe Ha KOOPAMHATHOM NPSIMOIA OBa AEACTBUTENLHBLIX YWUCHA,
TO MeHblliee 13 Hux ByAeT pacrnonaraThcs nesee HONbLUEro.

B MHOXecTBe AENCTBUTENbHBLIX YMCEN BbIMOMHWUMBLI ONEpaLMK CloXeHue,
BblHUTAHME, YMHOXEHNE W AeneHue (MCKIo4as OeNeHne Ha Hynb), T. €. MHOXe-
CTBO AEMCTBUTENbHBLIX YNCEN R 3aMKHYTO OTHOCUTENBHO 3TUX onepauwii. C no-
MOLLUbIO AECATUYHLIX Op0Beii MOXHO HalTU NPUBAMXKEHHbIE 3HAYEHUS CYMMbI,
PasHOCTW, NPOM3BEAEHUS M 4YacTHOro C oboM CTeneHbld TOYHOCTU. Halpém,
HanpuMmep, Tpu nepseble uudpbl npousseseHus ab, ecnm a = 1,(3) wu
b = 0,616616661... (rpynnbl undp, COCTOSILLME U3 OLHON, OBYyX, TPEX n T. AO.
WeCTEPOK, pasaensioTcs eauHuuamu). Bynem NnepeMHoOXaTb NPUBIMXEHHbIE
3Ha4YeHWs @ U b C HeaoCTaTkoM M C M3BLITKOM, MNOBLIWAS C KAXKALIM LIAFOM
TOYHOCTb:

a = 1,333333...; b = 0,616616661...;
1-0=0; 2-1=2;
0<ab<o?.
MNepeas uudpa B npomsseneHun ab ectb 0 unu 1.
1,3-0,6 =0,78; 1,4-0,7 = 0,98;
0,78 < ab < 0,98.
MNepeasa undpa B npousseseHun ab ects 0.
1,33-0,61 = 0,8113; 1,34-0,62 = 0,8308;
0,8113 < ab < 0,8308.
Bropas uvudpa B npousseneHun ab ects 8.
1,333 - 0,616 = 0,821128; 1,334 - 0,617 = 0,823078;
0,821128 < gb < 0,823078.
TpeTtba undpa B npousseaeHun ab ectb 2. 3Hauwur,
ab = 0,82... .

Takum 06pasom, MOXHO HaMTU CKOMbKO YyrooHo undp NpPou3BEdeHUs wunu
CYMMBbI. OnwucaHue aTux cnocoboe moxert CNYXWUTb OnpepeneHnem CnoxeHusa v
YMHOXEHUA OENCTBUTENbHLIX Yucen.

§ 6. MHOXECTBO paLMOHaNbHbIX Y MHOXECTBO AENCTBUTENbHbLIX YACEN



YnpaxHeHus

395.

396.

397.
398.
399.

400.

401.

402.

403.

404.

Kakue u3 uuncen 2—;—; —3,(24); 0; 5,727727772... (rpynmsl 1Hbp, COCTOSIIINE

M3 OIHOM, IBYX, Tpéi{ M T. . CEMEPOK, paslesiioTes ABoiKaMu); 6,323232...
(rpynmel umMdp, COCTOSLIME M3 TPOMKMA M ABOMKM, OECKOHEYHO IMOBTOPAIOT-
csl) SIBJISIOTCH:

a) palMOHAJILHBIMU; 6) WppalMOHATIbHBIMA?

Kaxum n3 muoxects N, Z, Q u R TpUHALIEXHUT:

a) 6,(0); B) 0,8(671);

6) —1,35(0); r) n?

IMpunHamiexar 1M MHoXecTBaM @ ¥ R KOpHM YypaBHEHHS X =27

Kakoe uucno nipuHamiexut R v He npuHawiexut Q? Ilpusenure npumep.

BepHo JH, 4TO eciu:
a)yxe Z,Tox e Qux e R,
) xe @, 0x¢ Nuxe R;
B) x € R, T0 x € Q;
rxe Ruxe N, 0x € Z?

Hanuuiure TpY YMcia, KOTOPHIE TPUHAIUIEKAT:

a) Ru Z B) Q u R;

0) NVu R, r) N, Qu R.

CpasHure:

a) 101,71... m 110,8...; r) 4,446... u —0,303...;

6) —4,315... u —4,318...; )y =1,234.... ;m =2,.221...;
B) 4,9(18) u 4,928...; e) —0,123... u —0,121....

Kakue M3 LIEIBIX YMCEN PACIOIOMKEHBI MEXIY THCIAMU:
ay —3.8L.. ® 2,13...5 B) —5,111... m —1,212...;
6) 0,068... u 4,032...; r) —4,26... u 0?

Pacnionoxute uncna 5,28; —1,634...; —1,34; —1,(3); 2,3(4) u 2,(34):
a) B IOPSIAKE BO3PACTAHMI;
6) B Imopsiike yObIBaHMA.

3anuIIuTe Kakoe-HUOYIb MpPpallHOHANIBHOE 4YMCIO &, KOTOPOE YAOBIETBO-
psieT OBOMHOMY HEPaBEHCTBY:

3.

a)02<a< 3 6)§<a<0,5.

Tnasa 3. OeiicTBuTenbHbie yncna. KsagpaTHbie KOPHU



405. Haiinute Tpu nepsble umdpsl cymmer 61,8129... + 37,6828....

406. Moxer 14 cymMMa IBYyX GECKOHEYHBIX NECATHYHBIX NMEPHOOHYECKHUX Ipobeit
OBITE OECKOHEYHOM NeCATHYHON HENnepuoauvecKol apo6bio?

407. Haiinute ueThipe TepBble UMMPHI ITMHBI OKPYXHOCTH B CAHTMMETpAax, pa-
IMyCc KOTOpOM paBeH 2,35 cM.

408. Paguyc okpyxkHOcTH paBeH 1,4 cm. Haiinute nBe mepsble IMMPHI TUIOLIALN
Kpyra B KBaJIPaTHBIX CAHTHMETpaXx.

409. Moxer 1M cyMMa JIBYX TOJNOXHUTETbHBIX HPPALMOHAILHBIX YMCEN OBITh pa-
[IMOHAJILHBIM 4YHCIOM?

410. [oxaxwure, uto ecau a’, b’, a — b, e a # b, — paUMOHATbHbIC YHCIA,
TO @ + b — pallMOHAJIBHOE 4HUCIIO.

411. H3BecTHO, YTO @ + b — pauMOHANBHOE YHMCIIO, a4 YUCIA @ U b — Uppalmo-
HajibHble. KakKMM 4MCIOM — palMOHAIBHBIM WIH MPPalMOHAIbHBIM — oy-
JET YHUCI0:

a) a — b;
6) 3a + 5b?

412. Yucno a — panyoHalNbHOe, a Uucio b — uppanuoHaibHoe. Kakum unciaom
(paLMOHANBHBIM WIIM MPPALMOHAIBHBIM) SABISETCS:

a) 3a + b;
6) a + 2b;
B) @* + 4a + b;
1) 3@’ — a + 4b?

YnpaxHeHus Ans noBTOpeHus

413. CpaBHuTe 9MCHa:
a) 3,4(12) u 3,(412);
6) —2,5(67) u —2,56(7);
B) 0,9(56) u 0,9(506);
r) —1,4(302) u —1,4(32).

414. VripocTture BhIpaXeHUe:

a) ( atb a ) a-b .

2-2ab+0 P-b) ab+b
6) ( 03 _ az ) 0‘2 _ a
A+ +2ab a+tb) \gZ_p? a+b)
415. Tlpu kakmx 3HaYeHUsIX @ U b npamble y = —2x + bu y = ax — b nepe-

cekalorcst B Touke (3; —1)?

§6. MHOXECTBO paumoHaIbHBIX M MHOXECTBO OEACTBUTENLHLIX YMiCen




19.

Hucnosble NpPoOMEXyTKN

L.
a
Puc. 19
/ / )—
a (a; b)
Puc. 20
-
a [a; b]
Puc. 21
P
a [a; b)
Puc. 22
SR+ —
a (a; b]
Puc. 23
e
a (a; +0)
Puc. 24
T
a [a; +2°)
Puc. 25
g
(—o0; a)
Puc. 26
> ot
(—o0; a]
Puc. 27

B panbHeiwem Ham vacto GyaoyTt BCTpe-
yaTbCsl MOAMHOXECTBa MHOXeCTBa [OelCTBKU-
TenbHbIX YUCEN, Ha3blBaEMbIE YUCOBBIMW NPO-
MEXYTKaMMU.

OTMeTMM Ha KOOpOMHATHOW NPSAMON ABa
OEACTBUTENLHbLIX Yucna a wu b, U3 KOTOPbIX
a meHbwe b (puc. 19).

MHOXECTBO 4Mces, PacroNOXeHHbIX Mexay
yucnamu a U b, HasblBAIOT YUCIOBLIM NHTEPBA-
JIOM WNWU NPOCTO MHTEpBasom oT a Ao b. Ero
0603Ha4aI0T C NMOMOLLLIO KPYIbiX ckoBOK: (a; b).

MHTepBan oT @ OO0 b nokasaH Ha PUCYH-
ke 20 wTtpuxoBkoin. CBeTNble KPYXKW O3Ha4a-
10T, YTO 4Mucna a 1 b He npuHagnexar UHTep-
Bany (a; b).

Ecnu k wnTepBany (a; b) nobaButb ymcna
a v b, TO NONY4YUTCH YUCNOBOIA MPOMEXYTOK,
KOTOPbIA Ha3blBAIOT YAC/OBLIM OTPDE3KOM WU
NPOCTO OTPE3koM W 0003HA4alT C NOMOLULIO
kBagpaTHbiXx ckobok: [a; b]. Otpesok [a; b]
n300paxEH Ha pucyHke 21. YEpPHbIE KPYXKW
03Ha4aloT, 4TO 4Yucna a U b npuHagnexar oT-
pesky [a; b].

Ecnu x wHtepBany (a; b) pobasute nuilb
OOHO M3 4ucen a wnu b, To nNony4ynTca el
[Ba 4MCnoBblX nNpomexyTtka. Mx HasbiBaioT [0-
AyuHTepBanamMyu v 0003Ha4YalT C MOMOLLBIO
Kpyrnoin u keagpatHoit ckobok: [a; b) u (a; b].
Monywntepsans! [a; b) n (a; b] nsobpaxeHsl Ha
puUCyHKax 22 n 23.

OTMEeTUM Ha KOOPAVHATHOW MPAMOA 4uc-
no a. MHoxecTBO u4ucen, BONbWMX 4Y4icna a
(puc. 24), Ha3bLIBAETCA OTKPLITHIM _4YMC/I0BLIM
JIY4OM W MPOCTO OTKPLITEIM J1y40M OT a [o
nmoc BGeckoHedHocT M oBo3HayaeTca C no-
MOLLBIO KPYrbiXx ckobok: (a; +o0). Ecnu Kk aT0-
My MpPOMEXyTKy Ao0aBuTb 4YMCNO a, TO Nony-
YaM YMcI0BO# ay4 OT a no +oo, Ero obosna-
yatoT Tak: [a; +o0) (puc. 25).

Ha pucyHkax 26 n 27 naobpaxeHbl OTKPbI-
TeIA nyd (—o0; a) u nayy (—o0; al. 4Yncnosown
NPOMEXYTOK OT —C° [0 +9°, KOTOPbIA COCTOMT
M3 BCEeX [OENCTBUTENbHbLIX YMCEeNn, Ha3biBaloT
YUCI0BOV NPaMoi 1 0003HA4alT (—00; +00),

Maea 3. JeiicTButensHbie Yucna. KeagpaTHble KOPpHU



YnpaxHeHus

416.

417.

418.

419.

420.

421.

422.

423.

§ 6. MHOXEeCTBO paumoHanbHbIX M MHOXECTBO OEUCTBUTENbHBIX YCen

HM300pa3nTe HA KOOPOMHATHOM IPAMOM YHMCIOBOM TIPOMEXYTOK:
a) (—3; 4); B) (—5; =2I; B) (—1; +o0); x) [2; +o0);
6) [—5; 0); ) [1; 6]; e) (—oo; 1); 3) (—oo; —1].

3anaiiTe HepaBEHCTBOM YHCIIOBBIE IMPOMEXYTKH, M300pakEéHHbIE HA PHCYH-
ke 28, ¥ 3amUIIuTe MX 00O3HaYeHHE.

) 3 g ) 11
) 1 L ) 0.1 0.2
e 0 ) 7 o=
Puc. 28

3anuimuTe 0003HAYEHHWE YHCIOBOTO TIIPOMEXYTKA, TMPEACTABISHOIIEIO MHO-
KECTBO 4YHMCEII X, TAKHUX, 4YTO:

a) —8 < x < =2 rNl<x<?9; X) x = 06;
6) 4 < x < 10; ) X 20 3) x < §;
B) —3 & x4 2 e) x < -7, H) x = —4,

HM300pasute Ha KOOpPAMHATHON NPSAMOI NPOMEXYTOK, TPENCTaBISIONIMA
MHOXECTBO A, eciu:

a) A = {x|x > =3} r) A= {x]4 <x <6}
6) A = {x|x < 5} mn A= {x|1 <x <35}
B) A= {x| -1 € x < 4}; e) A = {x|x = 2}.

H3006pasure Ha KOOPOWHATHOW TIPSMON MHOXECTBO YMCEJ, YAOBIETBOPSIIO-
ITUX HEePaBEHCTBY:

a) |x| < 2; B) |x| <
6) |x| > 3; n) |x| =

: n) |x| < =3;
5 e) |x| = -1
Kakoe u3 mHOXecTB {x| |x| < 4}, {x| |x| < 3}, {x| |x| > 1} sBasercss umc-

JIOBBIM IPOMEXKYTKOM? OO603HaukTe ero M n300pasuTe Ha KOOPIWHATHOMN
MIPAMOTA.

CyuiectByer 1 B nmpoMmexyTtke [6; 15) HaumMeHblIee 4HCI0; HAMGOMBINEE
qUCI0?

Cywecteyer 1 B TipoMexyTtke (—2; 3] HauMeHbIllee YMCIO; Haubobluee
yucio?




424.

425.

426.

427.

428.

429.

430.

431.

432.

HaiiguTe Bce 1eible 4yKcna, MPHHAUIEXALINE TPOMEXYTKY:

D LS 2 6 (44 om0y 107 0 [k 3).
Haiinure npa Kakux-HuOynb ApOOHBIX YMCia, TIPMHALUIEXKAIINE WHTEPBAIY:
a) (—0,5; 0,5); B) (=0,5; —0,49);

6) (lé; 2%); r) (—3%; _3-;-).

Kakue u3 npobeit Buga —, tae n € N, TIPUHALIEXKAT OTPE3KY [-[%, %]"

12

Haiinure npobu Buma %, rie n € NN, npuHaanexaliue oTPe3Ky [%; H

Kaxkue npobu Buga %, rae n € N, npuHagIexar NPOMEXYTKY [TIE’ l]‘E‘

M300pa3ute Ha KOOpPIMHATHOMW TIPAMOM YMCIOBOM TIPOMEXKYTOK, SIBIISIIO-
].L{HﬁCH NMEPECEUYEHUEM YMCIIOBBIX NMPOMEXYTKOB!

a) [—2; 3] u (0; +o0); B) (—3; 2) u (—o0; —2J;
6) (—oo; —=2) u [-2; 0]; r) (—oo; 5), [2; +o0) u (0; 5].

IMoxkaxuTe Ha KOOPAWMHATHOW MPsSIMOM YUCIOBOIH TPOMEXYTOK, SIBIISTIOLIMI-
csl 00BEOMHEHUEM YUCIOBBIX MPOMEXKYTKOB!

a) [—2; 3] u (0; +o0); B) (—3; 2) u (—oo; —2];
6) (—o0; —=2) u [-2; 0]; r) (—oo 5) | (7; +o0).

BepHo snum, 4yro:

a) [-8; 7) n [-8; 8] = [-8; 7];

0) (3; 16) v (0; 24) = (3; 24);

B) (—00; —1) (=2, +o0) = (—oa; o)
r) (—o0; 4) N (—4; +0) = (—4; 4)?

SBnasieTcd M YMCJIOBBIM TIPOMEXYTKOM OOBEOMHEHUE IMPOMEXYTKOB:

a) (=3; 5] u [5; 12); ) (~7; 1) & (=5; 3);
6) [2; - r (-4 2 o) [2; 8] u [3; 7];
B) [—1; 6) u (6; 8]; e) [—=1; 1] m [2; 4]?

YnpaxHeHUs ANS NOBTOPEHUA

433.

434.

CpapHuTE 4YHcHa:
a) 4,35(7) u 4,3(57); 6) —6,5(31) u —6,53(1).

IIpencraBesTe Kaxaoe M3 4YMCEN 1%, —12%, —-2,25 u 7,13 B BHAe Opobu

C LCJIbIM YHCIWUTEIEM M HaTypaJibHbIM 3HAMEHATCIICM.

Masa 3. [eicTBuTtenbHbie Yyucna. KsagapaTHble KOpPHU



435. Vuammecs: 8 xiacca, BHIOMpasi CTApOCTY, ONPEEIWIN [ISTh OCHOBHBIX KaHIM-
maros: AHnpeesBa, bopucosy, Bukmioka, lankuny u JImurpuesa. Pesyisrars
TaHOTO TOJIOCOBaHUS MPHUBEIeHBl HIDKe ((haMHIMM KAHIUIATOB COKPAILEHHI):

B? B’ B’ r’ A’ A’ r! B! B’ A! B! B’ r! r’ AJ Il! H! A7 BJ A! I[! BJ B? B!
A, T, B, T, A, I

ITo TMM JaHHBIM COCTaBLTE TabIMILy YACTOT.

20. WNHTepBanbHbin psan AaHHbIX

B crtatMctMyeckux uccnenoBaHusaX BaXKHO MPEACTaBNATh OAHHLIE B Harnag-
HOM, yoobHom pns ananusa Buge. OgHMM K3 Takux cnocoBoB ABAAETCA MNo-
CTpoOeHue uH Ba/IbHOIro ps, AHHbIX.

Paccmotpum npumep. Yysawmecs gByx 8 knacCoB NO WUTOram BbIMOJHEHWS

Tecta No pPycckoMy fA3biky nony4unu Gannbl, ykasaHHble B Tabnuue (0, 1, 2 n
3 Ganna He NONYYUN HU OOMH M3 y4alLMXCH).

Knacc

4156|7819 110/11|12|13(14({15|16(17|18|19|20

BeArl 1JOIO} 11O 1]2}2}3]3|4|3]2]J1]1]0

8«2 | O} 1 (1T JO0OfO0OJO0OJO]2|2|4|4|2|2|3|1|2]1

Ob6beavHUM y4awmxcs, nony4vBlLUMX MeHee 6 6GannoB, B NEpBylo rpynny,
nony4mswmx ot 6 no 10 Gannoe — Bo BTOpYylO rpynny, ot 11 go 15 Gannos —
B TpeTblo, bonee 16 Gannos — B 4eTBEpTyl0. Tabnuua 4acToT B 3TOM Cny4ae
OyneT BbIrMsneTb Tak:

Mpynna
8
5 MNepsasn Bropas TpeTba Yereépran
(ot 1 no (ot 6 no (or 11 po (or 16 no
5 Gannos) 10 6annos) 15 Gannog) 20 Gannos)
8 «A» 1 3 14 7
B «B» 1 1 14 9

§ 6. MHOXECTBO pauMOHANBLHBIX U MHOXECTBO OEWCTBUTENLHLIX YUCEn




Kon-Bo yuamuxca

A

107"~ """

Puc. 29

3

M300pa3ne 3T OaHHbie B
Buge cronbyaTor auarpammbl
(puc. 29), MOXHO CpaBHUTL pe-
3yNbLTaThl, MOJIYYEHHLIE YyYaLLW-
MUCA [OBYX KNaccoB (cepbii
cTonbuk Ha puUCYHKE — pe-
3yNbLTaThl, MOJIYYEHHLIE YyYaLLW-
mMucs 8 «A» knacca, UBETHOW —
yqawmmnca 8 «b» knacca).

BoobOuwe, ecnu wuccnepyloT
6onbLIOE KONWYECTBO BapWaHT,
TO ynobHO cHavana npoBECTU
WX rPynnUpoBKY, a 3aTemMm 3ame-
HWTbL BbIBOPKY WHTEPBanbHbIM
psiooMm. [ns 3TOro pasHoOCTb
Mexny HambonblwmM W Hau-
MEHBLUUM  3Ha4YeHusIMK  psaga
[aHHbIX OEenAT Ha paBHbIE 4a-
CTU W, OKPYrss MNONYy4YeHHbIN
pe3ynsTaT, ONpeaenslT ONNHY
mHTepeana. B Hawem cnydae
Hawbonbwee konudectBo 6an-

NOB, KOTOPOE MO MOMy4YMThL yyalumecs, paesHo 20, a HaumeHbliee — 0. Cne-
JosarenbHO, pasgenuB pasHocte 20 — 0 = 20 Ha 4, noay4um OAWHY Kaxaoro
uHTepBana, pasHylo 5 6annam. 3a Ha4yano NepBoOro MHTepBana 4acto BbibupaloT
HAMMEHBLLYIO BapuaHTy wunu Gnuxainiiee K Hell Lenoe 41cio, pacronoXeHHoe
neeee. [na KaxOoro MHTEPBana yKasblBalOT KONMMYECTBO AaHHbIX, MONaBWuX B
3TOT wWHTepsan. [pyu 3TOM rpaHMyHOEe 4YUCNOo 0ObIYHO OTHOCAT K Cleaylolemy

WHTEpBany.

B HEeKOTOPbLIX cny4asx ana aHanmia CTaTUCTUYEeCKUX OaHHbIX MCNONb3YIOT HEe
Tabnuuy 4acToT, a Tabnuuy OTHOLWEHWIA 4acToT K 06LeMy YMCy OaHHbIX B psAay.
370 OTHOLWEHWE, 06bLIMHO BbiPaXXEHHOE B MPOLEHTax, Ha3biBalT OTHOCHUTE/IbHOM
4acToTON BapuaHTel. B Hawem npumepe tabnmuya OTHOCUTENbHbLIX 4YacToT Byner

UMeTb BWUA,:
o Mpynna
8
é Mepeasa Bropas TpeTtbsa YeTBEpTan
8 «A» 4 12 56 28
8 «b» 4 4 56 36

Mockonbky CymMma 4acToT pasHa OObEMY psga, TO CYyMMAa OTHOCUTENbHbIX

yactoT cocTtasnser 100 %. 310 none3Ho NOMHWTL ONF CaAMOMPOBEPKW.

laea 3. [deucrBuTtencHsle yucna. KeapgparHbie KOpHU




3ameTum, 4TO, rOBOPS O CTATUCTUKE, Mbl OO CUX MOP Yalle BCEero paccma-
TpuBanu atan o6paboTKM MONMYYEHHbIX OaHHbIX. HEeCKONbKO COB CTOWUT CKasaTb
u 06 atane cbopa CTATUCTUYECKUX AAHHbIX.

MposeneHne NOBOro MaccoBOro UccnenoBaHvs, Byab To opraHn3aumnsa TecTo-
BOV MPOBEPKM BCEX YYalUMXCH LeNoro pernoHa unm onpoc Hacenexwus o pabore
XUNULLHO-KOMMYHANLHOro Xxo03sicTea, Tpebyer Gonblumx ycunuii n GUHaHCOBLIX
3aTpat. B Tex cnyyasax, korga ObiBaeT CNOXHO WM OaXe HEBO3MOXHO MPOBECTU
CMNOLLHOE UCCNenoBaHWe, ero 3amMeHsioT BbIOOPOYHBIM: U3 BCEW M3y4aemol COo-
BOKYMHOCTW Oa@HHbIX, Ha3bIBAEMOW reHepasibHOM COBOKYNHOCTbLIO, BbIAENAIOT onpe-
DENéHHyYI0 4acTb, T. €. COCTaBNAlOT BbIOOPOYHYID COBOKYMHOCTL O3HHBIX — Bbl-
6Gopky. IMeHHO OHa MoaBepraeTcsa cTtaTUucTudeckoin 06paboTke M MCCNefoBaHMIo.

BbibopoyHOe wuccnegoBaHwe NPoOBOAAT eweé W Torga, Korga nposefeHue
CMNJIOWHOr0 MCCNeA0BaHnsa CBA3AHO C MOpYerd MAWU NOSHBIM YHUHTOXEHMEM Mpo-
aykumMi. Hanpumep, vccnenosaHue NoBpexaeHuid aBToMobunsa npu CTONKHOBE-
HUW C HEMOABWXHBIM MNPENATCTBMEM (Tak Ha3biBaeMblil crash-test) npoBooAT He
ONA BCEX 3K3EeMMASPOB, BbINYLUEHHLIX 3a MecsU, a onsi O4HOro (u3pepka ons
Heckonbkux). Takoe wuccrnepoBaHve OaET BO3MOXHOCTL BHECTM B KOHCTPYKUMIO
aBTOMOBUNSA U3MEHEHWs, NOBbILAoWMe ero NPoOYHOCTb.

Jo6asum, 4TO BLIOOpKA JomkHA ObITe NMPEnCcCTaBUTENLHOW, DENpEe3eHTarvs-
Hou (oT dpaHuy3ckoro cnoea représentatif — nokasarenbHblil), T. €. 4OCTATO4-
HOW no 06BEMY M OTpaxalolleil XxapakTepHble 0COBEHHOCTU BCEeN reHepasnbHOMN
COBOKYMHOCTW.

YnpaxHeHus

436. Y yuamuxcs 8 kiacca M3MEPUIM POCT M MOJYYWIH CIeIyIOUlde pPe3y/lbTATh
(B caHTMMeETpax):
164; 176; 177; 180; 181; 179; 175; 180; 176; 165; 162; 168; 157, 185; 176;
160; 162; 158; 181; 179; 168; 164; 179; 163; 160; 176; 162; 178; 164; 182.
IlpencraBbTe 3THM JaHHBIE B BUAE HHTEPBAJILHOIO psija, B3sIB B KayecTBe

IUIMHBL WHTepBana: a) 5 cm; 6) 10 cm. Jlng Kaxkmoro WHTEpPBaJIbHOTO psina
TIOCTPOIiTE CTONOUATYIO JAUAarpaMmy.

437. Ilpu m3yyeHuu ydyeGHOI HATPY3KH YYAIIMXCS 8 KJIACCOB TTOMPOCHIN OTMETHTH
BpeMsl, KOTOPOE OHU B OMNpeneNEHHBIH NeHb 3aTPaTHIH Ha BBIITOTHEHUE T0O-
MammHuX 3amaHuid. [Monyuyunu cnenyiomme naHHbie (¢ ToyHOCTBIO Ho 0,1 u):
2,6 34 3.2 29 1,9; 1.5; LB 425 16; 3.4, 3.2; 3.1: 2.5: 27 3.1; 2.9,

2.8: 1,5; 3,1; 3,4; 2,2; 2,8; 4,1; 2.4; 4,3; 1,9; 3,6; 2; 2,8; 3,9.
[lpencraBbTe MoMyYeHHBbIE JaHHBIE B BHIE MHTEPBAIBHOIO Psifa C JUIMHOM WH-
TepBaia 1 4 M COCTaBLETE COOTBETCTBYIOLIYIO TAGJIMILY OTHOCHTEJIBHBIX YaCTOT.

438. [lpoBemuTe CTATHUCTHYECKOE MCCIAENOBAHHME B CBOEM KIACCE, BBISICHHMB CPEl-
Hee BpeMsl, 3aTpayMBacMOe KaXIbIM YYallMMCS HA IMyTh OT JOMa A0 IIKO-
nel. [TonmyyeHHBIE pe3ynbTaThl 3alUIIWTE B BUIE WHTEPBAILHOIO psia JaH-
HBIX. 3aMEHHWB KaXIbli MHTEPBAJ €ro CepequHOl, HAWIWUTe CpenHee BpeMs,
3aTpauyMBaeMOe YYALMMHUCS KJIacca Ha TYTh OT JOMa JO IIKOJbI.

§ 6. MHOXeCTBO paumoOHasbHBIX U MHOXECTBO AEACTBUTENbHLIX Yucen



439. Yyammmces 8 kiaccoB HeGONBIIONO roposa Gbula MpeLIOXKeHa KOHTPOJIbHAA
pabora no anrebpe, cocTosBIIas W3 IecTH 3anaHuii. I1pu moaseneHNH MTO-
roB Oblla cocTaBneHa Tabauia, B KOTOPOH ObLIO YKa3aHO KOIMYECTBO yya-
LIMXCSI, BEPHO BBIMOJHUBLIMX OOHO, /B, TPM M T. N. 3amaHus. [Toms3ysce
3TOi TabiMueH, cocTaBbTe TAGIMIly OTHOCHTENbHBIX YacTOT.

Konu4yecTeo BbINOMHEHHbIX 3agaHuil 0 1 2 3 4 5 6

Konuyecteo yuyawmxcs 0 7 33 87 | 223 | 146 | 54

440. Ha cronbyaroii nuarpamme (puc. 30) mpexacTaBleHBl JaHHBIE O paclpene-
JneHuH pabouMx lexa mo Bo3pacTHBIM rpymmaM. [lone3ysck maHHONW aWa-
rpaMMoOii, HalmguTe:

a) uyucno paboumx 1exa B Bo3pacte ot 28 mo 33 jer;

0) ymcno paboumx liexa B Bo3pacte 10 33 JeT;

B) obmiee yMcio pabouyux Liexa;

r) caMyl0 MHOTOYMCIEHHYIO BO3DACTHYIO KATeropuio paboumx Iiexa.

Koxa-Bo

25

0 0-18 18-23 2328 28-33 33-38 38-43 43-48 48-53 53-58 Boapacr
Puc. 30

441. fBnsierca 1M BHIOOpPKA PENpPE3eHTATHMBHONM (MpeICTABMTENBHOI), €CIM IIpH
M3Y4YEHUH BIIMSIHUS TEAEBH3MOHHOM pEeKIaMbl Ha CIPOC notpeduTeseit Obi-
JIM OIIPOLUEHBI:
a) IoHOImM B Bo3pacTte or 18 mo 28 ner;
0) MeHCHOHEpH;
B) BCE 4WIEHBI CaJOBOrO TOBapwMIlecTBa?

YnpaxHeHus ONA NOBTOPEHWUs

442. Pemure ypaBHEHHE:

a) (2x — 3)(3x + 2) = 0;
6) (2x — 3)(3x + 2) = —6;
B) (2x — 3)(3x + 2) = 6.

x 2xy 2y —3x =
443. YnpocTHuTe BEIpaXeHHE (2y —a - 4y2) : (2y T 1)-

- 114 Maea 3. [leficTeuTenbHble Yyucna. KBagpaTtHbie KOpPHW



444. JIpa apTOMOOWMIISI, PACCTOSAHME MEXAy KOTOpeIMM 315 KM, Bblexaju HaBCTpe-
gy apyr apyry. Ckopocts nepsoro asroMobwiss 50 KM/4, a BTOpOro —
B 1,2 pasa Gonbmie. Haiimure Bpemsi, uepe3 KOTOpOe aBTOMOOWIIM BCTPETST-
csd, eclM W3BECTHO, 4TO BTOPOW aBTOMOOWIbL yCIesl ClelaTh OCTAHOBKY Ha
15 MHH 0 BCTpe4YH C MEPBHIM aBTOMOOUIIEM.

ABConioTHAa U OTHOCUTENbHasA MOrpPeLwHOCTb

B BbIMWUCNIEHUAX HA NPAKTUKE WCMONbL3YIOT, KaK NpaBuo, AecaTUYHble Apobu
C OrpaHuUYeHHbIM YUCNOM AECATUYHbIX 3HaKoB. Ecnu apobe 6eckoHevHas wnu
COAEPXUT CNMLLKOM MHOIMO AECATUYHLIX 3HAKOB, €€ OKpyrnsaT. Hanpumep, vp-
paumoHanbHOe YUCNO T, KOTOPOE BbipaxXaeTcs GeCKOHEe4HOW OEeCATUHHOW Hene-
puoavyeckoi apobbio 3,1415926536..., B 3aBMCMMOCTM OT pelLaeMoil 3aaaqm
OKPYMNAIT 00 AECAThLIX, COThbIX, ThICAYHbIX W T. 4. [lony4aloT pasnuyHbie npu-
6nuxEHHbIe 3HadyeHus nt, Hanpumep: 3,1; 3,14; 3,142; 3,1416; 3,14159.
Hanpém no rpagpuky dyHkuum y = 0,6x + 1,3 (puc. 31) eé npubnuxérHHoe
3HayeHune npu x = 1,7; 3,6:
ecnm x = 1,7, Toy = 2,3;
ecnm x = 3,6, To y = 3,5. yi
Mo ¢opmyne y = 0,6x + 1,3 MOXHO HaWTK
TOYHbIE 3Ha4YeHUs GYHKUMKM MPU Tex Xe 3Ha4ye-
HUAX aprymeHTa:
echm x = 1,7, To y = 2,32;
ecnn x = 3,6, To y = 3,46.
MpUbAMXEHHbIE 3HAYeHW OTAUYalOTCA OT A0l =
TOYHBIX 3HAYEHWIA HA HEKOTOPOoe MONOXUTeNnbHoe TT T T T L T T T
yucno. B nepeoM crnyyae OHO pPasHO PasHOCTU ‘ ' |
MeXay TOYHbBIM U MPUONMXEHHBIM 3HAYEHUAMM,
a BO BTOPOM — pPa3HOCTU Mexay npubnmxén- Puc. 31
HbIM 3HAYEHWEM W TOYHbLIM:
2,32 - 23=0,02; 3,5- 3,46 = 0,04.
MOXHO cKasaTtb, H4TO TO4YHbLIE 3HAYEHWUA OTNUHAIDTCH OT MPUBNMXEHHLIX HA
MOAY/b PA3HOCTH MEXAY HUMW, Tak Kak

12,32 - 2,3] = 0,02; |3,46 - 3,5| = 0,04.

Mogynb 3TON pasHOCTM Ha3bIBAT abCoMOTHONM MOrPeLIHOCTLIO0 NPUBNNXKEH-
HOro 3Ha4YeHwud.

I

Onpepenenve. AGCONIOTHON NOrpPeLWHOCTLIO NPUOBNNKEHHOrO 3HAYEHNA
Ha3bIBAaeTCA MOAYJ/b PA3HOCTU TOYHOrO M NPUONVXKEHHOrO 3HaAYEHUM.

B paccmoTpeHHOM npumepe abCconioTHaa MOrpewwHocTs NPUBANXKEHHOro
3HayeHuna 2,3 pasHa 0,02, a abconoTHas NOrpeLlHoCTs NPUBNMXEHHOTO 3Ha4Ye-
Hua 3,5 pasHa 0,04.

MpuBeném apyrve npuMepsl.

§ 6. MHOXeCTBO pauMOHa/IbHbIX M MHOXECTBO OEWCTBUTENbHBLIX YUCEN




Mpwmep 1. Okpyrnum aecatuyHyilo apobe 76,2961 [0 COTbIX M HaROEM
aGCoNIOTHYIO MOrPeLIHOCTb NPUBNMXEHHOIO 3HAYEHUSN.
BbINONHMB OKpyrneHue, nony4ymm:

76,2961 = 76,30.
Hainém abCconioTHYIO MOrpeLLIHoCTb:
| 76,2961 - 76,30| = 0,0039.

3HauuT, abconoTHas MOrpewwHoCcTb NPUBIMKEHHOrO 3HaveHua 76,30 pasHa
0,0039.

Mpwmep 2. OkpyriMM OECATUYHYIO 3anNUCh YUCNA T 00 OECATbIX U HAWOEM
abCoIIOTHYIO MOrPELHOCTL NPUBAMXKEHHOIrO 3HAYEHUS.
M3BecTHO, 4TO © paBHO 3,1415926536... . MNpwn okpyrneHun OO AECATLIX MO-
nyyaem:
n = 3,1415926536... = 3,1.

Bbiuncnum abCoMOTHYIO MOrpPeLIHOCTb:
|n - 3,1 = 0,0415926536....

BmMecTo nony4yeHHOro pesynstata co MHOrMMU Uudpamu GepyT oueHky ab-
COJIIOTHOWM MOrpeLwHoCcT C O4HOW unn AByms umdpamu, He cumtas 0 uenbix w
Opyrve Hynu, NpegliecTByiollMe NEPBOMA, OTIMHHOW OT Hyna undpe. B Hawem
cnyyae MOXHO B3ATk Yymcno 0,05, nony4yeHHoe nNpw okpyrneHun abconoTHON no-
rPeLHoOCTN A0 COTbiIX ¢ M3bbiITkOM. ToBOpAT, YTo T = 3,1 ¢ TOoYHOCThIO 0o 0,05.

3amMeTuMm, 4TO MpW OKPYrneHun nioboi OecATUHHON APoBM A0 AECATbIX Mo-
ny4aem npubnuxeHHoe 3HaveHue ¢ ToyHocThbio mo 0,05, npu okpyrneHuu [o
COTbiX — C To4HOCTH A0 0,005 v T. a. Boobuie npu okpyrneHnn OeCATUHHOW
Opobu 00 HeKOTOpOro paspsga nosydaem nNpUoNMXKEHHOE 3HaYeHWe C TOYHO-
CThi0 00 5 eguHuy, cnepyowero paspsaga. Yacto mcnonb3yiotT Gonee rpybyio
oueHky. CumTaloT, 4TO NPU OKPYrNeHMU AecsTu4HOoW Apobu A0 HeKOoToporo pas-
psaa nonyyalT NpubamMxeHHoe 3Ha4YeHWe C TOYHOCTLIO A0 OAHOM eauHWULbI 3TO-
ro paspsna. B Hawem npumepe 3,1 ecTb NpubnmkEHHOE 3HA4YEeHWEe 4ucna =«
¢ ToyHocTbio oo O,1.

Bo MHOrMx cnyyasx, Tak xe kak U B npumepe 2, HeBO3MOXHO HainTu abco-
NIOTHYIO MOrPEeLHOCTE NPUONMXEHHOTO 3HAYEHUsA, TaK KaKk HEeM3BEeCTHO TO4YHOoe
3HayeHue. [puMepoM MOryT CNyXWTb pe3ynbTaTthbl, Nony4aemMsie Npu U3MepeHun
ONIMH, NPOMEXYTKOB BPEMEHW, MACC M APYrnX BENWHUH.

Boobue, ecnu x = a n |x — a| € h, T0O a ecTb NPUBNNXKEHHOE 3HAYEHUE
X C TOYHOCTBLIO 00 A.

MamepuB nuHEnkon ¢ MUNNMMETPOBOW LWKano TonwuHy H MOHeTbl n eé
ouameTtp D (B caHTumMeTpax), nonyyaem:

H =~ 0,2 ¢ TouHocTbio Ao 0,1;
D = 2,5 ¢ TodHocTeiO go 0,1.
MNpy U3MEPEHUWU TOJIUMHLI MOHETHI abCcoNTHaA NOrPeLHOCTb MOXET CO-
CTaBuTb MOMOBMHY NPUBAMXKEHHONO 3HAYeHWs, TOrAa Kak Npu M3MepeHun aua-
MeTpa oHa He MOoXeT ObiTb Bonee 0,04 NPUBAMXKEHHOrO 3HAYEHWs, TaK Kak:

0,1:02=05 01:25=0,04.

Fmaea 3. OeiicTeuTenbHble Yucna. KeagpaTHble KOpPHU



MOXHO cKa3aTb, 4TO KA4ecTBO BTOPOro M3MEpPeHWUs 3HA4UTENbHO Bbllle Ka-
yecTBa nepsoro. KayecTBO M3MEPEHWUA XapakTepuayloT OTHOCUTESIbHOM MorpeLu-
HOCTBIO.

Onpepnenenve. OTHOCUTENLHOW MOrPeLHOCTbIO NPUONMXEHHOrO 3Ha-
YeHMs Ha3bIBaeTCA OTHOWeHue abGCOoNITHOW MOrpelwHocTU K MOAYNio
NPUONMXEHHOrO 3HAYEHUA.

Ona NpuBNMXEHHBIX 3HAYEHWIA TONLLMHBI U AWaMeTpa MOHETbl HEBO3MOXHO
BbIYUCANTL OTHOCUTENBHYKD MOrPEeLHOCTL, Tak Kak B 3TOM CJlydYae HEeW3BecTHa
abconoTHas norpewHocTe. OQHAKo Mbl YXe OLEeHWIW CBEpPXy OTHOCUTENbHYIO
norpewHocTs. Ans npubnnxéHHoro sHaveHma 0,2 oHa menbwe wan pasHa 0,5,
a ana NpuBAMXKEHHOrO 3Ha4YeHua 2,5 — MeHble unn pasHa 0,04. 3Ty oueHky
06bI4HO, KaK M OTHOCWUTENbHYIO MOrpeLlHOCTb, BblpaxXaroT B npoueHTax. Tak kak
0,5=50% wn 0,04 = 4%, 10

H = 0,2 ¢ oTHOoCUTEnbHOW TouyHOCTBIO A0 50 %;
D = 2,5 ¢ OTHOCUTENBLHOW TOYHOCTbIO N0 4 %.

Mpumep 3. Okpyrnum gpobeb 50,1 0o eamHul, U BbIHMCIUM OTHOCUTENBHYIO
MOrpeLlHoCTb MNOMYYEHHOrO NPUBAVKEHHOIO 3HaAYeHWs.
Mpwn OKpYrmeHuM OEecATUYHOW Apobu A0 edWHUL, Nony4aem:
50,1 = 50.
Hainpém abCONOTHYIO MOrpeLHOCTb:
|50,1 - 50| = 0,1.
Tenepb MOXHO HAWTWU OTHOCUTENIbHYIO MOrpPeLlHOCTb:

o2 = 0009 = 0.2%:
0l
3Hayur,
50,1 = 50 ¢ oTHocuTenbHOW norpewwHocTeio 0,2 %.
YnpaxHeHus

445. Okpyrnure apobu 21,84 u 7,56 cHayana 10 AECATBIX, 3aTEM [0 E€AWHMI U
HaiauTe a0COMOTHYIO MOIPEIIHOCTh KAaXIOTO MPUOIVIKEHUS.

446. Briuuciaure abCOMIOTHYIO MOrpeliHOCTh NPUOIMKEHHOTO 3HAYEHUs, TIOIY-
YEeHHOTO TIPH OKPYINIEHHM OpOOH:

a) 0,385 no necsThiX; B) 25,62 1m0 eNWHMIL,
6) 1,044 no cothix; r) 761,3 10 OeCATKOB.

447. TlpencraBbre 4MCIIO H]j!l B BUIE IeCATHUYHOH NpoOM M OKpyrivTe Apodb 10

eIUHWLI, NEeCATHIX M COThIX. Haiinute aOGCOMIOTHYIO MOIPELIHOCThE KaX[10ro
NMPUOIHXKEHHOTO 3HAYEHUS.

§ 6. MHOXecTBO pauMoHanbHbIX U OEWCTBUTENbHbBIX YUCES




448.

449.

450.

451.

452.

453.

454.

455,

Haiinute mno rpadwky dyHKIMM
y = x> (puc. 32) npubIMKEHHbIE
3HaueHuss y npu x = 0,8; 1,3; 2,5.
Beruncnure aGCoMOTHYIO TOrpeL-
HOCTh KaXIOoro mnpHOIMXEHHOTO
3HAYEHMS,

Haiinute npubGnmxénHoe 3HaueHWe
JJIMHBI Kaxmoro orpeska (puc. 33)
M YKAXUTE €ro TOYHOCTh.

3a OmHY TOe3lKy H3pacXoIOBIH
bosiee TpEX, HO MEHEE YEeTHIPEX JIH-
TpOB OeH3MHA. YKaXWUTe€ TOYHOCTh
MPUOIMKEHHOIO 3HAYeHWs] M3pac-
XONOBaHHOTO OeH3MHa, ecad 3a
NMpUOMKEHHOE 3HAYEHHE MPHHSATH:
a) 3 m

0) 4 m

B) cpenHee apudMeTHyeckoe 3 I

a4 .

Ha MutuHre npucyrcrsosano Gonee
20 Teic. 1 MeHee 30 ThIC. YelOBeK.
Kakoe uucno siBnsiercs Gonmee Tou-
HEIM  TIPUOJIMKEHHBIM ~ 3HAYEHHEM
YyHClia JIIOAEW, IIPUCYTCTBOBABIIMX
Ha MHUTHHTEe? VYKaXuTe TOYHOCTH
3TOro NpUONMAKEHHOTO 3HAYEHHS.

Kaxayro M3 mecatmyuHbIx apobeit
0,45; 2,53 n 31,98 okpymure 1o ne-
CATBIX M BBIYHCIUTE aDCOIIOTHYIO U
OTHOCHUTEIBLHYIO MOTPENTHOCTH ITpU-
ONVMKEHHBIX 3HAYEHM.

12 .
3anuiuure ZE B BUIE JECATUYHOM

OpobH, OKPYIIUTE IOJYYMBIIVIOCS
Opobb 0O EOUHHII M [0 JECHATHIX.
Boluucnure mis Kaxmoro mpuOIH-
KEHHOrO 3HaYeHUs abCOMIOTHYIO H
OTHOCHUTENBHYIO TMOTrPEIIHOCTH.

y
.
1.._
B EE NN
:_1-.. !
Puc. 32
B
E F
e
Puc. 33
y

1_

Puc. 34

Haiiute o rpadguky dyukuuu y = x> — 1 (puc. 34) npuGIMKEHHBIE 3HA-
yeHud y nipu x = 1,8; —1,5. BbIYHACIUTE OTHOCHTENbHYIO MMOTPELUIHOCTh KaX-

IOro M3 NpUONMXKEHHBIX 3HAYEHWI.

Poct 4enoseka npubawkénHo paseH 175 cM ¢ TouHocThio Mo 1 cM. Oue-

HHUTE OTHOCHUTEIBHYK TIOTIPpelIHOCTS.

Maea 3. [eicTBuTenbHbIe Yyucna. KBagpartHbie KOpHM



456.

457.

[Liowans Benoro Mopsi MpubmkéHHO paBHa 90 ThIC. KM’ (C TOYHOCTBIO 10
500 km?%). OLEHUTE OTHOCHTEIBHYIO TOTPEIIHOCT PUOIVKEHHOTO 3HAYEHWSI.

HUsMepuny TOMMIMHY NpoBosiokd L u paccrosiHue / ot 3emnau no JIyHbL
Monyuwnn pesyasratel: L =~ 2,4 MM ¢ TouHocTbio 1o 0,1 mMm; / = 384 400 kM
¢ TouHoCThIO 10 50 kM. CpaBHWTE TOYHOCTH M3MEpPEHUH, OLIEHWB OTHOCH-
TeJIbHbIE MMOTPEITHOCTH.

YnpaxHeHus Ans NOBTOpPEeHUs

458.

459.

460.

_13.

[lpencraBeTe Kaxknoe W3 YHCEN 2%; 3 3,25; —7,5 m —6 B BUIE OTHO-

LIEHUs LIEJOT0 W HATYPAJbHOIO YHMCEI.

YhpoctHute BBIpaXXEHUE:

3 1 3 2x —1}).
%) (1—x+x2+1+x_1+x3)(x_” I+x)’

6)( B 2)-"3“’3.

x+y  P-x?] P-xy

HseectHo, uto a + b — ¢ = a u ab — ac — bc = [. Boipasure

a’ + b + c* yepes o u B.

IZI KoHTponbHbie BONPOCHI U 3ajaHuA

1.

S ®wua

1

11.

Kakue uyucia obpasyloT MHOXeCTBO palMOHaNbHBIX uMcen? Kakwue umcia
MPEeNCTABISAI0T MHOXECTBO OECKOHEYHbIX NECATHYHBIX MEPUOIMYECKUX IpPO-
Oeii? Kak obo3HavaeTcss MHOXECTBO pallMOHaJIbHBIX 4ucen?

Kakue umcna nHaswiBatoTcs nedcTBUTENbHBIMH? Kak o0O03Ha4yaeTcss MHOXe-
CTBO NEWCTBHUTENLHBIX YHCEN?

Kakue yucna Ha3bBalOT UpPpallMOHAIBHBIMM YMCIAMU?

Kakwue neiicTBUTENbHBIE YHCIAa MOXHO MPeaCcTaBUTh B BUJE APOOM C LIEIBIM
YHUCIIHUTECIIEM H HaTypalabHBIM 3HaMeHaTeaeM?

IMpuBenuTe NpyUMepbl Pa3IUYHBIX IMPOMEXYTKOB, 3alMIIUTE MX C MOMOIIBIO
ck0DOK M M300pa3uTe HAa KOOPAHUHATHOM IIPSAMOM.

Ob6bsACHUTE, KaK 3aMEHHTEL BEIDOPKY WHTEPBAJIBHBIM PSIOM JAaHHBIX.
YT1o Ha3BIBAIOT OTHOCHTENILHOIN 4acTOTOM BapUAHTHI?

Cdopmynupyiite onpeneaeHre aGCOMOTHON MOTrPEITHOCTH TIPHOIMAKEHHOIO
3HAUEHUS.

Yro 03HA4YaeT 3aluch X = g ¢ TOYHOCTEIO 10 A?

Chopmymupyiite onpeneneHrne OTHOCHTEIBHOM MOIPEIHOCTH TIPHOIKEH-
HOTO 3HAYEHUS.

Yr1o o3HAYAET 3alMCh X = g ¢ OTHOCHTEJIBHOW TOYHOCTBIO mO o %?

§ 6. MHOXeCTBO paunoHanbHbIX U AEWCTBUTENLHbLIX YUCEN




§ 7. ApudpmeTUHecKU KBaapaTHbIN KOPEHb.
DyHKUMA y = J/x

22. ApudpmeTrnyeckuin KBaapaTHblA KOPEHb

3apmasa. MNnowank kBagpata paesHa 729 cm?. Yemy pasHa CTOpoHa KBagpara?

JonycTtuMm, 4TO CTOPOHa KBagpaTta paBHa x CM, TOrAa ero naowans pasHa
x?> cM®. Mo ycnoBwio 3apauM MioWaae Keagpata pasHa 729 cm?. 3Hauwr,
X2 =729,

C nomoubio Tabnuubl KBAApaToB OBY3HAYHBIX YACEN, NMOMELLEHHOR Ha dop-
3aue B KoHUe Yy4ebHuka, Hahgém, 4YTO OOHMM W3 KOpPHEel ypaBHEeHWUs
x* = 729 asnsgertca yicno 27. O4eBMAHO, YTO APYrMM €ro KOPHEeM CNYXUT npo-
TUBOMONOXHOE 4YnCno, T. €. Yucno —27.

YcnoBuio 3a4a41 COOTBETCTBYET TONBKO MONOXUTENbHbIA KOpeHb. UTak, cTo-
poOHa kBagpara paBHa 27 CMm.

Pelwas 3agaqy, Mbl COCTaBUAM ypaBHEHVE BUAA X° = @, [Ae a — HEeKoTopoe
4ynucno. BeISICHUM, CKOMBKO KOPHEW MMEET ypaBHEeHWe Takoro Buaa B 3aBMCHMMO-
CTWU OT 3Ha4YeHus 4.

Ecnm a < 0, TO ypaBHEHWE X° = g He UMe-
eT KopHel, Tak kak Ksagpart noboro yucna se-

y
_ * NSETCA HeoTPULATENbHBIM YUCTIOM.
L PR Ecnv a = 0, To ypaBHeHve x> = a umeeT
e[VHCTBEHHbI kopeHb — uucno 0.
y=a Echm a > 0, TO ypaBHeHWe X° = a umeer

ABa KOPHA. YTo6bl y6eauThCst B 9TOM, BOCMONb-

ayeMcsi rpadvkom ¢yHkumm y = x° (puc. 35).

J Mpu a > 0 npsimas ¥y = a nepecekaeT napabony

| :?, x B OBYX TOYKax, CUMMETPUYHbLIX OTHOCWUTENBHO

ocu y. O603HaUMM aBCUMCChl TOYEK nepeceqe-
HUSL X, N X,. TOraa X;=a u X;=a, T. €. 4icna
Puc. 35 X, U X, ABNSIOTCA KOPHAMU YPABHEHUS, MPU4EM
X B =,
KopeHb ypaBHeHUsi x° = a Ha3blBalOT KBAAPATHLIM KOPHEM 13 a. Hanpumep,
Kaxnoe u3 umcen 27 n —27 aBNsSeTcA KBaApaTHbIM KOPHEM u3 729.
Boobuwe

[!_—! KBaApaTHBIM KOPHEM W3 YUCNa @ Ha3bIBAIOT YWCNO, KBaApaT KOTOpPOro pa-
BEH a.

HeoTpuuaTtenbHblid KBaApaTHbIA KOPEHb U3 YMcna nony4ynn creunansHoe Ha-
3BaHNE — apUPMETUHECKNIA KBaaPAaTHbIA KOPEHb.

Onpegeneswe. ApudmMmeTnyeckum KBaapaTHbIM KOPHEM M3 4UCia g Ha-
3bIBAETCH HeoTpuuaTeNlbHOEe YMC/0, KBaapaT KOTOpPOro paseH a.

lmaea 3. JeiicTButensHble 4Yucna. KeagpaTHbie KOpPHMU



Ons apnudMeTUIecKoro KBaapaTtHoro KOpHsA U3 a NpuHATO 0bo3Ha4eHue: \/c_l.

3Hak \/_ Ha3bIBAIOT 3HAKOM apUOMETUYECKOr0 KBAAPATHOIO KOPHA WNW 3HaKOM

pagukana (OoT nat. radix — KOpPEeHb), a BblpaXeHue, 3anucaHHOe Mo, 3HAKOM
KOPHA, — MOAKOPEHHbLIM BbipaXeHuem. 3anucb Va 4uTaloT Tak: «apudmeTtvye-

CKWIA KBagpaTHbIA KOpeHb M3 a». MHorpa ansa KpartkocTWu CNoBO «apudmeTude-
CKMIA» MPWU YTEHMW OMyCKaloT. 3HaK pagukana, NoXOXWMA Ha COBPEMEHHbIW, no-
ABUNCA Y HUOepnaHackoro marematuka Ancbeprta XXupapa B 1626 r., a coepe-
MeHHOoe 0603HaYeHre apudMeTU4eckoro KBaapaTtHOro KOpHsa BnepBble BCTpeya-
eTca B pabote PeHe [ekapta «PaccyxgeHve o metope» (1637).

Mol nokasanu, 4To ecnm @ > 0, TO ypaBHEHME X° = g UMEeT HeoTpuLaTenb-
Hblii KOPEHb, T. €. Npu Niobom a = 0 CcywecTByeT HeoTPUUATENLHOE YUCNO, KBaa-
paTt koToporo paeeH a. MHaye rosops,

r_!-_'npm no6om a > 0 Bbipaxenne a umeer cmbicn. Ecnm a < 0, To Bbipa-
xeHne a He umeer cmbica.

lMpuBeaémM NpUMepbl HAXOXOEHUA 3Ha4YeHusi apupMeTUHECcKoro KBagpaTHoro
KOPHS, WX, Kak roBOPAT WHaYe, u3B/eYeHus apudMeTUHecKoro KBaapaTHOro
KOPHA W3 4ucna:

J81=9, tak kak 9 — HeoTpuuaTensHoe umcno u 92 = 81,
{0,0144 =0,12, Ttak kak 0,12 — HeoTpuuartensHoe yucno u 0,122 = 0,0144,

J0=0, tak kak 0 — HeoTpuuaTensHoe wncno n 0 = 0.

B paccMOTpeHHbIX npruMepax 3Ha4YeHwue BblpaXeHus \/E fABNdeTca pauuvo-

HanbHbLIM Yucnom. OHako 3HaYeHWe ATOro BblpaXeHWss MOXeT BbiTb uppaumo-
Ha/lbHbIM 4MCNIOM. Hanpumep, paHblle 66110 NoKasaHo, YTO He CyLecTByeT pa-

LMOHANBHOrO YMCNA, KBAAPAT KOTOPOro paseH 2. 3HauuT, V2 — uppauvoHans-
HOE YMcno. MppaumoHanbHbIMW YUCNaMU SBNSIOTCA TAKXKE 3HAYEHUS BLIPAXEHWIA

V5, V3, -\6,2, 202, V7T +\2 u 7. n.

MoxHO JokasaTb, 4TOo

[BGCIWI HaTypanbHOE YMCNO a He ABNAETCHA KBaApaTOM Kakoro-nubo HaTtypanb-
HOro 4ucna, 10 \/E — UppauuvoHasibHoe 4YWMcno.

N3 onpepeneHvs apudmMeTUYecKoro KOpHA Cneayert, HTo

E’ecnm BbipaxeHwue Ja umeet CMbICH, TO Ja=0 n (JE)2= a.

2
Haiiném, Hanpumep, aHaueHue suipaxenus —0,5(v13) . Tak kak (\/ﬁ)zzm,

10 -0,5(+13)' = -0,5- 13 = -6,5.

§ 7. ApnpmeTnyeckuii KBaopaTtHblid KOpeHb. DyHKUMA y = x/;




YnpaxHeHus

461. Tlocrpoiite rpadmk HYHKUMH ¥ = X* ¥ C ero MOMOIIbBIO PELINTE YpaBHEHMUE:

a) 2t = 1; B) XX = 4;
6) XX = 3; N x=-—

462. Pemnte ypaBHEHHE:
a) 0,3x* = 1,2; 6) —0,2¢ = 1,8; B) 0,72 = 0.

463. BepHo s, yToO:

a) V36 =6; B) /4,9 =0,7;
6) \/573 =2L ry 0,01 =—0,1?

464. Haiinute 3HaueHWE BBIPAKEHMS:

a) /6400; r) —+/0,0001; x) —% 0,09;
6) /0.,25; n) 0,7,/0,81; 3) HVL2L;

B) 1%; e) -5+3600; m —1,22.

465. Halinute 3HaueHHEe BBIPAKEHUS:
a) \/6_1—\/3, ecm a = 1, b = 0,64;
6) Jm, e a = 1, b = 0,64;
B) 2Ja+4b, ecnu a = 0,12, b = 0,01;
r) m, ecmi a = 0,6, b = 0,8;
) m, ecan a = 0,7, b = 0,09;
€) —J;—-—\/E, ectu a = 4,8, b = 0,64.
466. Ilonb3ysick Tabiauieil KBanpAaTOB ABY3HAYHBIX 4YHCEN, HaiinuTe:
a) J256; r) —/2916; X) \/\/ﬁ ;
6) J1369; 1) O,SM; 3) —+/2401;
B) V4761; ¢) 3V5625; n) —2+ /9604 .

Fnaea 3. OeicTBuTenbHble Yucna. KeagpaTtHbie KOpPHU



467.

468.

469.

470.

471.

472.

473.

§ 7. ApupmeTnyeckmii KeagpaTHblii KOpeHb. PyHkUMa y = \/;

BepHo n1m, uro:!

a) \/2,89 =1,7; r) \/0,64 =0T
1 _ 1= _ _0A
6) —Jg_ LS, 1) —0,36<—0,7;
B) \/0,09 =-0,3; e) —\/0,04 <—-0,1?
JokaxuTe, 4TO UPPALMOHANBHBIM ABJISAETCS YHUCIO!

a) V5; B V3—1;
6) V3; r) VS+1

3anuIuATe TPH KaKWX-JIMO0 3HadeHus: b, PW KOTOPHIX 3HAYEHWE BhIpaXe-
Hus +/3b—1 gasnsiercs:

a) palMOHAIBHBIM YHCIIOM;
0) MppALMOHAJILHBIM YKCIIOM.

Haiinyre 3HAaYeHHE BBIPAKEHUS:

2)(V7)’; » —(VI1):  m —03(y27);
6 (o3’ n -(\38); o (-0.2/056).

Hajinure 3Ha4YeHHe BBIpaXKEHUS:

0 T i -
6 IF17=5 + [ 12+ o7 - ().

HMMeer U cMBICT BhIpaXKeHUE:

a) ~—36; B) (=0,1)"; n \(=0,4)", me n € N:
6) —/36; r)\/O-—lf'; e)m,menei\f?
[lpu xaKkux 3HAYEHUSIX @ UMEET CMBIC/ BbIPAXEHHE:
a)\/(—7; B) (a—4)?%; n) V4@’ +4a+11;

6) V—a’; r) \/tm; e) —9a*+6a—1?




474.

475.

476.

477.

478.

479.

480.

Cokpatute a1poOb:

3. 12, 12,
a) B’ B) ﬁs o) SJE’
5 . 21, 35
o) ek T) 7 e T
Pasznoxure Ha MHOXWUTENH BBIPAXKCHHUE!
&7 =T B) & — 10;
6) 62 —31; r) 19 — 645
Cokparute apobb:
a-2, J3+3, @ +2a3+3,
a) 0—\/5’ B) \E 3 JI) a+\/§_’
2 2_4pf5+5
6) =1 545, 4b* — 4b '
) T D550 9T G-

Jlokaxute, 4To eciad a > 1, 1O ‘/a+ 5

a2—1

3. [a4x. [s5. [g6. [Z. [g2
W3 maHubix Bhpaxenuit (333 (453 (S5 GE’ Tay  of8ss

BBIOEPUTE TE, KOTOPEIE MOXHO Mpeo0dpa3oBaTh, HCMOJIb3ys 3TO TOXIECTBO,

M BHITIOJHUTE NMpeobGpa3zoBaHMeE.

Pemmte ypaBHeHue:

a) Jx=3; B) Jx —16=0;

6) 3Vx =1,5; r) 0,lWx +9=0.
Peliute ypasHeHuUe:

a) Jx—3=2,5; B) JXx—4—-0,6=0;
6) y2+x=-1,7; rj 36+ x +0,9=0,

HajinuTe KOpHM ypaBHEHHWS WJIM JOKaXWTe, YTO MX HET:

3+0x =2; B) Y2+ 3 +Vx =2;
6) V5S—x =1; ) y2+45—Jx =2.

fmaea 3. QencTButenbHeie Yyncna. KeagpaTHbie KOpPHU

S



481. Pemmmre ypaBHEHME, pa3/iOXKUB JIEBYIO YacTh HA MHOXWTEIH:
a) x—2Jx=0: B) Xx—2—x—=2=0;

6) 2x —VJx =0; r) 2x+2—4/x+1=0.

482. 3Has, 4YTO NEpeMeHHble TPHHMMAIOT TOJBKO ITOJIOKHUTENbHBIC 3HAYECHMS,
BbIpasure U3 QOpMYJibl:

a) d=4,Jh nepemenuyio h: B) v =0,6\2gh nepemennyio h;
6) t= \/% NnepeMeHHyI0 a; r) T=2n‘/§ MepeMeHHy1o /.

YnpaXHeHus ANs NOBTOPEHMA

16 25-4°
a—5 a—10

483. Hokaxwure, uto npH a > 10 BeIpaXkeHHE @ — MPUHHUMAET TIO-

JIOXKHMTE/IbHBIC 3HAYEHHMSA.

484. Coxkparure npo0s:
66 . 30 -3 . 2+ 4b° + 2ab
a) e 0) _ag—’ B) %
5B + 60b + 180 2a—a’—1 56b° — Ta

485. Jlokaxure, 4TO MHOXECTBO HATYPAJIbHBIX CTeleHeil uMcna 3 3aMKHYTO OT-
HOCHUTEITBHO YMHOXEHUSI U HEe3aMKHYTO OTHOCHUTEIBHO CIOXKEHMUSI.

23. Bbluncnenune n oueHka 3Ha4yeHUin KBaapaTHbIX KOPHEN.
CraHpapTHOE OTKIIOHEHue
PaccMOoTpUM OaMH M3 NPUEMOB HaXOXASHUS MPUBAMXEHHBLIX 3HAYEHWIA

apuUPMeTNHecKoro KeBagpaTHOro KOPHsSl. DTOT NPUEM OCHOBaH Ha Cchenylolel
Teopeme.

Teopema. Ecnv a > b > 0, To Ja >+/b.

Aoxasarenscrso. Tak kak no ycnosuio a > b, 70 a—b > 0. MNockonbky
a>0wnb>0,T0a= (\/a_)2 mb= (\/5)2 CnepoBatensHo, a — b =(J3)2-(\/5)2=
= (\/_ - \/E)(\/E + \/E) Mockonbky a — b > 0, 71O (J_ £ \/E)(JL_Z + JE) > 0.

Mo onpeneneHnio apuPMETUYECKOro KBaApPaTHOrO KOPHA W Yy4uTbIBas, 4TO
a>0wnb >0, byoeMm nmets Va>0 u Jb>0. Torpa Ja+b>0. Ho npowus-

§ 7. ApudmeTtnyeckuii KBaapaTHbii KopeHb. OyHKumMS y = \/T




BeJieHNe OBYX MHOXWUTENEeW NONOXWUTesNIbHO, eCNu MHOXWUTEeNu UMEeloT O4MHAaKOo-

Bblil 3HaK, T. €. ecnm Ja++b>0, To u Ja-Jb>0. U torna Ja>+b, uto n
TpeboBanoch O0Ka3aThk.

Mcnonb3ys O0KasaHHY TEopemMy, MOXHO BbIMUCASATL NPUONMXKEHHbIE 3Ha4Ye-
HWA KOPHS C OOHUM, OBYMSA, TpemMa W T. 4. 3Hakamu nocne 3anatoi. MNokaxem
aTo Ha npumepe 2.

Hairpém cHavana gBa nocnegoBaTesibHbIX HATYPasbHbIX 4MCna, MexXxay KOTo-

pPbIMW 3aKNIOYEH J2. Tak xak

rege
TO

1<2<2.

Yucna 1 n 2 — npubnmxkEHHbIe 3Ha4eHus V2 ¢ TouHoCTBIO no 1, neppoe —
C HepoCTatkoM, a BTOpoe — C n3ObITKOM.
Bynem Tenepb nocnenoBaTesibHO BO3BOAWTL B KBagpar uwucna 1,1; 1,2;
1,3; ...; 1,9, noka He nony4um uucno, Gonblee 2:
1,12 = 1,21; 1,22 = 1,44; 1,3% = 1,69; 1,4° = 1,96; 1,5° = 2,25.

3HauumT,
142 €2 <15,

1,4<+/2 <1,5.

Yucna 1,4 n 1,5 — npubnmxéHHble 3Ha4YeHus J2 ¢ TouHocTbio no 0,1

C HeOoCTaTkOM U C M3ObITKOM COOTBETCTBEHHO.
Janee 6ynem Bo3BoOMThL B kBaapaT uacna 1,41; 1,42; 1,43; ...; 1,49, noka
He BCTpeTUTCH Yncno, Gonbwee 2. BbINONHAA BLIMUCNEHUS, HAWOEM, YTO

1,412 = 1,9881 un 1,422 = 2,0164,

1,412 € 2 <1.:49%,
Otciona
1,41<2 <1,42.

Mbl HawAKW, 4TO MPUBAMXKEHHBIMW 3HAYEHUAMU J2 ¢ TouHOCTBIO no 0,01
apnaTca 4mcna 1,41 (c HepoctaTkom) M 1,42 (C M36bITKOM).

Bo3soas nocnenosatensHo B keagpar yvucna 1,411; 1,412; 1,413; ...; 1,419,
HaWOem, 4YTo

1,4142 = 1,999396; 1,415% = 2,002225,
1,414 < 2 < 1,415%

Maea 3. QelcTeuTenbHblie yicna. KeaapaTtHbie KOPHMU



OTcropa
1,414 < V2 < 1,415.

Mbl HawnM NpUBNNXEHHbIE 3HAYEHUs V2 ¢ TouHocTbIO 0 0,001 — 37O HMC-

na 1,414 (c Hepoctatkom) 1 1,415 (c nabbiTkom). MNMpogonxas TOT Xe npouecc,
HaOém, 4To

1,4142 < 2 < 1,4143,

1,41421 < 2 < 1,41422

n T O
Paccmatpusas nocnegHee OBOMHOE HEPaABEHCTBO, MOXHO CKasaTb, 4To Gec-

KOHe4YyHas necATudHas opobb, npeactasnfiowas coboil Yymcno JZ_’, Ha4YMHaeTcH
Tak: 1,41421..., T. e.
V2=1,41421....

Ana HaxoxpeHusa NpUbNnxXeHHoro 3HavYeHus apudMeTM4eckoro KeBagparHo-
ro KOpHfi C 3a0aHHOW TOYHOCTBLIO UCNONbL3YIOT U Apyrue npuémel. Ewé B [pes-
Hem BaBunoHe ans BblMUCNEHUSA NPUBNMXEHHBLIX 3HAYEHWIA KBaApPaTHbIX KOPHEN

MCNONb30BanoChL NPaBuno, 3anuckiBaemoe GopmMmynon
\/az +h=a+ l’—-.
2a

Hanpumep, V26 =5"+1=5+ ﬁ =5,1. OpHaKo BbLMWCNEHWE KBaAPaTHbLIX

KOpHel C 6Gonee BLICOKOW TOYHOCTLIO OKA3biBAETCA AOCTATOYHO TPYOOEMKUM.
[MoaToMy B NpakTUHECKUX pacyétax Afsi HaxoXAeHUs NPUOAMXKEHHOro 3HaYeHus
apupMeTnHeckoro KBagpaTtHOro KOpHS NPUMEHSIIOT cneunanbHble Tabnuubl uam
3NEKTPOHHO-BbIYUCNUTENbHBIE MALUWHbI.

ApndmMeTnyeckmini KBaapaTHbii KOPeHb MCMNONbL3YETCA B ONucaTenbHoi cra-
TACTUKE AN9 BbIYMCIEHWUS KNACCUMYEeCKO XapakTepucTuku pasbpoca psga naH-
HbIX — CTaHAapTHOro OTK/IOHeHus. CTaHOapTHOE OTK/IQHEHWE — 3TO apupme-
TUHECKUIA KBaApaTHLIA KOPeHb U3 aucnepcuy psaa gaHHoix. MNpueegém npumep
NPUMEeHeHUs CTaHOAPTHOrO OTKNOHEHWs ANS MCCnenoBaHus psna AaHHbLIX.

Mpumep 1. Ha HekoTOpoi dapmauesTuyeckoin gpabpuke asTomMaTtbl NPouUs-
BoAsT Tabnetkn maccoii 300 mr. Mpu nNpoBepke ABYX aBTOMAaToB ObINO npoee-
OeHo To4yHoe B3BewwurBaHuve 10 Tabnetok, NPOU3BEABHHBLIX KaXObiIM aBTOMAaTOM.
PeaynbTathl B3BELWMBAHUA MOKasaHbl B Tabnuuax.

Peaynbtathl B3BELWMBAHWMA TAGNETOK, BbiMYLLEHHLIX MEPBLIM aBTOMAaTOM:

Homep Tabnetku 1 2 3 4 5 6 7 8 9 10

Macca Tabnetkm (mr) | 295 | 291 | 301 | 297 | 304 | 302 | 296 | 296 | 305 | 299

§ 7. ApudMeTUHeckuin KBaapaTtHblil KopeHb, DYHKUMSA ¥ = VX




Pesynbrathl B3BELLUMBaHUA TabNeTok, BbiNyLLUEHHbIX BTOPbIM aBTOMATOM:

Homep Ttabnetku 1 2 3 4 5 6 T 8 9 10

Macca TabneTku (Mr) | 293 | 295 | 295 | 294 | 292 | 294 | 296 | 295 | 293 | 292

CpaBHUMM TOYHOCTbE paboThl Kax4oro asromMara.

CpenHee 3HaYeHue Macchl TabneTok, BbiNyCKAaeMblX MNepBbiM aBTOMATOM,
paBHO 298,6, 4TO Bcero Ha 1,4 Mr oTIMHaeTcs OT Heo6x0AMMOro 3HaYeHus mac-
cbl Tabnetku.

CpepHee 3HavyeHue Macchl TabneTok, BbINYCKAaEMblX BTOPbIM aBTOMATOM,
pasHo 293,9 mr, 4TO oTAMHaeTcs oT HeobxoauMmoro 3HaveHus Ha 6,1 mr

3anuwem B Tabnuuy OTKIOHEHWS Maccel TAabneTok OT ux cpepHero apudg-
METWHECKOro ANf KaXaoro asToMaTta WM BblMUCIMM KBaApaThl OTKIIOHEHWA.

OTKNOHEHUA Macchl TabNeToK, BbIMYLLEHHbIX MepBbiM aBTOMAaTOM:

Homep Tabnertku 1 2 3 4 5 6 T 8 9 10

Macca Tabnerkm (mr) | 295 | 291 | 301 | 297 | 304 | 302 | 296 | 296 | 305 | 299

OTknoHexHue (Mr) -36|-76| 24 |-16| 54 | 34 |-26|-26| 64 | 0,4

Keagpar orknoHenus |12,96|57,76| 5,76 | 2,56 [29,16|11,56| 6,76 | 6,76 {40,96| 0,16

OTkNoOHeHUss Macckbl TabneTok, BbiMyLWEHHbIX BTOPbIM aBTOMAaTOM:

Homep TaGneTtku 1 2 3 4 5 6 7 8 9 10

Macca tabnetku (mr) | 293 | 295 | 295 | 294 | 292 | 294 | 296 | 295 | 293 | 292

OTtknoHeHwe (mr) 09} 11|11}01}-19}01]| 21| 11]-09]|-18

Keagpar oTknoHenus | 0,81 | 1,21 | 1,21 | 0,01 | 3,61 | 0,01 | 4,41 | 1,21 | 0,81 | 3,61

Hainém craHaapTHOe OTKJIOHEHME MepBOro psaa AaHHbIX Kak KBagpaTHbIN

KOpeHb W3 cpeaHero apudMEeTUYeCcKOro KsaapaTtoB OTKNOHEeHWi J17,44 =42,
CraHmapTHOe OTKNOHEHWe BToporo psiaa Gymet pasHo /1,69 ~1,3.

Mony4eHHble CTaHAapPTHLIE OTKIIOHEHUSI TOBOPSAT O TOM, 4TO pa3bpoc Macchi
TabneTok, BbIMYLEHHbLIX NepBLIM aBTOMaToM, NpubnuanTensHo B 3 pasa Gonblie
3TOW XEe XapakTepucTUKW BTOpPOro asTomMara. Mcxoaos n3 9TOoro, MOXHO npenno-
NOXWUTh, 4TO M3HOC .n.eranef& nepeoro aeTtomara 3Ha4YNTENBbHO 60nbLLI9, TOrga Kak
BTOPOI aBTOMAT BCEro NUlb HYXJAEeTCH B HE3HAYUTENLHOW PEerynnpoBKe.

fmasa 3. OeucreutensHble Yucna. KeagparHbie KOPHU



B cratuctuke npuHATbl cnepyowme obo3HaveHns. Ecnu cpenHee apudme-
TUYECK A0a OaHHbIX
Xy Xgy Xgy woes X

0603Ha4MTb Kak X, TO OTKJIOHEHWUSI BAPWAHT OT CPeaHero apudMeTuHeckoro 3a-
nUYTCA B BUOE B B = B

Xy —X Ko —Xy Ky =X jans Ky — X
a aucnepcus, obosHavaemas 0BbMHO Kak 52, ByaeT BbYUCNSATLCA No hopmyne

§2 = (X1‘ 2)2 ' (x2 _2)2 b (x3 - f)z 55y R (xn = ;C)Ql

n

TOF,EI,a CTaHOapPTHOE OTKIOHEeHWEe ONH OaHHOro psaaa OaHHbIX MOXHO HaxoguTb Mo
dopmyne
\2 12 2 2
S:J(Jq—x) +(x2—x) +(x3—x) +...+(xn—x)‘

Wcnonesys BeeaeHHble 0603HadYeHusi, cHOPMYNIMpyeM CBOMCTBA CPEOHEro
apupmMeTM4ecKoro, AUCNEPCUN U CTaHAAPTHOrO OTKNOHEHUS.

YBeNn4MM Kaxaylo BapuaHTy psga AaHHbIX Ha OOHO U TO Xe YWUCNO U pac-
CMOTpUM papn x, + a, x, + a, x3 +a, .., x,+ a. Torpa:

1. CpepgHee apudpmMeTMYecKoe HOBOroO PAAA AAHHBIX YBESIMHUTCH HA YUC-
no a, 1. e. Gyaer paBHO x + a.

2. Aucnepcus u CTaHAAPTHOE OTKNIOHEHME HOBOrO PSAa AaHHbIX He W3-
MEHSITCS.

YMHOXMM KaXayl0 BapuaHTy psaa OaHHbIX Ha SUCIo A 1 paccMoTpuMm psg,
Xy Ik B s kx,. Torpa:

1. CpenHee apudpmertnyeckoe HOBOro pspa Gyaer pasHo kx;
2. Aucnepcus HOBOrO psipa Gyaer paBHa k*S?%
3. CranpapTtHoe oTknoHenue Gyaer paBHo kS.

LoKaxuTe 3TK CBOWCTBA CAMOCTOSTENLHO.

YnpaxHeHus

486. CpaBuute umcia:

a) J1,5 u Jg; B) 5,8 u 34; m) 0,72 u J0,5;
6) V6,2 u ‘/6%; r) —V17 u —4: e) —J0,7 u —0,8.
487. PacrionoxuTe B MOPS/IKE BO3PACTAHUS YMCIA: 6; V35; a7 L —J3 2.

488. Pacrnonoxure B MOpsiIKe yGLIBAHUS YHCIA: —42,3; @; 0;.5,3; —\/2?; =135,

§ 7. ApudmeTnHecknii KBaapaTHbIii KOpeHs. DyHkums y = \/T




489. BepHo s, 4TO:

a) 3 < J10 < 4; 6) 1,1 < 1,56 < 1,2?

490. C momouipio Tabauilkl KBaapaTOB NBY3HAYHBIX YMCEl HaWauTe IBa IOCIE-
JNOBATeJIbHBIX HATYPAlbHBIX YKC/IA, MEXIY KOTOPBIMU 3aKIIOYEHO YHCIIO:

a) J115; B) +/2003; 0 6143;
6) /501; r) V3015; e) +/9005.

491. TlomGepwTe OBa MOCIENOBATE/]bHBIX HATYypajlbHbIX YMUCTA, MEXIY KOTOPDBIMH
3aKJIIOYEHO YUCIIO:

a) V5; 6) 8.6; B) /50,2; r) J132,4.
492. Haiinure uudpbl eQMHUIL, NECATBIX U COTHIX B JECATHYHOW 3aMUCH 4MCIA;

a) 3; 6) 5.

b >
493. Hcnonesysa dopmyny \/az +b=a+ 5o HayauTe MpUOMDKEHHOE 3HAYEeHHE
apu(METUYECKOT0 KBaJpaTHOIO KOPHS:

a) 10; 6) V15; B) V50; r Ji2.

494. Haitnute npubavxEéHHOe 3HauyeHWe apu(MeTHYecKoro KBaJpaTHOTO KOPHs:

a) (45 +V17; B) 10324;
6) 24 —0.9; 1) Y5 + 20 + 4.

495. [lanbl aBa paga gaHHex: 1; 2; 3; 4; 5w =5, =2 3; 7; 12. CpaBHute MX
CTAHIAPTHOE OTKJIOHEHHE.

496. Ha uaepaszsecouHoit (abpuke 103MPOBOYHBIE aBTOMAThI HACBINAIOT B KaxX-
ayio kopobky 100 r gasg. Otaen TEXHWYECKOr0 KOHTPOJsS PETyaspHO CICAWT
3a TeM, 4TOOBl Macca yasi, 3acChIIAEMOro B KOpOOKy, OTIMYanach OT HOPMEI
He Gosee yeM Ha 5 %. i 3TOro NPOBOMUTCA KOHTPOJIBHOE B3BEIIMBAHHE
KOpOBOK 4Yasi, HACKLIIIAHHOTO KAKMM-JTHO0 aBTOMAaTOM-103aTOPOM. B Tabnu-
e TpWBeIeHbl pe3yibrathl BiBemmBaHus 10 KOpoOOK 4as, HAChIMAHHBIX
npyms1 apromaramu. Omupasch Ha JAHHBIC TabIHLL, OIpENeNuTe, KAKOi H3
apToMaroB pabotaeT Gojee TOYHO.

KopobGka 1 2 3 4 5 6 7 8 9 10
1-i4 asromar | 983 | 98,8 | 100,1| 99,1 | 100,3 | 100,2 | 99,4 99,6 | 101,2 | 100,3

2-ii agromar | 985 | 997 | 999 | 98,8 | 99,1 | 99,3 | 100,2 98,6 | 97,8 | 100,1

Maea 3. OeiicTBuTencHbie Yyucna. KeaapartHbie KOPHU




497. [an psan uucen 2, 3, 7. Haiinure ero cpenHee apudMeTudyeckoe, TUCIED-
CHIO H CTAaHIapTHOE OTKIIOHEHHME. HCHOﬂbBYﬂ IMOJIYUYEHHBIE PE3YIBTaThI,
HaWauTe cpeaHee apudMeTHYecKoe, OUCMNEPCUI0 M CTAHIAPTHOE OTKJIOHE-
HHME psaa:

a) 4; 5; 9; 6) 1: 2:.6; B) 111; 112; 116.

498. [lan psan uucen 2, 5, 11. Haiigute ero cpenHee apudmeTHyeckoe, Qucep-
CHMI0 M CTaHOApTHOE OTKJIOHeHue. Mcronb3ys moNydeHHBIE pPe3YJIBTATHL,
Ha#inure cpeaHee apu@MeTHYECKOe, TUCIIEPCHI0 M CTAHIAPTHOE OTKJIOHEHHE
psana:

a) 8; 20; 44; 6) 50; 125; 275; B) 28; 70; 154.

YnpaxHeHusa ANs NOBTOPEHUs

Ix+1 5x2—x +6x2—2y2+xy)_2.x2—xy

499. Vinpocrture BHIpaxkeHHE: (1 + :
P s Sx—1 6x?—3xy—y+2x 32— 4x? y

500. Ilocrtpoitte rpaduk dbyakumu y = x%, e x = 0. Haiinure:

a) 3HayeHMe (DYHKIMM, COOTBETCTBYIOLIEE 3HAYEHUIO APTYMEHTA, paBHOMY
0.5: 1,5; 2.5;

0) MHOXECTBO 3HAYEHMil apryMeHTa, [PU KOTOPHIX 3HaueHHe (GYHKIUH
MeHblie 4, HO Gonbiue 1.

501. YmpocTuTe BBIpaXKeHUE:

@ (—a), at-(—a®). 24a%b - (0,5ab%)°
a) atl E: 6) 09 Ed B) 3a4b5 B

24. OyHKUMa ¥ = /X ©n eé rpaduk

BuipaxeHue VX umeer cmbicn npv No60M HeoTPULATENBHOM 3HAYEHUN X,
NpY4EM NIOOOMY HEOTPULLATENIbHOMY [AEMCTBUTENLHOMY 4Ynucny COOTBETCTBYET
€ANHCTBEHHOE 3Ha4YeHwe 3TOro BbipaXeHus. 3HauuT, dopmyna y = \/J_c 3apaér
dyHKUMIO, 06NacTbio OnpeaeneHwsl KOTOPOI SIBNAETCH MHOXECTBO BCEX HEeOoT-
puuatensHbix Yyucen, T. e. D(y) = [0; +o0).

PaccmoTpum cBoiicTBa yHKUMKN y = NE ocobeHHOoCcTH e€ rpadwuka.

1.Ecrmx=0,Toy=0,ecnu x >0, Toy > 0, T. e. Ha Bcei obnacTn
onpeaeneHns GyHKUUS NPUHUMAaET HeOoTpUUaTesbHbIE 3HaAYEHUsI.

9TO CBOWCTBO HENOCPEACTBEHHO CneayeT M3 OrnpeneneHvs apudmeTuye-
CKOro KBaApaTHOro KOpHs. feomMeTpuyecku OHO O3Ha4aeT, uTo rpaduk pyHKLUMKU
NpoxoavT 4Yepes Ha4ano KoOpAuHAT M PacrnofioXeH B MNEpPBOA KOOPAMHATHOM
4YeTBepTy.

§ 7. ApudpMeTU4ECKUIA KBaAPaTHLIA KODEHb. DyHKUMa y = \/;




2. Bonbwemy 3Ha4YeHUIO apryMeHTa COOTBeTCTByeT Oonbluee 3HauyeHue
dyHKUMN.

MycTb X, U X, — NPON3BOJIbHBIE 3HAYEHWUS apryMeHTa, npu4ém x, > x, O6o-
3Ha4YnM Hepes y, U ¥, COOTBETCTBYIOWME 3HaYeHUa PyHkumu. Torga no teopeme,
[OKa3aHHOM B Npeabioylwem nyHKTe, w3 ycnosusa x, > x, = 0 cneayet, 410

\/}:>J;1. 3HauuT, ¥, > ¥,.

3. O6nacTbio 3Ha4YeHUid PYHKLUMN ABNSETCA MHOXECTBO BCeX HeoTpuua-
TenbHbIX AelCTBUTENbHbIX Yucen, T. €. E(y) = [0; +).
B camom pgene, u3 onpegeneHus apudpmMeTuHeckoro KBappaTHOro KOpHS
cneayet, 4To noboe 3HadeHne dyHKUUM y = Jx sBnsetca HeoTpULATENbHBIM
[eACTBUTENbHLIM YMCNOM. ToKaxem Tenepb, 4To Moboe HeoTpuuaTenbHoe neun-

CTBUTENLHOE 4YWMCNO m ABNSETCA 3HadeHvem ¢yHkumm. U3 paBeHcTBa \/J_c =m,

rne m > 0, cneayet, 4to x = m°. 3HauuT, npn x = m® GyHKuMa y = Jx npu-
HUMAaeT 3Ha4YeHwe, pasHoe m, roe m = 0, T. €. YACNO m NpuHagexuT obnactu
3HaueHuit GyHkumn. Takum 06pasom, 06nacTbio 3Ha4YeHUin GyHKUMKM ABNSETCH
MHOXECTBO BCEX HeoTpuLaTENbHBLIX OeACTBUTENbHbIX YUCEeN.

[eOMETPUYECKM 3TO O3HauaeT, 4yTo nobas npamaa y = m, rae m = 0, nepe-
cekaeT rpaduk, NPUYEM TONMLKO B OJHOW TOYKE.

MocTtpoum rpaduk GyHKUMK ¥ = J; Ona atoro coctaBum Tabnuuy 3Ha-
yeHuin dyHKUMK (C To4HocTbio 4o 0,1).

x 0 0,5 1 1,5 2 3 4 5 6 ¥ 8 9

y 0 0,7 1 12714 ] 1,F 2 22|24 |26 |28 3

OTMeTMM B  KOOPAWHATHOW
MNOCKOCTU TO4YKM, KOOpPAWHAThI

]

y KOTOpbIX 3aHeceHsl B Tabnuuy.

el MpoBeps 4Yepe3 3T TOYKU MaB-
HYIO JIMHMIO, Mony4uMm  rpapuk

il | y=+x dyHKUMK Y = Jx (puc. 36).

3T BbIICHMM, KakOBO B3aWMHOE

ol 1 ' ‘ pacriofioxeHne rpapukos QyHK-

| wit y = Jx ny =2 roe x = 0.

1 Ecnu a n b — HeoTpuuatenkHbie

PEEEE) s Ts i3 e 10X neiicTeuTenbHble ucna v b=+a,

10 b = a. DTO 03HAYAET, 4TO eciun
Puc. 36 Touyka ¢ koopauHaTamu (a; b) npu-

o 332 | Tnaea 3. feiicTeuTenbHule ynucna. KeaapatHele KOPHU



HagnexuT rpaduky GyHKUMKM y = Jx, To Tou-
Ka C koopauHatamu (b; a) npuHagnexur rpa-
duky dyHkumm ¥y = x%, rae x = 0. BepHo M
obpaTtHoe: ecnn Todka (b; a), roe b = 0 n
a = 0, npuHagnexuT rpaduky GyHKuuM y = X2,
roe x = 0, To Touka (a@; b) npuHaonexuT
rpaduky QyHKUMA y = Jx.

Tak kak To4ku C kKoopauHatamu (a; b) wu
(b; a) cUMMETPUYHBI OTHOCUTENBHO MNPAMOW
Y = X, TO OTCIOAa BbITEKAET, 4TO KaXIOWA TOYKE
rpadpuka PyHkUMM y = Jx COOTBETCTBYET
CUMMETPUYHAA el OTHOCUTENLHO NPSAMOW
¥ = x Touka rpadpuka dpyHkumm y = x2, rae x = 0, n HaoBoPOT: KAXAOW TOHKE

rpaduka y = x2, roe x = 0, COOTBETCTBYET Touyka rpaduka pyHKUuM y = \/J—c,

Puc. 37

CMMMETpUWYHasi e OTHOCUTESNIbHO NpsiMoil y = x. OTclopa cnenyert, Y4To rpadukm
GYHKLMIA
y=\/;v|y=x2, roe x = 0,
CMMMETPUYHLI OTHOCUTENBHO NpaMoi y = x (puc. 37).
Takum obpasom, rpapuk byHkumMM y = \/; — «aexavas» nonynapabona,
pacnonoxeHHas B NEPBOW KOOPOWHATHOW YETBEPTU M CUMMETPUYHAA OTHOCU-

TENbHO MpsAMOI y = x nonynapaGone, koTopas sBAseTcs rpadukoM OYHKUMK
y=x,rmex>0.

YnpaxHeHus

502. Tlonb3ysach rpadukoM GyHKIMM y = Jx (cM. puc. 36), HaiouTe:

a) 3HayeHUe (QYHKUWM TIpH X, paBHOM 1,5; 6,5; 7.5;

0) npu KakoMm 3HaUYEHWH aprymMeHTa 3HavyeHue (YHKUMM paBHO 1,5; 2; 2,5.
503. TMomb3yack rpadukoM GYHKUMM ¥ =~/X (cM. puc. 36), HaiiguTe:

a) 3HaYeHHe \/;, ecnd x = 2; 6; 8;

0) 3HaueHUe X, NPU KOTOPOM Nx = 0,8; 1,7; 2,6.

504. ®yukuMs 3agaHa GopMyIoi y=\/;. Haiinure npubimk€HHOEe 3HAYeHHE
¥y, eciid x pased 10; 120; 200.

§ 7. ApudmeTnyeckuii KBagpaTHbii KopeHb. MyHkuma y = Vx




505. Ilone3ysice Tabnuueit 3HayeHW yHKUUM Y = Jx , COCTaBJICHHOW ISl TO-

crtpoeHus e€ rpacduka, Haiinure ¢ ToyHocThio A0 0,1 mpupaieHHe, KoTopoe
byHK1IHA TOMyYaeT MpU BO3PACTAHWM X:

a)or | mo 3; 6) ot 3 mo 5; B) oT 5 mo 7.
CpaBHUTE pe3yILTaThL.

506. C nomomnisio GopMysl \/az +b=a+ % HaiinuTe NMPUOMDKEHHOE 3HAYe-

HHe TIpUpallleHus, KoTopoe (GyHKUUS V= Jx MOJIydaeT MpH BO3pacTaHUH
aprymMeHra:

a) or 10 mo 20; 6) or 1200 mo 1210.

CpaBHUTE pe3yNLTaThl

507. U3 npauHbx Touek A(—36; 6), B(0,81; 0,9), C(1,96; 1,4), D(,21; 1,1),
E(0,0625; 0,25) BeiGepuTe Te, KOTOphIE NPHHALIEXAT Tpapuky GyHKUMH

y=+x.

508. Tllepecekaetr nu rpapuk GyHKUUAKU Y = \/J_c npsamMas:
a) x =236; 6)x=100; B)y=36, r)y=100; n) y= —16?
TpM MOJIOXMTEILHOM OTBETE YKaXKUTE KOOPAMHATBI TOYKM TepecedeHus.

509. Haiinute KOOpHMHATHI TOUKH TIepecedeHus rpadguka yHKUHH y=\/; u
MPSAMOIA:
a) x = 4; o) x = 0,81; B) y = 4; r) y = 0,8L

510. Tlepecekaworcst mu rpaduku byHKIHII:
a) y=Vx my=—x-8 6 y=Jx uy=x?

511. H3o6pasure cxemaruueckd rpaduk OyHKINH:

a) y=—x; 6) ¥=+—x; B) ¥=1/|x|-

512. [okaxwute, ur0 Tpaduku QyHKUMH y=\/; uy=x+ 0,5 He umeror 06-
LIUX TOYEK.

YnpaxHeHuss AnA NOBTOpPeHus
513. Hailnute 3HaueHWE BbIPAXKEHMS:

a) 341,44 — (—0,3J7)%; 6) (—241,8) — 4(,/0,81).

514. W3BecTHO, 4TO m — paLMOHAJbHOE 4Kcio, He pasHoe (. SBnsercs Ju pa-
IMMOHAJIBHBIM WX WPpPAallMOHAJIbHBIM 4YHCIIO:
4

2 6

m m

Maea 3. [eiicTeuTensHble Yucna. KeagpaTHbie KOPHW




I:'_’| KoHTponbHble BOMPOCHI U 3afaHus

1. Cdopmynupyiite onpeneneHue apu(GMETHUECKOTO KBaJpaTHOrO KOPHS.

Vimeer nu cMbIcT BeIpaxeHue +/(—4), 4, y-4?

2. OObscHUTE Ha NMpPUMEpPE YuCIa \/5 , KaKk MOXHO HalTH mepBble TPH UMQPHI
B JECSTHYHON 3alMCH 3TOro YMCia.

3. Vkaxure obmacte onpenmeneHus (QyHKLUHH Y =Jx u cthopmynupyiite eé

cpoiicTBa. Kakue ocobeHHocTH rpaduka 310l yHKIMM BBITEKAIOT W3 YKa-
3aHHBIX CBOMCTB?

4. KakoBo B3aMMHOE pacnojioXeHWe B KOOPAMHATHOM IUIOCKOCTH IpadMKOB
bynkumit y=vJx uy = 22, me x > 0?

§ 8. CeoucTBa apuchMeTUHECKOro KBagpaTHOro KOPHS

25. KBagpaTHbIi KOPEHb U3 NPOU3BEOeHUS,
npobu u creneHu
HeTpyaHo npoBepuTb, YTO Kax[ooe M3 PaBeHCTB

J4-25=1/4-/25, J%=%- J3* =32

ABNSETCA BEPHLIM.

Jokaxem Teopemsl, Bbipaxaiolme COOTBETCTBYIOLLME CBOACTBA apu@MeTn-
4eCckKoro KBappaTHOro KopHa (B GOpMynnMpoBKax TEopemM OJIA KPaTkoCTM BMECTO
«aPUPMETUYECKNIA KBAAPaTHbLIA KOpeHb» BynemM roBopuTb NPOCTO «KBAAPATHLINA
KOpPEeHb»).

Teopema 1. KeagpaTHbIi KOpeHb U3 NPOU3BEAEHMUS HeoTpUUATENbHbLIX MHO-
XUTenen paseH NPOU3BEAEHWIO KBAAPATHLIX KOPHEH M3 3TUx MHOXWUTENEMH,
T. e.

ecnm a>0, b>0, o Jab=+Ja-/b.

AoxasarenscTteo. lpua > 0, b > 0 BuipaxeHue Ja b uveer CMBICA
W NpUHUMAET HeoTpuuAaTenbHble 3HaYeHusd. [pu aTom

(Va-vB) =(Va) - (v5) = ab.

3Ha4MT, NO OMPEneneHVio apuPMEeTUHEeCKOro KBadpaTHOro KOPHS, €Caw
az0,b20, 10
Nab = JE : \/I; g

§ 8. CeoicTBa apudPMETUYECKOro KBaApaTHOro KOPHS




[okasaHHas TeopemMa pacnpocTpaHAeTCs Ha Ciydai, Koraa paccmarpueaeT-
CAl KOpeHb U3 npousseneHus TPEX U Bonlee MHOXUTENEN.

Teopema 2. KsagpartHblii KOpeHb M3 ApPO6KW C HEOTPUUATENIbHBIM YUCIuTe-
NeM U MONOXUTENbHLIM 3HAMEHaTeNlEM PaBeH 4acTHOMY OT AeneHwus KeBag-
pPaTHOrO KOPHA U3 YMCNUTENs Ha KBaOpaTHbliA KOPeHb U3 3HameHaTens, T. e.

a_da
echrm a =0, >0, TO \/;"JE'

Noxkasatenscteo. Ecnma =0, b > 0, TO BoipaxeHve -:/[_—‘g UMEET CMbICN
W HeoTpuuaTtensHo. Mokaxem, 4TO KBagpaT 3TOr0 BblpaXEeHUA paBeH %. Heii-

CTBUTENBLHO, 5
(ﬁ)2 _Wa) _a
ol (ypf P

3HauuT, N0 onpeaeneHnio apudMEeTUYecKoro KBaapaTHOro KOpHS

Jé _Ya
b b’
yTo M TpeboBanochb AoKa3aTh.

ToxpecTea, Bbipaxallme CBOWNCTBA KBaApaTrHOrO KOPHA W3 npou3BeneHus
M Opobu, YacTO MCMONL3YIOT B BbIMUCIEHUSX M Npeobpa3oBaHUsAX, NMOMEHSB
B HUX MECTaMW NEBYIO W NpPaByl0 4acTu: :

\/E-JE=JE npua =0, b 2 0,

%z%ﬂpﬂa)ﬂ,b?&

Teopema 3. lMpu 1060M 3HAYEHUM @ M HATYPANbHOM K BEPHO PaBEHCTBO
Ja* =|a*|.
Hoxasarenscreo, HauHém co cnyyas, korga k£ = 1, T. e. [OKaXeM CHa-

yana, 4To
J{?=|a|.

Ecnu a = 0, TO NO onpeaeneHuio KBaapaTHOro KOpHs Ja® =a v no onpe-

penexmio moaynsa |al = a. Ecnn a < 0, TO no onpeaeneHunio apupmMeTU4eckoro

KBaApaTHOrO KOPHA V@’ =-a W no onpeaenexvio mopyns |a| = -a. 3Hauwr,

8 MoBOM cnyyae paseHcTeo va’ =|a| sepHo.

Masa 3. [eicreutensHele Yucna. KeagpaTHbieé KOPHW



2k
MpUMeHWB Tenepb 4OKa3aHHOE TOXAECTBO K Bhipaxenwio va~, roe k € N,

nonyyvum:
2
Va* =(a*) =ld*],

4TO K TpeboBanoch OOKA3aTh.

fipumep 1. BuuMcnuM 3Ha4YeHUE BbipaXKeHWUS:
a) [128-18; 6) /% B) (=2)": r) J21609.

Bocnonbayemcsi pokasaHHbIMKW TeopemMamu.

a) NpuMeHMM Teopemy O KOpHe M3 NMpPou3BeneHUs:
J128-18=.,/64-2-9-2=./64-9-4=8-3-2=48.

6) MpUMeHUB TeopeMy O KOpHe 13 Apobu, Nony4um:

49 _ [49 _ 49 _7
81 81 81 9’

B) Mo TeopemMe 0O KOpHE M3 CTerneHu MMeem:

J=2)° =|(-2)7 =25 = 32.

r) MNpencrtaBUM NOAKOPEHHOE BbipaXeHWe B BUAE NMPOU3BEOEHUA CTeneHew
NPOCTLIX MHOXWUTENEA U NPUMEHMM TEOPEMBI O KOPHE U3 NMPOM3BEAEHMS U CTe-

neHun:
J21609 =+/32 - /7% =3- 72 =147.

3aMeTuM, YTO 3HaYeHMEe KOPHA MOXHO HaWTU MHa4ye, BLIAENVB B MOOKOPEH-
HOM BblpaXeHun MHOXUTeNnb 9 1 mcnonbaya Tabnuuy KBagpaToB ABY3HAYHLIX
yucen.

Mpumep 2. YNpocTUM BbIpaXeHue:
a) va' npu a < 0; 6) V16x%° mpu x > 0, y < 0.

lNpyMeHnM [oka3aHHbIE TEOPEMBbI.
a) Mo Teopeme O KOpHE M3 CTeneHu UMeem:

Va® =|a.

Tak kak a < 0, To @® < 0 u, 3HauuT, |a°| = —a°.
Monyy4aem, 410 Nnpn a < 0

Va'° = |a°| = -a°.
6) MNMpuMeHss TeopemMbl O KOPHE U3 NPOWU3BEOEHUSI U CTEMEHWU, NOMYYUM:

J16x%y = 4x4-[»3.

§ 8. CeoiicTea apudMeTM4eckoro KBagpaTtHOro KOpHS




Tak kak |x*| = x* npu no6om x n [*| = -»* npn y < 0, 10
J16x%)° = 4|x4|'|y3| =—4x*y®

Mpumep 3. Jokaxem, 4TO YUCNO JE +J§+J§ — MppauuoHansHoe.
LdonycTtum, 4To 2+3+\5=m, roe m — pauuoHansHoe yucno. Torga

V2 +/3=m- 5,

(2 +8) =(m-5),
2+2/6+3=m?-2m\5 +5,
26 +2my5 = m?,

(206 +2my5) = m*,

24 + 8m/30 + 20m* = m".

m* — 20m® - 24
8m ’
Monyyaem, 4TO MPPaALMOHANBHOE YUCNO PABHO pauvoHanbHOMY 4uchy. lo-

Tak kak m # 0, TO oTclona J30 =

Ny4eHHOe NPOTUBOPEYME MOKA3LIBAET, YTO NPEeanoNoXEeHWE HEBEPHO, W, 3HAYWT,
4MCNo m — WUPPaLMOHASILHOE.

YnpaxHeHus

519,

516.

517.

Haiinure 3HavYeHHWe BBIPAKECHMSA:
a) 4/0,0001-16; 6) 40,0049 -8100; B) 0,64 -144.

BreruuciauTe 3HaueHHE KOpHA:

L. 338, [ 0.08-64;
a) 361 B) 13'5 336, ) 50,04-64;

1. 2 9 1 7
6) yllg: 1 2% Oyl 2%

IMonb3ysick Tabauiei KBagpaToB ABY3HAYHBIX YHCEN, HAWIUTE 3HAYCHUE Bbl-
pakeHus:

a) 19600; r) /46,24 ; %) /2,89 81;
6) ,/280 900; n) 0,1444; 3) 1/0,04-98,01;

729
L 7921 )

B) 529

476

Maea 3. [eiicTButenbHbie yncna. KeagpaTHbie KOpPHMU



518.

519.

520.

521.

522.

523.

524.

525.

526.

Hajinure 3HaYeHHe BRIPAXKEHMS:

a) /50 98; B) \2,5-12,1; m 3,2-7,2-49;
6) /32-128; r) J17-51-27; e) 4/2,5-12,5-20.

Haﬁnm‘e 3HA4YCHHUEC KOPHH.

a) /507 — 142; B) +/34° —167; n) 42,9 —2,1%

o i, g e, ) f2-sP

IIpencraspTe BhIpaXKeHHe B BHE NMPOMU3BENEHHS IBYX KOPHEIi:

a) \2ab, tae a >0, b > 0; B) \7axy, e a <0, x <0, y > 0;
6) 5xy, e x < 0, y < 0; r) Jax+bx, me a <0, 5<0, x <0.
[lpencraBbTe BBIpaXXEHHME B BHJE YACTHOIO IABYX KOPHENi:

a) 3—a,rnea<0,b<0; G)J%,I‘Jlea<0,x<0,y>0.
Beraucnmure:

a) \/6_4; B) \/(—5)6; 1) VDY, e e N,
6) V=8 1 JO,1; e) VD" me ne N

Haiinure 3HaueHHWe BhIpaXKEHUS:

a) \/a_z npu a = 6,5; 8,3; —0,1;

6) \/E npu a = 3; 1; —0,1;

B) \/} npu a = 1; =2; 0,1.

BepHo nm paBeHcTBO:

a) D*G"‘ B) (—5)4" = (—5)*, tne n € N:

6) J_ (—9)% D VY = (7t e ne N?
BrryucnuTe 3HaueHUE BBIPAKEHMUS:

a) 37 G)Jﬂ; B)\/ﬂ; r) |10°-6°.

Haiinure 3HadeHHWe KOpHsi:
7. o 2, -
a) 2 6) \/3:6 B) X r) 8

§ 8. CeoiictBa apudMeETUHECKOro KBaapaTHOro KOPHSA




527.

528.

529.

530.

531.

532.

533.

534.

535.

Haiinure 3HayeHue KOpHS:

2 JIT66E:  ») J65536: ) JAGES6;  x) JAIIG00;

) \/m; r) m; e) m; 3) \/m
3aMeHHWTe BHIPaXXEHHE TOXIECTBEHHO PaBHbIM:

a) Vb, 6) Vx'; B) 3Va'; r) 5va’; ) V494",
INpeobpa3yiite BhIpaxeHue, 3Had, 4to b > 0:

a) \b"; B) \645°; ) 126°\ap?;

6) Vb ry BB e) —byB.

IMpeobpasyiite BeIpaxeHue, 3Hasi, 4Tto a < 0:

a) Vd*; B) Va'; n) —ay25a;

6) Ja"; r) 6aVa"; e) —36a".

YIIpOCTHTE BhIpaXKeHHUE:

a) Va'b®, ecu b > 0; T) a?\.'a(’blz, ecn a > 0;
6) va’b®™, ecm b < 0; n) abya'p’, ecom b < 0;

B) v81x'%% e) —ya'’, ecm y < 0.

VhnpocTtute BbIpaXEHHE:

8 14
a) —1’6!,92" , ecmn b < 0; 6) |22

o eci a > 0.

Haiinure 3HaueHue NPOM3BENCHHWA:

a) J1.8-0,2; B) /500 - 4/3,2; m /500 - /1,25;
6) Jﬁ‘g r) @-,/0,72; é) ﬂ.\ﬁsg_

Haiinute 3HayeHWE YacTHOIO:

108, i, RN
2) Yo 6) 7= ® oot r)m.

VIIpOCTHTE BbIpaXEHHUE:

a) (543 +1V2)3v2 - 0.75V6; 6) (0,56 —\3)443 — 2418.

Y naea 3. [JeicTeuTenbHble yucna. KeagpaTtHbie KOpHU



536. YmnpocruTe BBIpaXEHHE:
2) (202 -L3) +408;  6) 200,42 —(5J0.7 +240,6).
537. Pemwre ypaBHeHHE:
2) (Véx —2) = V3(V2x - ¥12) + 6x;
) (V7% - 245)(7x + 245) = 7x — V3 (5% — V72).
538, JlokaxuTe, UyTO SIBNSIETCS MPPAlMOHAIBHBIM YMCJIO;

a) V2 +/5; 6) V5 —/3; B) V7 +6 +1; ) V3 +5+46.

539. okaxwure, yto ecind a > 0, b > 0, To:

&) (Vab — B — [+ [L)Jab = @ -1 - 1)

6) 2a+Jab + a*Jb + 2b-Jab + ab\b
2ﬁ+af

o (52 )2t avo

YnpaxHesusa ans NOBTOPE@HURA
540. HmMeeT 1M CMEBICT BEIpaXKeHUE:

a) (—0,6); 6) 3.6-2,4—3; B) 1 —(=0,7)*?

541. Pemmte cucteMy ypaBHEHWIA:

2x—y=3, Ix+2y=1,
2) {x+2y=—1; ©) {x—3y=4.

=a+b;

26. Mpeob6pasoBaHue BbipaXeHWU,
cogepXalimx KBaapaTHble KOPHMU

Bbl MO3HaKOMMAUCL C PasfNMYHbLIMKU NPeobpas3oBaHUAMK BbIPAXKEHWA, cooep-
Xawmx ksagpaTHble KopHU. K HMUM OTHOCATCS: NpeacTaBneHne KOPHA M3 Npous-
BEeOEHWs B BWAE NPOM3BEOEHUA KOPHEeW, a KOpHA u3 Opobu — B BUAE YACTHO-
ro KOpHewr; yMHOXEHWe W JeNneHMe KOPHeW; U3BNeYEeHMe KOPHA W3 CTeneHu,
PaccmoTtpum Tenepb Apyrve npumepbl TOXOECTBEHHbIX npeobpasosaHuii Bbipa-
XKEeHWi, cogepxXallumx KBaapaTHbIE KOPHW.

1. BeiHeceHue MHOXMWTEeNns 3a 3HaK KOPHS.
Mycte TpebyeTca ynpocTuTL BbipaxeHue

V3 + J/75.

§ 8. Ceonctea apudpmMeTU4eckoro KBagpaTtHoro KOpHS




Ans atoro npeactasum uucno 75 B BUOE NPOM3BEAEHUS, B KOTOPOM OAMH
W3 MHOXWTENen ABNAEeTCA KBagpaTOM HaTypasbHOro 4Mcna, v NpUMEeHUM Teo-
pemMy O KOpHe 13 npowusBefeHus. Monydum:

J75 = /25 -3 = /25 - \/3 = 5.3.

Mbl npeactaBunu /75 B BUOE Npov3BeaeHust ymucen 5 m V3. B Takux cny-

yasix roBOPAT, H4TO Mbl BLIHEC/IM MHOXWTENb 3@ 3HAK KOPHS.
Tenepb MOXHO YNPOCTUTL AAHHOE BbipaXeHue:

V3 +75 = /3 + 53 = 6./3.

2. BHeceHMEe MHOXWUTENs nog 3HaK KOPHS.
CpaBHUM 3Ha4eHus BbipaxeHuin 2410 u 41

MpenctaBum B BhipaxXeHun 2410 MHOXWTENb 2 B BUAE apudMETUYECKOro
KBaApPaTHOr0 KOPHSI U BbINOSIHUM YMHOXEHWE KOPHe:

2,10 = V22 - A0 = 40.

Mbi 3ameHunm npouwsseaenve 210 BoipaxeHvem v40. B Takux cnyuasx
rOBOPAT, YTO Mbl BHECAW MHOXWTENb MOA 3HAK KOPHS.
Tenepb MOXHO CpaBHWTbL [AaHHble BblpaXeHWsA. Tak Kak J40 <41, 7o

2J10 < 41,
3amMeTuM, 4TO Mop, 3HAaK KOPHA MOXHO BHOCWUTbL TONBbKO HEOTPUUATENLHBLIA

MHOXWTENb. Hanpumep, Boipaxenne —52 MOxHO mpeo6pasoBartb, BHOCS Mog,
3HaK KOPHA MHOXWTENb 5:

-5+2 = -(5+2) = -25- 2 = -/50.

BuipaxeHve a~15, rge a < 0, moxHO npeoBpas3oBaTb, BHOCA NOA, KOPEHb
NONOXWUTENbHLIA MHOXWUTENbL —a:

a\15 = —(-a)\15 = —\154°.

3. OcBoboxgeHne OT MPPaLMOHANbHOCTA B 3HaAMeHaTene Mnu B Yucautene
Apobu.
MycTtb TpebyeTtcs npeobpasosarts Apobb = Tak, yToObl €€ 3HameHaTenb He

V6

copepxan kopHen. [na atoro yMHOXUM €€ uncnutenbs U 3HameHaTteslb Ha J6.
Monyunm:

V6 V6-6 6

B Takux cny4asx roBOpPAT, 4YTO Mbl OCBOGOAMNWUCE OT WPPaLMOHANBHOCTU
B 3HamMmeHarene apoou.

5 _ 56 _ 546

—
3 7':._1,

Maea 3. [eicTeuTenbHble yucna. KsagpaTHbieé KOPHWU



7
Ocsoboaumcs Tenepb OT MPPauMoHaNbLHOCTV B 3HameHaTene ,D.DOGM m

Ecnu pasHocTb /5 — /3 yMHOXWUTb Ha CyMMy /5 ++/3, TO NOnNy4uTCs Bbi-
paxeHue, He cogepxaliee KopHein. YMHOXUB YUCIUTENb U 3HameHaTenb apobu

Ha BulpaxeHue /5 ++/3, nonyusum:
7 _  7(5+\3) 7(V5+43) _ (J§+J§)'
-8B (B-BB+B) (BE-(BF 2

AHanorn4yHbIM 06pa3oM MOXHO 0cBO60AMTLCA OT MPPALMOHANBHOCTU B YNC-
nutene gpobu.

PaccmoTpeHHble B JaHHOI rnaBe pasfnyHbie npeobpa3oBaHus BbipaXKeHWA,
copepxalmx KsagpatHble KOPHW, HaxoaaT NPUMEHEeHWe Npu pellueHuy LLIMPOKO-
ro kpyra 3apad. lNpveBeném npumepsl.

Mpumep 1. Hahpgém Hanbonbluee 3HavyeHue Opobu

Ja -5
a-5 "'

lMpencraBum 3HameHatene Apoby B BUAE PasHOCTW KBaAPaTOB, BOCMONb30-
BaslIMCL TeM, 4T0 a = 0. Monyunm:

Va-Vy6 _ _Ja-6 _  Ja-\5 1
a5 (Jaf-($5f (a-5Ja+5) Ja+\b

1 .
Opobb o+ 5 Punumaer HaubonblUEe 3Ha4YeHWe, Koraa eé 3HameHaTenb
a

1 1
ABNAETCA HaUMeHbWMnM, T. e. npu a = 0. Ecnu a = 0, TO = —. 3HauwmT,

Ja+5 5

Haubonbllee 3HayeHne Apobu paBHO ks

N

Hailpém npubnnxéHHoe 3HavyeHue BbipaXeHUa

Ja@+b=a o1
2a
ﬂOny'-MM'

f V0.2 = 0,25-0,05 = /0,5~ 0,05 ~ 0,5~ 2% - 0,45,

aa + bJb
Mpumep 2. YNpocTuMm Boipaxenne va+b . 20b _ Jab
a-b JE + \/E a-»>%
YnpocTtum yucnutens nepeoii apo6un, BOCNONbL30BaBLIMCL HOPMYN0A CyMMbI
KyDOB OBYX BblpaXXeHWIA:
aa+bb _(Ja) +(3)° _(Va+Vb)a-Vab+d) _ [,
Ja+b Ja+b Va++b ’

no ¢opmyne

&l

§ 8. CeoilcTBa apudMETUHECKOro KBaApPaTHOr0 KOPHS




MNMockonbky nepsas u nocnegHss Apobu OaHHOTO BbIPAXEHWA WUMEIT oau-
HaKOBbIM 3HaMmeHaTenb, TO CHa4Yana Hamaém pasHOCTb 3TUX AByX apobei:

2
a-~ab+b ab =a—2\lab+b_(«f5—\/5)
a-b a-b a-b T a-b

3amMeTuM, YTO PasHOCTb @ — b MOXHO MPEeACcTaBUTL Kak PasHOCTb KBAApPATOB
2 2
(JE) —(\/E) Tak kak no ycnoeuio a =20, b =2 0 u a # b. Torpa nony4eHHas
Va-+b

apobe nocne cokpauweHus Bynet paBHa J_:» 7 OcTaéTtca BuINONHUTEL Nocnea-
a

Hee JencTBue:

Va-vb, 2Jb__va+db _,
Vards ‘Jats Natip

YnpaxHeHus

542. BoiHecuTe MHOXUTENb 33 3HAK KOPHS:

a)\/98; 6) V16a; ) V18¢; r) 200p.

543. BbeiHecuTe MHOXWTEIb 3a 3HAK KOPHS:
a) SJE; B) %\}720; 1) —8\]8_;
6) —6+/54; r) 0,24/50x; e) —+/0,035.

544. BriHecuTe MHOXWTETB 32 3HAK KOPHS:

a) v5x*; B) V8x'*; n V2x*, e x > 0;
6) V17a°; r) V18y%; e) V3a@’, e a < 0.
545. YnpocTtuTe BBIpaXKEHUE:
a) 5a —20a +125a; B) 1,244086° — 3,41606° + y2505°;
6) 6VI2X* +4475x° —V27x°; 1) %\/72417 — 1\200a" + 284’
546. BHecuTe MHOXWTENb IMOA 3HAK KOPHSI:

a) 5v3; B 0,1430; ) ¢v/10b, tae ¢ > 0;
6) W2 1) 36 e) x\7a, me x < 0.

Masa 3. [JeicTeuTenbHble Yyucna. KeagpartHble KOPHW



547.

548.

549.
550.

551.

552.

553.

554.

55s5.

[pencraBbTe JaHHOE BHIpAXeHHe B Bujie apU(METHUECKOro KBaIpaTHOTO
KOpHS WIH BBIPaXEHHSI, eMy TPOTUBOIIOJIOXHOTO:

a) 0,2J§; B) 4-3a; ) 30\/;, ecom a < 0
6) —6+/3; 1) —Wx; e) —7bJa, ecnu b > 0.

PacnonoXuTe B TOPSIIKE BO3PACTAHUS YMCIA; J78; 642; 543; 446 ; 2417.
Pacrionoxure B MOpsOKe yOLIBAHMS YMCIIA: =345; 347; —2.11; 12; 543.

OcBobonurech OT MPPAIMOHAJIBHOCTH B 3HAMeHaTese IpoOu:

a) _a . B) 6 . ) 16 .
35 Ja+b’ VJa +6’
4b 4 a
—; ) ——; e) ——
) 5\/5’ ) \/x—y ) Je—4
OcpobGonurechk OT UPPAlMOHAJIBHOCTH B 3HaMeHaTene Ipoou:
18 . 16 _ 1 z
a) —F/——> B) —/—— o) ——————F——F—>
) 23 +3 ) B ++1 ) 2+ 2 +5+410

11 . 1 ; 1
61 TR P Eomie-h

OcBobonuTtech OT MPPALMOHABHOCTA B YHCITHTENE APOGH:

2+43. 5+42. 3—47. 1—a
2 2-43’ 6) 5=’ ) 3347 ) L++a

UssecTHO, uTO @, b, Vab — paumonanbHble uuciaa. BepHo au yTBepxie-
HHUEC, 4YTO pPALHMOHAJIBHBIM SBJSETCA TAaKXE YMCIO:

a) (Va —b)(2va +3Vb); 6) \g; B) %ﬁf_{;’?

H3zBecTHO, 4TO X, Y, \/;—-\/J_J — palMoHaJibHbie 4ucia. Jlokaxurte, 4TO

'\/; H \/; TaKXE€ SABIATCA palHMOHAaJIbHbBIMHM YHUCIaMH.

VYhpocTtute BBIpaXeHHeE:

o (482 ) -1

0) (\/%+m—x/8—x)—(m_5€);
B) (x—2\/%)(x+%\/5), ecm x > 0, y > 0.

§ 8. Ceonctea apudpmMeTU4eckoro KBagpaTtHoOro KOpHs




556. Pemmre ypaBHeHue:

a) V2x +38x =1—/2x; B) 64/3x +5v48x —15=7/27x;

x4 (2, [x _ L. X & nlx 11
6) \/;+\/;+\/; 3 T) J;+J;+3‘/;_12

557. JloxkaxuTe, 4TO YMCIA SABJIAIOTCH IPOTHBOMOJIOKHBIMH:

- 1. =
a) 2 J§n£+2, 6)\/5 2n

1
2+43°
558. [lokaxuTte, 4TO YMCIa ABIAIOTCS B3aMMHO OOpaTHBIMH:

a) 3-2«/5;{34-\/5; 0) 7—/48 u 49 +4.3.

559. Haiinure, npu kakoM a Apo6Gb NMpHHUMAaeT HauOONblllee 3HAYEHWE, W BBI-
YHUCIUTE 3TO 3HAYEHHE:

) Ja-5. 6) Ya—4. p) 3=yetd, o Ja+1-3

a—25" a—16" 5—a a—38

560. JlokaxwuTe TOXIECTBO:

9 (-t - 4B

0 Nr 4 MRl [,

o
) (2E5R —Vap): (jglifb‘) =5
) (e +Vab ) = e

561. Ynpocture Bpra.)KBHHC'

i) (a+\/:2—b2 a— Ja ) 0
0 (Frts o). [
R

U (_v Jxy «/_):y):x—zgﬂw =

Fhaea 3. [leiicTBuTenbHbie Yucna. KeagpaTHbieé KOPHM



562. YnpocTUTE BBIPaXXEHHE!
1 d+4 ) fa=42 1) ( 1 d'+6 ) 1, a+\3
) (g ) (5248 0 [H5-357 (5+25%)

563. VYnpocrure BBIpaXKeHHE:

1 1 =1 b+ 2
a + . , ECTM a= ,ce>0,b5>0,b>c¢
) (Ja—l Ja+1) Ja—1—\Ja+1 2be

2byx* —1 1 [a b
6) x_—m, ecim X—E(J;+J;), a>0,b>0,a>b.
yﬂpa)KHEHHFl OnA NOBTOPEeHMUA

564. IIpu neneHWHM HEKOTOPOTO IEJOr0 4uciaa Ha 26 momydwid octatok 17.
Kakoif oCcTaToK MOMy4YHMTCSl MPH JeJleHWHM 3Toro uucia Ha 137

1 1 a’ — 3ab a+3b
565. JloxaxuTe TOXIECTBO: (— + —-)(——- + 1) = ;
A 278 &\ 3ab—a® —9p? 3a’b

566. Peumurte ypaBHeHUE:
a) (2x — D3Bx + 2) = 3x + 2; 6) 3x — 1)(2x + 3) = 2(2x + 3).

27. lNMpeobpa3oBaHue OBOWHLIX pagukanoB

BuipaxeHue Buaa \}a+b\/5. roe a, b u ¢ — HekoTopble Yucna, HasbiBaeT-

CA ABOWHbLIM WNW C/IOXHbLIM DaaVKaIOM.
Mpu npeobpa3oBaHUKN BLIPAXKEHUA, COAEPXKALLUMX ABOWHbIE paauKanbl, 4acTo
6biBaeT ynobHO ocBo60ANTECA B ABOMHOM pagwkane OT BHELHero paguvkana.
Ecnv nogkopeHHoe BblpaxeHue npeactasBnser coboil nonHelid kBagpat, TO

0CBOGOANTLCS OT BHELLHEro PaavKana MOXHO C MOMOLLUbIO ToxaecTsa vVa’ =|al.

Mpumep 1. OcBo60AMMCA OT BHELLHEro pagukana B BolpaXeHun \/21 -845.
MonbiTaeMcs NpeacTaeuTh Bhipaxenve 21-8v5 B Buge keagpara pasHo-
CcTu, paccmartpuBas 21 Kak CyMMy KBaapaToB uyucen, a 85 — Kkak ux YOBOEH-
Hoe npouzeeneHue. BeipaxeHue 845 MOXHO NpeacTasuTb, HAaNPUMep, Kak yi-
BOEHHOE Mpou3BeaeHue uYucen 2 u 2\/5 unu uncen 4 u 5. MpoBepka yoex-
[aeT Hac, 4TO MMEHHO B NOCNEedHeM Ciyyae cyMma KBagpaToB yucen pasHa 21.

3naumt, \21- 85 = (4 5) =|4-5B|.

Tak kak 4 > \/5. T0 |4—J§|=4-—J§. MTakK, Mbl NOAY4YUM, 4HTO

J21-8y6 =4-5.

§ 8. CeoilicTBa apudMETUYECKOrO KBAAPaTHOrO KOPHSA




B HekoTOpbIx cnyyaax ygaérca ocBOBOAMTLCH OT BHELWIHEro paavkana ¢ rno-

MOLWbIO DOPMY/IbI ABOWHOIQ paaukana:
Jai s = qu-\/a -5 J -5

rne a u b — HekoTtopbie yicna, npuiém a = 0, b = 0, a® - b = 0. BnepBble
atm dopmynsl ynoMmuHaloTesa B X kHure «Hawan» EBknunpa.

HeTtpyaoHo ybBeautbca B cnpaBeniMBOCTU 3TON (opmynbl. LeACTBUTENbHO,
NpPU YKasaHHbIX YCNOBWUSIX MpaBas 4acTb paBeHCTBa npeactaensieT coboit Bbl-
paXeHne, KOTOPOE WMMEET CMbIC/T U MNPUHUMaeT HEeOoTPUUATENbHOE 3HaYeHue.

Jokaxem, 4TO KBagpart 3TOr0 BbIPAXEHWSA paBeH a *+ \/3
B camom pene,

(\/a+\/az—b iJ“"/"z_b): a+\/az—b+2_ Iaz-(az-b)_'_“—\}az*b:
2 - 2
a+,/a2 bt p+a—yd® - aiJ_

2
CnpaeeaMBoCcTs GOPMYynbl AoKa3aHa.

B Tex cny4asx, Korga pasHoCTb a° — b ABNAETCA TOYHbIM KBaapaToMm, ¢op-
Myna ABOMHOrO paavkana rno3sonseTr 0CcBOBOAMTBCH OT BHELUHero paavkana.

Mpuwmep 2. OcBo60AVMCH OT BHELUHEro paguvkana B BbipakeHuu

75—-+/3024.

Mo ¢opmyne gBoMHOro paguvkana MMeem:

_ _ |75+2601  [75-4/2601 _ [75+51 _ [75-51_
J75 \/3024_\/ : J ; _J : JE =
=63 -J12=3J7 -23.

Mpwwep 3. OceoGoavMca OT MPPaALMOHANBEHOCTU B 3HameHaTene apobu
V3 +1
J3 -1

JVB+1
CHa4yana Ha 4ucno

YMHOXWM YUCIUTENb W 3HameHaTenb apobu =
3-1

\f\féﬂ, a 3aTem Ha 2. Mony4yum:

JVB+1_JJ3+1- /{3 3+1:J§+1:(J§+1)J§=J§
J¥3-1 \/J‘—1- J§+1 3-1 2

Tnaea 3. OeiicTBuTtenbHbie uucna. KeagpaTtHble KOPHU




Mpumep 4. Ookaxem, 4To nNpym 1 < g < 2 3HA4Y€HWE BbipaXeHus

Ja+2,}a—1 +Ja—2\/a——1
He 3aBUCWUT OT 4.
B kax/[0M M3 ABOMHBIX pagvkanoB 0CBOOOAMMCS OT BHELUHEero pagukana:

Jav2Ja-1=Jla-n+2fa-1+1=|(Ja—i+1) =

=|Ja=1+1|=Ja-1+1;
Ja-2Ja-1=Jla-1)-2a-1+1=

SRR

Echm 1 € g < 2, 10 |\/a— —1|=1—,/a—1.

Orciona

Ja+2,la—1+\/a—2,fa—1=,/ -1+1+1=-Ja-1=2.

YnpaxHeHus

567. WUmeer 1M CMBIC] BbIpaXeHHE:

a) 3 —242; 6) /15— 114/2; B) (643 — 13; 1) {543 — 6422

568. CropoHa NpaBHWIBHOTO BOCHMMYIOJbHHMKA, BIHCAHHOTO B KpYyr C paauy-
coM R, Bbluucasercs no dopmyne ag= R\/2 — Ji, MPaBWILHOTO JBEHAI-

HATUYTOJBHUKA — TI0 (hopMyJie a[2=R1/2—J§. B kxaxmoMm ciydae Haii-
JUTe, KaKUM JIOKEeH OBITh palguyc OKPYKHOCTHM, YTOOBI CTOpOHAa MHOIO-
YIOJbHHMKA BhIpaxkajlach PallMOHAIBHBIM YHCIIOM.

569. BLINOTHMTE yMHOXeHHe:

a) J6+11-\6—+1; B) V2= 3 \2+43;

6) YV5+2-V5-12; r) JWI7T =22 - V17 + 22.
570. Haiinure 3HaAYeHHE BBIPAXKEHMS:

2) Y23 — V19 - W23 + 19 +5V2+7 |52 - 7;

6) V3—2v2 y3+2v2 — 726 - |[7+246.

§ 8. CeoiicTBa apudpmeTnyeckoro KBaapaTHOro KOpHs



571.

572.

573.

574.

TUTYNbHLIA NUCT NEpBOro pyc-
CKOro rne4YaTtHoro wmspaHusa «Havan»
Esknupa. Cankr-lMetepbypr, 1739 .

B 3HamenuTOM TpakTtaTte «Hauana» EBKIWI HOKa3al reOMETPUYECKM CIENy-
IOIIYI0O TEOPEMY: €CIH B OOHY M TY X€ OKPYXHOCTB BITMCAHHI IIPaBHJIbHEIE
MIATHYTOJIBHHK, LIECTUYTONBHUK W JECATHYTONBHUK, TO TUIONIAAb KBaapara,
TIOCTPOEHHOTO HAa CTOPOHE MATHYTOJbHHKA, paBHa CyMMe IUIONIaNei KBa-
JIPaToOB, TOCTPOEHHbIX HA CTOPOHAX LIECTUYTOJbHMKA M IECATHYTONBHHKA.
Jokaxure 3Ty TeopeMy airebGpanyeckH, 3Has, 4TO

a,;=3RJ10-25, a;=R, a,=2R(5-1),

e R — paauyc OKpYXHOCTH, ds, dg, @)y — JIMHBI CTOPOH INPaBHIbHBIX
BIIMCAHHBIX B OKPYXHOCTb MATUYIOJBHHMKA, IIECTUYTOJBHUKA M JECSTH-
YIOJIbHUKA COOTBETCTBEHHO.

Jlokaxure, 4TO
2+43- \/2+J2+J’ Jz 2+ =1.

VipocTturte BeIpaxeHHE:
8 (V35 +y3-5); ») (J7+45 +71-435)
6) (V6-3v3 —J6+38): 1 (\IT—2v2 — N7 +242) -

Haiinute @’ v a, ecau:

a) a=421+2y38 + 21 — 2,/38;

6) a=22+ 2485 — 22— 285.

byiy e g
i

Maea 3. OeicTBuTenbHbie uucna. KsagpatHbie KOPHU



575.

576.

ST

578.

579.

580.

581.

VipocTuTe BhIpaXeHHWe, TIPEICTABUB IOIKOPEHHOE BbIPAXEHWE B BHIE
KBagparta:

) \B+2VZ  6) J4-20B B J13-43; ) JO+e2.
Haiigute 3HaueHue X, ECIH:

a) x=411+6+2 +11—-6+2;

6) x =12 211 — {12+ 2/I1.

HOKa)KHTC, YTO 3HAYECHHE BBIPAXCHHUS ABIFCTCS LIEJIBIM YMCIIOM!:

) 3-22-VZ  B) BI+8J5 - 45,

6) B—y4+2J3 1) 16-83 +243.

BoisicuuTe, PallMOHAJIBHBIM WJIH HUPPallMOHAJIIBHBIM YHCIOM ABJIACTCA 3Ha-
YEHHE BbIPAXCHHUS:

a) 12+ 2311 + 12— 2J11;
6) 14 +233 — |14 — 2,/33;
B) 9+ 442 + 49— 4y2;
r 11— 642 — {11+ 642.

OcBoboauTtech OT MPPalMOHATEHOCTH B 3HaMeHartesle Ipo6u:
18 9

— 6) ———; ; whaad®
Y me 2% YTs Y Eem

OcBoGomuTech OT MPPAlMOHAILHOCTY B 3HaMeHartese IpoOu:

i j«/g—z; 6) jJﬁw’i; B) \NE‘PJ‘E; ) V-5
B2 s -2 s

Vhpocture BeIpax)eHHe:

a) 2a° — 5 — \/4a4+\f1+8a2+1604;
6) 9a—‘f\/64a"+16a2+1 +a*—6a, e a > 1.

§ 8. CeoncTBa apupMeETU4ECKOro KBaapaTHOro KOpHSA




582. OcBoGomuTech OT BHEIIHETO PalMKaa, MPEICTABMB MOIKOPEHHOE BbIpaXe-
HUE B BHIE KBajpara:

a) 1/2a+2\/02-—1, me a > 1; 6) \/2a+2\fa2—b2, e a > b.

583. okaxwure, uto eciu a > 0, b > 0, abe > 4, T0

abc+4_4 be __abe -2

a i Ja

584. YnpoctuTe BEIpaXeHWE:

2 2
a) \/31»22(1 +\/5+J3b22a —Jﬁ, ecnua > 0,b>0,a> J@;

Ja+,/4(a a—J#a—1) 4
a=— #a— a+. J4a-1) a-—2

YnpaxHeHus NS NOBTOPEHURA

585. dokaxurte, 4TO MpHU a > —1 BBIpaXeHHE

atl a—1). 4a
a—1 a+1) 5a-5

NPUHUMAET ITOJIOKHUTEIbHBIE 3HAYEHUS.

, eciaud a > 2.

586. B onmHoii cHucTeMe KoopaMHAT mnocrpoiite Tpaduku GyHKUMiA y = x> u
¥y =x+ 6, ¢ MX TIOMOIIBIO HaiiIUTe pelIeHHMe ypaBHeHHs x° — x — 6 = 0.

Iz] KoHTpOnbHbie BONPOCH! M 3afjaHus

1. ChopmynupyiiTe ¥ NOKaXWUTe TEOPEMBI O KBAIPaTHOM KOpHE M3 TPOH3Be-
JeHWs U IpoOu.

2. CdopmynupyiiTe ¥ JOKAXWUTE TEOPEMY O KBAaJAPAaTHOM KODHE W3 CTEIeHH.

Haiizmre 3navenne soipaxenusi (—2)° - (—3)°.

3. Ha npumepe oipaxkenuit +30a wu 2Ja OOBSICHUTE, KaK BBIIIOJIHAETCSH

BBEIHECEHHE MHOXMUTESI 3a 3HAK KOPHSA M BHCCCHHC MHOXHTCIIA T100 3HaAK
KODHSI.

4. Ha mpuMepe BeIpaxeHHH 0OBSCHUTE, KAK B BBIPAXKEHUIX Ta-

a a
i H e —
Vb b+
KOro BHJA MOXHO OCBODOIUTBCH OT UPpPALMOHAJIBHOCTH B 3HaMCHAaTele
ApOGH.

Maea 3. [eincTeuTtenbHbie yucna. KsagpartHbie KOPHU



JononHuTenbHbie yrnpaxHeHWsa K rnase 3

K naparpagy 6
587. IlpenctaBbte B BuIe OECKOHEYHOM [ECATHYHON TIEepUOOMYECKON aApobu
YHUCIIO:
9. 11, 468 . 1
3) 6) 7’ B) g9 " 30°

588. 3anuiuure TPU KaKUX-JIMOO palMOHAJIBHBIX YHCIA, 3aKIIOUEHHBIX MEXIY

YUCTAMU —% u 0,(7).

589. Haiinure 3HaYeHHUE BBIPAXKCHMUS:
a) 1,(3) + 3,(1); B) 1,(3) — 0,2(21);
6) 1,(3) + 3,2(5); r) 2,1(6) : 0,3.
590. [ImaroHanb KBaapara paBHa 2e, rIe € — eIUHWYHBbIA oTpe3oK. Jlokaxure,

YTO CTOPOHA 3TOr0 KBAJpara He BBIPAXAETCH Yepe3 OTPEe30K € palMoHalb-
HBIM 9HCJIOM.

591. Moxer JM pa3HOCTh PALIMOHAJILHOIO M MPPAaLMOHAJBHOTO YMcesl OBITH pa-
IIMOHAIBHBIM YHCIIOM?

592. [lokaxwure, 4YTO HE CYIIECTBYeT PAllHOHAIBHOTO YHC/IA, KBAagpaT KOTOPOTO
paBeH 3.

593. Ha KOOpOWHATHOI MPSAMON W300pa3uTe YHCIOBOM TMPOMEXYTOK:
a) [3; 3,(3)]; 6) [-3; 0,3); B) (=3,3; —3,03); 1) (=3,0(3); +o0).
3anumuMTe HEPAaBEHCTBO, 3ajalollee KaXKIblii YHMCIIOBOI MpPOMEXYTOK.

594. Ha xoopnuHaTHO# NpsiMOii M306pa3uTe YHCIOBOM MPOMEXYTOK, 3aJaHHBIN
HEPaBEHCTBOM:

2 2
a) -—7<x<2,7; 6) x < 2,7; B) —%<x<2,7; r) x>z
3anuiuuTe 0603HAYEHHE W Ha3BaHHE KaXIOrO YHMCIOBOTO TPOMEXYTKA.

595. Cpenu yyammxcs 8 Kjacca IpOBEIH OMPOC: CKOJNBKO BpeMeHH (B CpemHeM)
3aHMMaeT Jopora OT JOoMa JI0 IIKOJB. BBEUIM TTONYY4eHH CICAYIONIHe Pe3yib-
TaTtbl (B MUHYTax):
167 6; 14; 3; 7; 28; 12:23; 35; 8 I7; 312407 24; ‘75 13, 18; 11; 45 65 225

30; 14; 15; 6; 27, 8.

Hcnone3ys momydyeHHBIE DaHHbIE, COCTABBTE MHTEPBAJIbHBIA PSAI C HMHTEP-
BAJIOM:
a) 5 mun;
6) 10 MuH.
JInsa KaXkOoro MHTEPRAIBHOIO pPsANa JaHHBIX [TOCTPOMTE CTOIOYATYIO IUarpammy.

JlononHuTtenbHble ynpaXxHeHus _




596.

597.

598.

599.

600.

601.

602.

3 125 2
3anumure Kaxuoe M3 YHCEI 7 33, 51—9l U 7% B BHIE NECATHIHOMN
Ui OECKOHEUHOM JecATHYHOM IpoOH. OKpYIIHTE PEe3yJILTaT 10 HECATHIX W
HaiauTe abCOMIOTHYIO MOTPEIIHOCTh MPUOIMKEHHOTO 3HAYEHUSI.

3anuuMTe Kaxmaoe W3 YHCel 4%; 1—;—; 2215 u %25 B BHIE JECATUYHOM JIpO-

O, OKpYIIIUTE pe3yibTaT 10 JEeCATHIX, HalOWTe OTHOCHTENILHYIO IOTpell-
HOCTh M BBIpAa3UTe €€ B TIPOLIEHTAX.

Kakoe w3 npubnuxéHHeix 3HadeHuid 3,14; 3,15; 3% u 3% Yyucaa

n = 3,14159... asngercsa 6ojiee TOYHBIM?

Okpyrute crnaraemblie B cymme 2,8475 + 5,139 no mecsThiX, CIOXUTE MpH-
OMMKEHHDBIE 3HAYEHMs] M HalauTe abCOMIOTHBIE IMOTPEINHOCTH NMPUOIMKEH-
HbIX 3HAYCHUI ClaraeMbIX U CYMMbI.

atb
2

JoxaxuTte, 4TO JyYIIMM M3 TPEX NMPUOMMKEHHBIX 3HAYEHWH a, b u

YHCJIA O SIBJISETCS cpenHee apuMeTHYecKoe a U b, ecid @ < a < b.

Macca TtabneTk npuOAMXEHHO paBHa 25 Mr (¢ TOYHOCTBIO OO 1 Mr),
a Macca 4yeroBeka TNpHOMMKEHHO paBHa 85 Kr (¢ TouHocTeio H0 0,5 Kr).
CpaBHHUTE KauyecTBa M3MEPEHUIA.

IMpuGop naét BO3MOXKHOCTh M3MEPUTh BEIWYMHY C OTHOCHUTEIbHOW TOYHO-
cteio mo 0,1 %. Tlpu waMmepeHuu B pesynsrate noinydunu 625. Ouenure
aﬁCOJI]OTHYIO MOrpeurHoOCTb.

K naparpagy 7

603.

604.

605.

Haiinute 3HaYeHue BbIpaKeHUS:

a) +2,56; 6) J%; » (V2); r) (-2\/5)2-
3anmuuIdTe BCE 1eble YHCIa, TIPUHAUIeXAallie WHTepBay:
a) (—v2; 1+43);  B) (5—+35; 5+435);

6) (2—+2; Vi11); r) (—1; J3+\/§).

Pacnionoxure B MnopsaKe BO3pacTaHMA 4uciia

12; V145; 11,8; 12,1; +140; +/131.

Fmaesa 3. [JeicTButentHblie Yyucna. KeagpartHblie KOPHU



606.

607.

608.

Inomans S TpeyrojibHUKa CO CTOPOHAMHM a, b, ¢ MoxHO Haiitu 1o dop-
myne Iepona Anekcanapwuiickoro (I B.)

S=\plp—a)p-b)p-c),

rae p=£¥£ — IOJyNepuMerp TpeyroinbHuKa. Haiinure muiowans tpe-
YIOJIbHUKA, €CIIH:
a)a=13, b= 14, ¢ = 15; B)a=5,b=9,c=\/3?;

6)a=5b=9c=12; r) a=+29, b=465, c¢=4/106.

Pemure ypaBHeHue:

a) J3x—2+1=4; r) 9—4—x=1;

6) 5+43—0,4x =1; o 3+2,2+0,6x=09;
B) 340,7x +6=17; e) 6—3Jx—1=7.
INepecekaer nu rpaduk OyHKIUH y = J; IPSIMYIO:

a) y = 0,5x; 0) y=05 + 1?
[Ipy MONOXUTENEHOM OTBETE YKAXKWTE KOOPIMHATHI TOUYEK MEpecedeHus.

K naparpacy 8

609.

610.

611.

612.

Haiinure 3HauyeHWe BBIpAXKEHUS:
a) \/16,9-14,4-0,36; B) 2,5-2,4+2,5;
6) /8,1-0,64-12,1; r) /19,6-4,6 —19,6.

Beruucnute 3HaueHHe BBIPAXKEHUA:

R Sy SETHER NEEV R A
¥Ynpoctute BeIpaxkeHHe:

a) m npu x > 9; B) x> —12x+36 npu x > 6;

6) y(7—a)’ npu a < 7; r) 1/402—404‘1 npu a > 1.

YnpocTuTe BhIpaXeHUe:

a) B —b+0,25— B> —1,26+0,36, eciu 0,5 < b < 0,6;

6) \/4p2+4p+1—‘/9p2+1-—5p, eclIi p?-;—-

,ﬂ,OHOJ‘IHMTeﬂbeie ynpaxHeHus




613.

614.

615.

616.

617.

618.

619.

620.

621.

BeiHecHTe MHOXHWTEIb 3a 3HAK KOPHS:
a) va'b®, ectu a > 0, b < 0; B) Va’b’, ecnu a > 0, b > 0;

6) 0,02x’y°, ecnu x > 0, y > 0; r) {75x°y°, ecm x < 0, y < 0.
VhpocTure BHIpaXKeHME:

a) 2(3\/_ J_) 3(JE+§—); 6) 3(\/a_b— 2\{;Tb)+(6\gb—5 M \/aTb)

a

CpaBHUTE 3HAYEHHS BBIPAXKEHHIA:

a)asf;u\/;npﬂa>l;
6) BN u Vb mpu b > 1.

YnpocTuTe BhIpaxkKeHUe:

a) (37— 1)(1+32) ~ (32— JI3) —645;
6) (8+2V15)(v5 —V3) —(\3 ++2)(v3 - +2);
8) (442 = 23)(6v2 +3v3) - (1= V3)(\3 +1);
0 (3v2 +243)(\3 - 2) +243.

Hajinure 3HaYye€HHUE BbLIDAXKCHMUS:
a)a* —a + 6 npu a=1—1/3; 6) a* — 6a’ npu a=1+42.

JlokaxuTe, 4TO Kaxaoe U3 yucen 2+ \/3 22— \/5 SIBJISIETCSI KODHEM YpaB-
HeHusi x> — 4x + 1 = 0.

M3 naHHBIX YMcel BBIOEPUTE Maphbl MPOTUBOIONOXHBIX YHCE:

1 =53 —O02%B40003;: B-5 18 —1.

.
2+42° 3+22°
M3 paHHBIX uyKcen BeIOEepHUTEe Mapbl B3aWMHO OOpAaTHBLIX YHCEIL:

3-2J2; J6—1; VI2—42; 0,142+0,243; 3+2J2; 0,2J6+0,2.

BrisicHuTe, NpM KaKMX 3HaUYeHWsIX a ApoOb MNPUHHUMAaeT HauboIbllee 3Ha-
YyeHUe, M HalauTe 3TO 3HAUYEHHE:

) 1—\a-2, 6) ‘/a+a4—2.

a 3—a '’

_ fmaea 3. [eiicTBuTensHblie yucna. KeagpaTtHbie KOPHM



622'

623.

624.

625.

626.

627.

628. Hoxkaxwure, 4TO

OcBoOOIUTECE OT MPPAIMOHAIBHOCTH B 3HaMeHaTene Apoou:

1 . 1 .
MR BN AN S

1 1
6) ——; :
) V6 +2-1 r) V10 =15 + 14 — 21
YrpocTuTe BEIpaXeHHE:

a) (@+%+ﬁ+l):(l+%); 6) (ﬁ—%~%+l):(l—%).

I[OK&)KHTC, YTO IpH BCEX OOMYCTUMBIX 3HAYEHUAX TNMEPEMEHHBIX 3HA4YEHHE
BBIpAXKEHHUA HE 3aBUCHT OT 3HAYEHUH IEPEMEHHBIX:

Va+vb Ja—+b\. JVieab . X y—yJ;+2Jx—y _
) (JE—JE_JE+JE)'a—b’ & =Ty .

Cokpartute Ipo0b:

) P2 B 6) Wl—x?+x-2
C+xf2+1 1-fl—x-Jx+1

Hajinnte 3HaYeHHEe BHIPAXEHUS:

a) y4—15 + /4 +15; B) 6+ 25 +4/6 — 245;
6) 7 — 13 — |7+ 13; B 733 =1+ 5.

YrnpocTuTe BhIpaxkeHHE.

a) (\Nﬁ+6 +\/JE—6)2.

3amevanne, DTo BEIpaXeHUE BIIEPBhIE BeTpeuaeTcs B Tpynaax JIyku IMavo-
am (1445—1514), UTANBIHCKOIO MAaTeMAaTHKA.

6) (\/12+\/E+\/12+\/€)2.

3amevanme. DTo BbIpaXeHHE WCIONb30BaJl B CBOMX paborax Mwuxasnb
Itudens (1486—1567), HeMeukuii MaTeMaTHK.

B) (‘/5+J§+\/5—J§)2.

3amevanme, DTo BEIpaXeHHWe BCTpedaerca B Tpynax Cumona CreBuHa
(1548—1620), roiaHICKOro MHXEHepa.

2+\/§ 2—\/5 - 2
Z+2+ 3 +J§—\/2—J§ ¥2

3amevanme. D1o ToxnectBo mokasan XKosed Beprpau (1822—1900), dpan-
LY3CKM MaTeMaTHK.

HononHUTENLHbIE YNPaXXHEeHWSs




2
629. JlokaxuTe, 4TO ( 6+4V2 6-4V2 ) =8.

+
V2+Ve+42  2-Ve—4v2

630. YmpoctuTe BEIpaXeHHE: ,
a) V6+2V5 —V5; ) \9—214 +9+2J14;
6) V3—\T+43; 1) 23+8J7 —23-87.
631. YmpocTtuTe BRIpaXeHHe:

o G- s o

@t8yJa - 224 _Va.

= Ja+1 Ja(b +1)
632. VNpocTUTe BHIpAXEHHE: — i , EClIN X = , y= ;
" P x—y+l Jab +1 £ Jab —1

633. [lokaxuTe, 4TO \/10+m+\/¢_16+J6_=\/§+J§+J§.

3ameyanme. ToxnecTBO WHIMIICKOrO MatemMaTHkKa W acTpoHoMa bxackapa,
(1114 — mo3muee 1178 r.).

634. VrpocTuTe BHIpAXEHUE:
N eyt
6) J4a2 +1+a* +6a*+9;
B) y2a+2+2a"+2a —a, me a > 0;
r) J2a—2\/az—4 +yJa—2, me a > 2

1) \/;1+3—4\/a—] —\/a+8—6,/a—1, roe a > 10.

635. YnpocTHTe BBIpaXeHHE Jx + 2\/x —-2—-1+ \/x —2/x—2-1, ecmn:

a) 2 < x < 3
6) x > 3.

636. JloKaxuTe, YTO NMPH MOJOXUTEIBHBIX 3HAYEHHAX d, b U ¢ BbIpaXEHHE

Ja+b+c+2Jac+be +ya+b+c—2Jac+be

TOXIECTBEHHO PaBHO:

a) 2Ja+b, ecnua + b > c
6) 2Je, ecmma + b < c.

Masa 3. [eicTeuTenbHble Yyucna. KeagpartHbie KOPHH




B 3Toi rnaBe paccMaTpUBaEeTCH TPaAMLIMOHHLIA ANS Kypca LUKONbHOM anre-
6pbl MaTepuan — GopMynbl KOPHEW KBaapaTHOro ypasHeHus u Teopema Buerta.
Mocne w3y4eHWs 3TUX BONPOCOB CTAHOBWUTCS BO3MOXHbLIM PACCMOTPEHWE Bbi-
paxeHuid, CUMMETPU4ECKMX OTHOCUTENBHO KOPHEeW KBaapaTHOro YpaBHEHWS,
ApPO6HO-paLMOHanbHbIX YPaBHEHWUI M 3a0ad, pellaembix G NOMOLLbIO KBaAPaTHbIX
unn ApoBHO-pauMoHankHbIX ypasHeHuin. B atoi xe mase GyaeT BbiBeaeHa dop-
Myna ans pasnoXeHwus KBaApaTHOro TPExYseHa Ha MHOXWUTENW.

§ 9. KeapgpaTHoe ypaBHEHME U €ro KOpHU

28. OnpepeneHne KBaapaTtHOro ypaBHEHUS.
HenonHele kBagpaTtHble ypaBHEHUSN

JNlesasn vacTb ypaBHeHus 3x° - 5x - 2 = 0 ecTb KBaApaTHBbINA TPEXYNeH,

a npaeBas — 4UCNO HyNb. Takne ypaBHEHWS Ha3bIBAIOT KBAAPATHLIMU YpaBHE-
HUSMUN.

Onpepenexve. KsagpaTHbiM ypaBHEHMEM Ha3bLIBAETCA YPaBHEHWE BU-

pa ax* + bx + ¢ = 0, rae x — nepemeHHas, a, b U ¢ — HeKoTOpble
yucna, npuyém a = 0.

YpasHeHns 2x° + 5x+1=0; x2-x+9=0; 3% - 7x = O; :}x2+1=0;

-0,5x% = 0 ABNAIOTCH KBAAPATHLIMM YPAaBHEHWSIMMW, Tak Kak KaX[ooe W3 Hux
nmeer Bug ax®> + bx + ¢ = 0 npuyém a # 0. B nepBoM U3 3TUX ypasBHEHWI

=2, b=5unc=1; Bo BTOPOM @ = 1, b = —1 Mc =09 B TpETbEM g = 3,
b = -7 n ¢ = 0; B 4eTBépTOM a=l b=0wnc=1,Bnatoma=-05 b6=c=0.
Yucna a, b ucnaauaamﬂi@wuneﬂaﬁm_@agaa_qms_fm Huc-

NO a Ha3blBalOT CTAPWINM KOIDPUUNEHTOM, YNCNO b — BTODLIM KO3POUUMEH-
TOM, YMCNO ¢ — CBOOOAHLIM H4/IEHOM.

3ameTM, 4YTO KBagpaTHOE YpaBHEHWE OTHOCUTCS K YPaBHEHWSM BTOPOIA
CTeneHn, Tak Kak ero fesas 4acTb NPeACTaBNsieT MHOMOYNEH BTOPOW CTEreHM.

§ 9. KBagparHoe ypaBHeHue W ero KopHu




HanbGonee npocTbiMM ONa pelweHus SBASIOTCA KBaapaTHbIe YPaBHEHUS,

B KOTOPbIX b MAM ¢ paBHO Hynio. Takue ypaBHEHWS Ha3bIBAIOT HENoIHLIMU

THBLIMU BHeHusIMKU. K WX 4ACny OTHOCATCSH, Hanpumep, ypasBHEeHWs:

5x + 3x = 0; =4x* + 12 = 0; 2x° = 0. B nepeom u3 vux ¢ = 0 n b = 0,

Bo BTOPpoM 6 = 0 m ¢ # 0, B Tpeteem b = 0 n ¢ = 0. STn ypasHeHua npen-

CTaBNSIOT PasnuUyHbIE BUALI HEMOMNHLIX KBaApaTHLIX YPaBHEHWA, OTNMYaIoLLMEecs

cnocobom pelleHusi. PaccMoTpMM Mo NOPSOKY pelleHne BCex 3TMX BUAOB ypas-
HEHWIA.

Npumep 1. Pewmm ypasHenne 5x° + 3x = 0.
Pa3noxum NIEBYI0 4aCTb YPABHEHWS Ha MHOXWUTENW, NONy4nMm:
x(5x + 3) = 0.
OTciona
x=0 wm 5x+3=0.

3HauuT, ypaBHeHune 5x + 3x = 0 umeeT aBa KopHsa: 0 1 —%.

OTteeT: 0; —%.
YpaBHeHue 5x° + 3x = 0 aBNAETCA HENOMHbLIM KBaApaTHbIM YpaBHEHWeM

Buga ax* + bx = 0, rae b # 0. YT0o6bl pPEWNTL TaKoe ypaBHeHWe, LOCTaTO4HO
ero NeByl 4H4acTb pPa3noXuTb HA MHOXWUTENW. nOHY'-MTCﬂ ypaBHeHune

x(ax + b) = 0.
MpousseaeHne x(ax + b) paBHO HyMIO Torga W TOnbKO Toraa, korga x = 0

wwmax + b=0.
YpasHeHuve x = 0 umeet koperb 0. Pewas ypasHeHune ax + b = 0, nony4um

eld oauH KOpeHb —%, Tak Kak @ # 0 No onpeaeneH o KBagpaTHoOro YpaBHeHus.

3HauWT, HENoNHOE KBagpaTHOe ypaBHeHue Buaa ax’ + bx = 0, roe b # 0,

b
mmeeT asa kopHsa: 0 u -

Mpumep 2. Pewnm ypasHenne —4x° + 12 = 0.
MepeHecéMm cBOBOAHLIA 4neH ypaBHEeHUs B NpaByld 4acTb:

-4° = 12,
Pazpenum obe 4acTi NOSy4MBLUErOCHA ypaBHeHWa Ha —4:
=3

CyuwiecTBYIOT NvWb OBa 4MCna, KBagpaTtbl KOTOPbIX PaBHbl 4ucny 3. 310
yucna \/5 " —J§. 3Ha4nT, ypaeBHeHwue -4x%> + 12 = 0 uMeeT [Ba KOpHS: J§ 7]
-3,

Oteer: V3:; —V3.

YpaBHeHue —4x°* + 12 = 0 aBnAeTCH HEenosIHbIM KBaapaTHbiM YPaBHEHUEM
Bupa ax> + ¢ = 0, rae ¢ # 0. He BCcsIKOE ypaBHEHME Takoro B1Aa UMEET KOPHW.
Hanpumep, ypasHeHue 5x° + 4 = 0 He UMEET KOPHe¥A.

Maea 4. KeagpaTHblie ypaBHEeHWA
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PaccmoTtpum B 0BLLEM BUAOE pelueHWe HEMoNHOro KBaapaTHOro ypaBHEHWS
ax®> + ¢ =0, rne ¢ = 0.

MNepeHecém ero cBobOAHLIN YNieH B NMpaBylo 4acTb M 06e YacTu NoJyyuBLUe-
rocs ypaBHeHWs pasgenum Ha a, Tak kak a # 0. MNonyymum:

ax® = -, x2=—§.
Tak kak ¢ # 0, TO —< MOXET GbiTb MW MONOKUTENbHBIM, MU OTPULIATENb-
HBIM YUCIOM.
Ecnn -<>0, To ypasHeHue x*=-2, cnenoBaresnbHo, 1 PABHOCUINEHOE eMy

ypasHeHne ax’ + ¢ = 0 UMeeT OBa KOPHS: 1/—% n - —%. Ecnun —§<0, TO

ypaBHeHue ax’ + ¢ = 0 He UMEeT KOPHEil, TaK Kak HE CYLUECTBYET 3HA4YEHUs X,
KBaZpaT KOTOPOro PaBeH OTPULATENbHOMY YUCHTY —%.
Mpumep 3. Pewwum ypasHeHue —1,5x° = 0.

Pazpenum obe 4actu ypaBHenus Ha —1,5, nony4um ypasHeHue x> = 0. Ero
KOPHEM siBnfeTcs nuilb ducno 0.

OteeT: 0.

YpaeHeHue —1,5x° = 0 ABNSETCS HEnoNMHbIM KBagpaTHbIM YpaBHEHWEM BWAA
ax® = 0. MNpu NO6OM OTINYHOM OT HYJIl 3HAY€HMN a OHO MMEET eOUHCTBEHHbIN
KOopeHb — uucno 0.

YnpaxHeHus

637. Slpnsietcst M KBaJpaTHBIM ypaBHEHUE:
a) =35 + 6x + 9 = Q; r) =25x + 1 = 0;
6) 4 — 5x — 2 = 0; o 9% —5=0;
B) —x* + 6x = 0; e) 8 = 0?

638. IlpeoGpasyiiTe ypaBHeHUe B KBAIPATHOE M HA30BHMTE IO K03(h hHLIHEeHThI:
a) 3x(x —2) + (x — Dx + 1) = =2
6) 2x — 1)) — 3x + 2)(3x — 2) = 0;
B) (x — 4)(x +4) + (2x + 1)? = 4x;
1) (5x — 1" — (5x + 1) = (4x + 1)* + (4x — 1)
639. Tlpu kakoM 3HAYEHWH m ypaBHEHHE:
)3+ (m—-Dx+m—4=0;
6) 2 — (9 —m)x + (m — 9) = 0:
B) (m — 1)x* + (m> — Dx + 7 = 0;
N m+ BB3)xX —5x+m —3=0—
obpaiaeTcsl B HENoJIHOE KBajapaTHoe ypaBHenue? Harmmmmre 910 YpaBHEHHE.

§ 9. KBagpaTHoe ypaBHeHME U ero KopHu
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640.

641.

642.

643.

644.
645.

646.

647.

Pewmnte ypaBHeHue:

a) 5x* — 3x = 0; B) —3u® + 2lu = 0; n) Tm* + m = 0;

6) 27 — 1,2x = 0; r) 2,50 = 7,5v; e) 2m = 3m’.

Haitnure KOpHM ypaBHEHHS:

a) B — 27 = 0; B) 5a° = 10; 1) 9t — 4 = 0;

6) —22 + 50 = 0; r) —0,2% + 1 = 0; e) t=3"

Peidte ypaBHeHuUe:

a) —4x* + 3x = 0; B) 9m’ = —m; n) —1,7p* = 0;

6) 25X — 7 =0; 1 —m + 8 =0 e) 3,2k = 0.

Haiinure KOpHHA ypaBHEHHS:

a) 100x* — 9x = 0; B) 2 = Tx%; n) —0,8y* + 3y = 0;

6) 9x’ — 100 = 0; r) 2,4p* + 7,2p = 0; e) 0,2(n — 2’ — 54 =0.
SlBnsieTcss 1M KBaJpaTHbIM ypaBHenue x° + 2|x| = 0? Haiinure ero KOpHH.
Peuiyte OTHOCHTEILHO X ypaBHEHUE!

a) X —a+2a—1=0; 6) —5x +m+m+ =0,

HaiinuTe KOpHM YpaBHEHWSI:

a) 4x(x + 3) = 12x + 1;
0) 3m=m(m+2%);

B) a(6a + 1) = 2a(2—2%a);

r) 3(1 — 5&%) = 2(1 — 6kY);

K @p— 32+ 3y=1T,

e) By +2) =4y + 1)

x) (7x — 2)(x + 2) = 3x — D3x + 5);

3) (%m+4)(2m — 4) = 3m(m + 2) — 16.

Pemure ypaBHECHME!

a) 6m*> — 2m — 1)’ = m(m + 4);

6) 3a + 1)’ — 10 = (a + 3)a — 3);

B) (4x — 3)* — (3x — 4} = 7,

r) 10m + 2 — m)* = 63 — 3 — m)%;

) Q2p+ 3P+ Q=3P+ (p—6)p+6)=/ph

e) (x + 4(x + 3) + (x — 2)(x + 2) = 2(3x + 4).
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648.

649.

650.

651.

652.

653.

654.

Pemure ypaBHeHue:

a) x?—16=3; B) Y22 +1=143;
6) |3x?+1=413; r) ¥25—-12x =1.

Pemurte ypaBHeHMe, BBesi HOBYIO TEPEMEHHYIO:
a)2x~\/;=0; B)\/;+3x=0;

6) 2x — 2 — 3yx—1=0; r) 2J2x—3+6x—9=0.

BbIpasute NnepeMeHHYI0 X M3 ypaBHEHHS:
a) 4x* — 2xy = 0; B) 2x — 3y = 0;
6) 2 — 4x? = 0; NDy+y+x=0.

Pelmure OTHOCHUTENBHO r ypaBHEHME:
a) nr: = 8 6) nr*th = V.

OzHO M3 HaTypanbHBIX YKMCENl MEHBINE IPYroro Ha 3, a Mx MPOU3BeIeHHE
Gonblue yrpoeHHOTO TiepBoro yucaa Ha 25. Haiinure 5TH umca.

OnuMH KaTeT NPSMOYroJbHOTO TPEYroJbHHKA B 3 pasa Goblie JIPYTOro.
Ilnowane kBagpaTa, MOCTPOSHHOIO HA FUNOTEHY3E, PABHA IUIOMIAIN MpSMO-
YrOJIbHMKa, MIMHa KoToporo 40 cM, a 1IMpMHA paBHA MEHBILEMY KaTeTy.
Hajingure miMHEL KaTeTos.

Ecnu pamnyc kpyra yBenmumt B 2 pasa, 3aTeM yMeHbIUMTB Ha | cM, TO
ero ruIomaab yBenuuuTes Ha m cm’. Haitaute pamuyc Kpyra.

YnpaxHeHusa Ans nNoBTOpeHus

655.

656.

657.

Brinenute KBaipaT CyMMbl MIM KBaipaT PasHOCTH M3 KBAIPaTHOrO TPEX-
YyieHa:

a) m> — 3m + 2,5; B) X — 4x + ¢;
6) p> + 5p — §; r)x + 6x — c.
Haiinure 3HaveHHMe BbIpaKeHMs:

a) %—9 npu x = 0,25 u npu x = 0,36;

0) L‘W—z—s nmpu y = 1,44 u nipu y = 4,41.
Jy-15

BepHo JIK, YTO ABISAETCHA pallHOHAJIBHBIM YHMCIOM 3HAaueHHEe BbIpa*KeHu4:

o) (=32 - B+32); 6 ({57248 +\5-25)

§ 9. KeappaTtHoe ypaBHeHMe M ero KopHW
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29. dopMynbl KOPHEN KBAAPATHOrO ypaBHEHUs
Pewwum keagpaTHoe ypasHenue 3x° — 2x — 1 = 0.

Paapnenve 06e 4acTu ypaBHEHUs Ha 3, MONYYMM PaABHOCMALHOE emy KBaj-
paTHOe ypaBHeHne X -2

1
gx 3 > 2 1
Bolgenum 13 kBagpaTtHOro TpéxyneHa xz—gx—g B NEBO 4acTu Nony4us-
LWeroca ypaBHEHWA KBaapar pasHOCTW:

5!
1 1_2
X—-==—= -——==,
3 wm x-===
OTtcoga
1 =
X=-3 wm x=1.
3HAYUT, KOPHAMW ypaBHEHUA ABNAIOTCA yicna —z M 1.

Takum xe cnocobom pelmnm KBagpaTHoe ypaBHEeHue
ax® + bx + ¢ = 0. (1)
Pasanenum npaeylo M NeByl0 4acTW ypaeHeHusi (1) Ha a, NoNy4Yum pasHO-
CUNbHOE emy ypaBHEHUE
L2+2x+£=0.
a a

%x +§ KBagpaT CyMMbi:

2 2
B B, (P_) _(i) £-0,
x 2x 2a ¥ 2a 2a e a

BblgenvMm M3 KBafpaTHOro TpexdnéHa x°+

2

b b [
(x+“é;) E‘f’;—

OTciona 5 \
b b c
(x+2) 2 a

2 2
b\ _ b°—4dac
(x+§?) T4l

(2)

Maea 4. KeagpatHbie ypaBHEeHUNA



2-—
Yucnutens apobu . 4“, T. €. BolpaxeHue b°> — 4ac, Ha3LIRAIOT AUCKPUMU-

44°
HaHTOM KBaApaTHOro ypasHeuusi ax® + bx + ¢ = 0 (OT naTWHCKOro cnosa

discriminare, 4T0 03Ha4YaeT pasnuyats). Ero o6osHauaoT 6ykeoit D. 3Hauwr,

D = b? - 4ac.
Mcnonbays o6o3HaveHne AUCKPUMWHAHTA, ypaBHeHMe (2) MOXHO 3anvcaTb
B BUAE
2
b D
X+ —| ==,
( 2&1) 44? (3)

3HameHaTens npobu % NONOXWTENEH, Tak Kak Mo OnNpeaeneHunio Keaapar-

HOrO ypaBHeHusi a # 0. MoaTomy nuwb oT D 3aBMCWT, Kakme 3HayeHust (nosno-
KUTENbHBIE, HYNb UK OTpULATENIbHbIE) MPUHUMAET 3Ta Apobb. PaccmoTpum oT-
OEeNbHO KaxAablil cnydai.

1) Ecnm D > 0, 10 4%>0. B atom cnyyae npu pelweHuM HenonHoro keapg-

paTtHOro ypaBHeHWs (3) OTHOCUTENLHO x+§‘% nony4aem:

b2 b __[D
X+o-= 27 WM xtg= e

Otcropa
b _D b JD
YT gy W Ehapme
b D b D
= —— — K e it i
2a+2 il 2a 2a’
- -b+D T | JD
2a 2a

CnepoBatensHo, ypaBHeHue (1) B aTOM cny4ae umeeT aBa KOPHS: X, = _—b-;a—‘/ﬁ

—b—JE.

W Xy = 2a

MpumensieTcs kpaTkas 3anuck: x:lf’:‘a—‘lﬁ.

PaBeHcTBO
x=#, rae D = b? - 4aqc,

Ha3bIBAIOT OCHOBHOW OPMYNOIi KOPHEl KBafpaTHOro ypaBHEHWs.

§ 9. KsagpatHoe ypaBHeHue U ero KOpHU




D
2) Echm D = 0, 10 472:0. B atom cny4ae npuv peLleHun HernonHoro Keap-

paTHOro ypaBHeHwus (3) OTHOCUTENbHO X + 2—1 rnony4aem:
b
X+ E(; = 0

Orciopa
b

x=—-2—;.

CnepoBartenbHo, ypaBHeHue (1) B aTOM cny4ae uMeeT OAWH KOPeHb _Eba_'
ATOT KOPEHb MOXHO MONy4nTb NO OCHOBHOW (OpPMyne KOpHel KsBaapaTHOro
ypagHeHus. Mpu D = 0 oHa paér:

x:“b_i—_\fg_' x:-i_
2a 2a

D
4a®
HeHue (1) He UMEeT KOpPHEW.

3) Ecnm D <0, T0 <0. B atom cnyyae kak ypaeHeHue (3), Tak v ypae-

E] Mo AMCKPUMWMHAHTY KBagpaTHOro YypaBHEHWs OnpeaensioT, CKOJIbKO OHO
UMEET KOPHEM:
ecnn D > 0, TO ypaBHeHWe UMeeT OBa KOPHA,
ecnn D = 0, TO ypaBHeHWe MMeeT OAWH KOPEeHb;
ecnn D < 0, TO ypaBHEHWE HE MMEEeT KOpHEW.

i
Wtak, 4yToBbl pelwnTe KBagpaTtHoe ypaBHeHue, Haao:
1) BBLMUCAUTL AVUCKPUMWHAHT W CPaBHUTb €ro C HYNEM;
2) ecnu AMCKPUMUHAHT Gonblue HYNIA UK PaBeH Hy/lo, TO NPOU3BECTA Bbi-
yucneHna no opmyne W Hanucatb OTBET,
3) ecnu AUCKPUMUHAHT MEHbLUE HyNs, TO HanmcaTb, 4TO ypaBHEHWE He nme-

eT KOpPHEen.
Mpumep 1. Pelwum ypasHerne 6x° — x — 2 = 0.
KoadduumeHTtsl ypasHenns a = 6, b = -1, ¢ = —2. BbuucnuMm OUCKpU-
MWHAHT!

D=(-12-4-6-(-2)=1+48 =49, D > 0.

MpvMeHuMm GHOpPMySly KOpHEin KBaapaTHOro ypaBHeHWs:

xolEVae 17
26 1
2 1
x1:-§, x2=-§.
g, 1
OTBeT: 3 T3
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Mpumep 2. Pewwnm ypasHeHune 4x° — 12x + 9 = 0.
BblMMCAMM OUCKPUMWHAHT:
D=(-12°-4-4-9=144-144=0, D = 0.

MNpumeHuM $opmyny KOpHel KBaapaTHOro ypaBHEeHWs:

_12+40 _3
X = s x—2.

.
OTBerT: 15.

Mpumep 3. Pewwum ypasHeHne 3x°> + 6x + 5 = 0.
Bbiqmcnum auckpumuHanT: D = 36 — 4-3-5 =36 - 60, D < 0.
OTBeT: KOpHeii HeT. -

= _ —b+D
N3 OCHOBHON (pOpMyNbl KOPHE KBAAPATHOMO ypaBHEHUS x:%— MOXHO

MoaY41Tb AOMNONHUTENBHYIO (OPMYNy, MO KOTOPOIA MPOLLE BLIYMCIATE KOPHWU KBAf-
pPaTtHOro ypaBHEHUA C YETHbIM BTOPbIM KO3MDDULMEHTOM.

Paspgenum smcnutenb v 3HameHarens npobu _—bzia—"[ﬁ Ha 2, Nony4um:
Byl By [T,
x=_bi‘/5: 2-'E‘JB: 2 V4
2a a a

WTak, KOpHW KBAAPaTHOrO ypaBHEHWS, B KOTOPOM BTOPOI KO3I(DOULMEHT —

. f
2+ |%p
2 Va b
a

2
YETHOE 4MCNOo, NPOLLE BbIMMCAATL NO GopMyne X = , TAe %D :(5) —ac.

Ecnu B KBagpaTHOM YpaBHEHWM BTOPOA Y4ETHBIN KOadbUUMEHT 0603Ha-
4utb 2k, TO ypaBHEHWEe NMpPUMEeT Bug ax” + 2kx + ¢ = 0. Torma gns peweHns
3TOro ypaBHeHus ynobHee Mcnonb3oBatb GOPMyNY AN BEIMUCNEHUS JUCKPUMU-

HavTa: D, = k% — ac, roe D1=%D. B atom cnyvae ¢opmyna kopHei ksapgpar-
HOro ypaeHeHus OyaeT BLIMAOETb Tak:

9Ty dopmMyny HasbiBaOT MVYJI0A KOPHEN KB arHoro HUSI C HET-

HbIM BTOPbIM KOGQQHQMQHTQM.

MNpumep 4. Pewum ypasHeHune 3x° — 16x + 5 = 0.
Bropoit koadduumeHt -16 — yétHoe umcno. MpUmMeHUm dopmyny KopHen
KBaApaTtHOro ypaBHEHWUA C YETHLIM BTOPbLIM KO3(MDULMEHTOM:

1D— a2 _n.5_ _8++49 _8+7 _
z —( 8) 3 5—49, x—-—3 y x_—__a y x] —]

e 5 1
OTBer: 5; =
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YnpaxHeHus

658. Cko/IbKO KOpHEH HMMeeT YpaBHEHHE:

a) 4l +x—8=0; nx+6x+7=0;
6) 9 —6x + 1 = 0; m) —9x¢ + 10x — 3 = 0;
B) 2 + 5x + 6 = 0; e) 166> — 40x + 25 = (?
659. Pemure ypaBHEHUeE:
a) 2> — 5x — 3 =0 o)y + 4y +4=0;
6) 3 + 13x + 4 = 0; e) 3m*> — 4m + 3 = 0;
B) 6y —y—1=0; x) 47 =2 — Ty,
r) 9x’ — 30x + 25 = 0; 3) p = p + 90.
660. Haiinure KOpHM ypaBHEHMS:
a) 5x + 5x +1=0; n —2m’ + 1lm — 10 = 0;
6) ¥ = 2x + 2 )y -2 —-7=0;
B) 32 +z+1=0; x) 3 + 1llx + 6 = 0;
r) 6 + 7x = 3x% 3) 15 + 17a = 4d’.
661. Pemnre ypaBHEHHE:
a) 6x> — 13x + 2 = 0; Nx+4x—1=0;
6) 4 + 36y = —8l; m 8 —p—3=0;
B) 9m* — Tm + 10 = 0; e) 20y = 3y’ + 20.
662. Haiimure 3HAYEHHs X, NMPU KOTOPHIX PAaBHO HYJIIO 3HaueHWe TPEXWIeHA:
a) 100x* — 80x — 33; 6) 6x* — 25x + 4.
663. Pemurte ypaBHEHHE:
a) 3m’> + 2m = §; m 5 — 3x=5x+ 4
6) ¥ + 12x = —35; e) 172 — 20z = 82 — 3;
B) 50/ — 8y + 2 = —1; x) 35x + 7 =1 — 5045
r) 4m’ — 2m — 3 = 2; 3) 407 — 4 = 35y — 10y~
664. HaiinnTe KOpHU YpaBHEHUS:
a) 49x* — 28x — 3 = -7, n 1lm? + 12 = 25m — m%;
6) 12 + 1lx — 2 = 3; n) 25 — 12 = 10 + Sy;
B) 6 + 19y = 2y — 12; e) 502 + 1lx = —28 — 50x°.
665. [lpy Kakux 3HAYCHWSIX TNEPEMEHHON 3HAYCHWE BBIPAXCHWA.
a) —7x* — 38x — 14 pasHo —1; B) 4x* — 21x + 20 pasHO —7;
6) 16x* + 10x — 21 paBHO 5; r) 9 + 9x + 4 pasHo 2?
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666.

667.

668.

669.

670.

671.

Haiinure 3HayeHWs NepeMeHHOM, MPH KOTOPHIX PaBHBI 3HAYEHHS] MHOIO-

YJIEHOB:
a) 5x* + 17x — 2 u 3x — 11;
6) 7x* — llx — 2 u —4x* + 2x — 5;

Pemmure ypaBHeHME:

a) x(5x — 3) = 3(2x—1%);

) (2x+ Dx—3)=x(4—x)—9;
B) 3x — 2)(3x + 2) = 4x(x — 1);
N (l—2)2x+1)=-2x3x + 1) + 2;

Haitnute KOpHM ypaBHEHMS:

a) (x — Dx+35) —(x+ D+ 2 =0
6) Bx + NBx — 1) = 8x — 2;

B) 2x + 1)2 = (1 + 3x)(3x — 1);

r 3 —m)’=4m@m — 3) — 15.

B) 3xX — 2 u -3 + 6x — 1;
r) 4x + 4 u —10:% + 17x.

n 2m+ 3% =m-(m+ 1);
e) Sa(a + 1) = (3a — 2)%
%) (3p + ¥ — @ — 1) = &
3) 32x— 1) =7+ 12.

Pemure ypaBHeHHe:
2 2 2
x x I_E_ix__ -2 —91-

SR s otk 1) S =2L;

) m_z_ﬂ_z_’"i+3_’"_§- ) m(4m + 1) = Sm’ 1,
5 1005 "o~ 3 ) B g
-l - T Tk—5 _ 4k* -3,

B) g Y=Y g % =g z °
57 4n 1. 6y+1 4*-3 7
———=n = = T s =_,

D) Tgg =i 2y 3) =% 2 6

Ilpu xakMx 3HaYEHUsIX MEPEMEHHON BEPHO PABEHCTBO:

a) 0,5(m + 1,5) = (%m+l)2;

6) (0,6x — 0,2)(0,6x + 0,2) = 0,24x — 0,08?

Pewiure ypasHeHue:

) fx g la sk O

0 e~ n e e
B) (0,3m + 2)* — 2m = 0,8m — 3; o) 213 B Al

§ 9. KBagpaTHOe ypaBHEHME U ero KOpHW




672.

673.

674.

675.

676.

677.

678.

679.

680.

681.

682.

[Ipy Kakux 3HAYEHUsIX ¢ ypaBHEHHE X° — 22x + g + 1 = 0 umeer pas-
JIMYHBIE KOPHHU?

JlokaxwuTe, uTo ypaBHeHue x° + (2m + 1)x + 2n + 1 = 0 He uMeer pa-
IIMOHAJIBHEIX KOpHEH, ecnu m e Z u n € Z.

2 p—
IMpy KaKMxX HATYpadbHBIX 3HAYEHMSX X 3HAYEHHE IpoOH o = 3

PaBHO 3Ha-
YEHWIO KBaJIpaTHOTO TpéxwieHa 2x° — S5x + 57

Haitnute npubnkéHHble 3HAYEHWsT KOPHEl ypaBHEHMs ¢ TodHOCTBIO 10 0,01:

2
a) 3 + 2 — 2 = 0; 6) w=2(m+2%).
IMpu Kakux 3HAYEHHUSX MEPEeMEHHOM:
2%+ 3x
a) 3HaYeHWe Ipobu = GoJIbLIE COOTBETCTBYIOLIErO 3HAYEHMs Ipobu
), gy Bl
8
5x2—4 2
0) 3HaueHue Opobu 5 B 43 pa3a MeHbIIE COOTBETCTBYIOILEIO 3Haye-
Hust apobu X392

15

Breipasure nepeMeHHYI0 X W3 ypaBHEHMS:
a) x> — 5bx + 6b* = 0; B) x> — bx — 6b° = 0;
6) 2 + Sbx + 3b* = 0; r) 3x* + bx — 2b* = 0.

PeluyTe OTHOCHTENBHO X YpaBHEHME
(x— Dx—3) =(a - 1)a - 3).

JIOKaXWUTE, YTO eclid ypaBHEHHE X +px+qg=0, me peZ n
g € Z, uMeeT LeNble KOPDHMU, TO OHM SIBISLIOTCS JENUTEISIMH cBOOOOHOTO
yjeHa.

HaiiouTe Bce mnapel u4ucen m W n, U KOTOPBIX YpaBHEHUE

(mx* — 6x + 3)(2x — n) = 0 uMeeT POBHO OIWH KOPeHb, M IS KaXioH
TAaKoi Iapbl YKaXWTe 3TOT KOPEHb.

JokaxuTe, 4YTO €cJM KBaJpaTHbiec YpaBHEHHA at +bx+c=0 mn
b + ex + a = 0 umetor 061U KOpeHb, TO OH paseH 1.

Haiinure ycrnoBue, IpH KOTOPOM YpaBHEHHE ax’ + bx + ¢ = 0 umeer Kop-
HH, SBJISIOLINECH:

a) TIPOTHBOINOJIOXHBIMH YHMCIIAMH, 6) 0OpaTHBEIMM YMC/IAMH.

Masa 4. KeagpaTtHble ypaBHEeHUdA



YnpaXxHeHus ANs NoBTOpPeHUs

683. VYnpocrute BeIpaXeHME:

a) (23-3V2)3v2+243); ) (av2—3) — 24
6) (5v5+1) —1045; 1) (376 +243)(3V6 — 243).

684. Haiinure 3HaYeHHWE BBIPAXKESHHS:

m n n 2 m 3 4.
= - =]: - m=—u n=——
a) (ﬂ 2+m) (m2+mn m+"+n2+mn) e 10 15°

) (1— k +——1——)(a2 — 1) npu a=l%.

a—1  a+l

685. [loxaxure, YTO €CIM K TPEX3HAYHOMY UHCIY CIIpaBa TPHMITMCATH TAKOE Xe
YUCI0, TO MOJYYMTCA IIECTM3HAYHOE Yucilo, KpatHoe 7, 11 u 13.

30. YpaBHeHusi, cBOAAWMECH K KBAAPATHLIM

HekoTopble ypaBHeHUs yaaéTca pelunTs, UCNOoNb3ysi MEeTOL BEBEAEHUS HOBOW
nepemMeHHon. PaccMoTpum npumepsi.

Npumep 1. Pewum ypaexeHne 16x* — 65x° + 4 = 0,
B 370 ypaBHeHWe nepeMeHHas x BXOAMT TOMbKO BO BTOPOW U B 4ETBEPTON

crenenu. Tak kak x* = (x°)?, TO ypaBHeHWE MOXHO CBECTW K KBAApaTHOMY, 060-
3Haume x° Gyksoi y. Monyyum
16)° — 65y + 4 = 0.
Pewwus 3710 ypaBHeHWe, Haigém, 4To ), =T1§ u y, = 4. Bosepawasch kK nepe-

MEHHOW X, NONY4YUM ypaBHEHWS xa:% M x> = 4, KOPHAMM KOTOPbIX SBISIOTCS
1 i,
yucna 3 2un 2.
Otset: +; —; 2; -2
R CO T A

YpasHeHue 16x* — 65x° + 4 = 0 umeer Bun ax’ + bx2 + ¢ = 0, e
a # 0. YpaBHeHVs Takoro BuOa Ha3biBaOT OukBaapatHbiMM. JONofHEeHWe «Gu»
(oT natuHckoro cnoea bis — ABaxabl) CBA3AHO C TeM, 4YTO Takoe ypaBHEHUe
ABNAETCA KBaAPATHLIM OTHOCWUTENBHO KBagparta nepemeHHoi x. BuksagpaTtHoe
YPaBHEHWE MOXHO peluTb, UCMONb3ys NOACTAHOBKY ¥ = x°. lNoackaskon ans
TakOi NOACTAHOBKM SIBNSIETCA CaMO ypaBHEHME.

B HeKoTopbiX Apyrux cnydasx ypaBHEHWsi Takke yaaercs pewuTbL ¢ rno-
MOLLbIO BBEAEGHWS HOBOW NEPEMEeHHOM, HO HAaWTK NOACTAHOBKY ObIBAET CNoXHee.

§ 9. KsappatHoe ypaBHEHWe M ero KOpHM




Mpumep 2. Pewunm ypasHeHue
x(x + 0,5)(x + 1,5)(x + 2) = 31,5.
Ecnu 3anucatb ero B CTaHAapTHOM BuAe, TO NONYYUTCH ypaBHEHue
x*+ 45 + 4,75%° + 1,5x - 31,5 = 0,
ANS KOTOPOro TPYAHO HAWTW Kakoi-nubo cnocobd pelueHus.

MocTtynumMm mHaye. 3aMeHUM MHOrOYNEeHOM MPOU3BEOEHWE MEPBOr0 U YeT-
BEPTOr0 MHOXWTENER, a Takke BTOPOro W TpeTtbero. Monyyum:

(x2 + 2x)(>® + 2x + 0,75) = 31,5.

B neeoii yacTu ABaXAbl BCTPEHAETCs BbipaxeHue x° + 2x, Npu4éMm nepe-
MEHHAsA X HM B KakKoe Apyroe BblpaXeHue He BxoauT. BBeaém HOBYIO NepemeH-
Hylo ¥ = X* + 2x. Torna ypaBHEeHWe CBOAMTCH K YPaBHEHWIO C NepemMeHHoW y:

y(y + 0,75) = 31,5.
YNpocTUB ero, nony4vum:

¥ + 0,75y - 31,5 = 0,

4y + 3y — 126 = 0.
Pewwms 310 ypaBHeHWe, HanpEm:

y, =6, y,=5,25.
MOACTaBUM HalAEHHbIE 3HAYEHUS ¥ B PABEHCTBO ¥ = X° + 2x:

X +2x=-6 wm x*+ 2x = 5,25.

YpaBHeHne x° + 2x = —6 He UMeeT KOpHeii, a ypasHenue x° + 2x = 5,25
MMmeeT aga KopHs: x; = -3,5 n x, = 1,5.
WTak, MCXoaHOE ypaBHEHMe MMeeT OBa KopHa: —3,5 u 1,5.

OTeer: -3,5; 1,5.

YnpaxHeHus
686. Pemnre GMKBAapaTHOE YpaBHEHHE:
a) x* + 7' — 8 = 0; ) 4x* — 133 + 3 = 0;
6) x* — 17x* + 16 = 0; o) 16y + 157 — 1 = 0;
B) 2* — 17 + 35 = 0; e) '+ 2 +6=0.
687. TIpu KakuX 3HAYCHHWAX MEPEMEHHOI PaBHO HYTIO 3HAYEHHE TPEXWICHaA:
a) x* — 137 + 36; r) 4x* — 5% + 1;
6) ' — 1237 + 27; o x* = 2,5¢ — 6;
B) —p* + p* — 0,25; e) 2 — 17y" — 9?
688. Haiimute KOOpOMHATHI TOYEK TEPECEYCHMSI C OCSMM KOOPAMHAT rpaduxa
byHKUIMU:
a)y=x'— 102+ 9; By =x'— 0%

6) y =4x' — 17 + 4 )y =x*+ &

‘Iﬂ ' " Tnaea 4. KsapnpaTHbie ypaBHeHWs



689.

690.

691.

692.

693.

694.

695.

Pemure ypaBHeHue:

a) x> —3-|x| —4=0 r);z———;—l=0;
6) 2 —3:-|x|+1=0; n)3-%—l—4=0;
X x
= i 1 1_qL
B) X’ +4.|x|+3=0; ) z+2-x=lg.

3amevarnme. TlocnemHee ypaBHEHHE MAaHHOIO YIIPAXHEHWS COCTABIEHO
nepcuackuM y4€HbeiM Omapom Xaiisimom (1048—1122).

Pemiure ypaBHeHHe C MOMOIIBI0 BBEAEHUS HOBOM TEPEMEHHONM:

a) x* + 5x* = 126; B) x* = 22 + §;
6) x* + 24 = 10x% )X =2 + 3.

3amevaHme, YpaBHEHHUs] 3TOTO YMPaXHEHWS COCTABJIEHBI apaOCKUM y4é-
HeiM XI B. an-Kapxu.

Haiinute KopHM ypaBHEHHS:
a) (=12 — 18062 — 1) + 45 = (;
6) &+ 1= 1002 + 1) +9=0.

Pemure ypaBHeHHME METOOOM BBENEHHSI HOBOM IEpEMEHHOI:
a) (& + ) — 5(* + 2x) — 24 = 0;

6) (x> — x)* — 15(x* — x) — 100 = 0;

B) 3¢ + x)? — 10x* — 10x = 48;

DO —-29)2—-4+8 +3=0.

Haiinute ynoOHylo 3amMeHy TepeMEeHHOW M pelluTe ypaBHEHHE:
a) (¢ + 3x — 20)(% + 3x + 2) = 240;
6) (o — x + 8)(* — x — 6) = 120.

Hatinute KOpHH ypaBHEHWS:

a) (x + Dx + 2)(x + 3)(x + 4) = 840;

0) x(x — 2)(x — 4)(x — 6) — 105 = 0;

B) (x + 4)(x + 6)(x + 8)(x + 10) = 5760;
N v—2)y— 3y —Hy — 35 — 360 =0.

Pelnurte ypaBHeHHMeE, WCIIONb3ysl BBEIEHUE HOBOWM TIepEeMEHHOM:
a) ¢ + 4x)? — (x + 2)* = 416;

6) 2 — 2x)2 + (x — 1)2 = 73;

B) (& + 6x)* — 4(x + 3)® = 156;

r) 3¢ + 2x)? = 35(x + 1)* + 115.

§ 9. KsagpaTtHoe ypaBHeHWe 1 ero KopHu




YnpaxHeHusa Ons noBTOpPeHUs

696. Haiimure Haubonbiiee ¥ HaMMEHBIIEE 1LIEbIE 3HAYEHWS TIEPEMEHHON X, NpH
x—8
KOTOPBIX Ip06b oo fBAsAETCA TMpaBWILHOM, 1po6b -’%08 — HeIpaBUIBHON

1 obe Ipodu TONOXKHUTEIBHEIE.

697. Ilpu kakux 3HaYeHUsX NMAPAMETPOB @ U b peLIEHUEM CUCTEMBI {g'; : i i T ’

siBnsAeTcs napa gucen (4; 5)?

698. B koHue yuyebHoro roma 11 yyenukoB 8 Kjacca cliaBaji HOpMaTHB Mo bery
Ha 100 meTpoB. 3adMKcHpOBaHHBIE PE3YIBTATH (B CEKYHIAX) IMPENCTABIEHbL

B TabIMI1IE.
Aanuun 15,3 Crac 16,1 Mawa 14,7
Meta 16,9 AHg 25,1 Harawa 20,2
JNena 21,8 Ona 19,9 Mwuwia 15,4
Kara 18,4 Bops 15,5

Haiinure MeOWaHy MOKa3aHHBbIX YYCHHUKAMHW PE3YIbTATOB.

31. PeweHune 3apav

C NOMOLLBIO KBaZpaTHbIX ypaBHEHWUN
Bo MHOrMX CAy4asx NpW COCTaBNEHWW YPaBHEHWW MO YCNOBMAM 3anad
NOMIY4aloTCs KBagpaTHble YPaBHEHWs WX ypasHEeHus, CBOAALUMECH K KBagpaTt-
HbiM. Takue 3agadu 4acTto BCTpE4alwTCAa B MareMaTuke, ¢M3I/IKe, TeXHUKE.

Pelwwenne 3apadq C NMOMOLLBIO YPaBHEHWI CBOAMTCS, Kak W3BECTHO, K TPEM
OCHOBHbIM 3Tanam:

— 0603Ha4YUTb HeU3BecTHoe YMcno ByKBOW M COCTaBWTL ypaBHEHWe,
— pelwuTb ypaBHEHWE;
— WCTONKOBaTL pesynkTaT B COOTBETCTBUM C YCNOBUEM 3a4a4W.

PaccmoTpuMm npumepsbl.

3apaya 1. MMnNoTeHy3a NPAMOYroNbHOrO TPeyronbHWKa 60nblue OQHOro U3
KaTeToB B 1% pa3a. A aToT KateT Gonble apyroro kateta Ha 10 cm. Haingute
GoNbLIWA KaTeT.

Maea 4. KeapparTHbie ypaBHeHUSN



PeweHue. [NycTb GonbluMiA KaTeT paBeH X CM. Torga runoTeHysa pasHa
1%x CM, MeHblwMn kaTteT paeeH (x — 10) cm. o Teopeme ludaropa cymma

KBaApaToB KaTeToB paBHa KBagpaTty rMnoTeHy3bl, T. €.
2
2+ (x - 10)2 = (1%3:) .

Pewwum ypaBHeHue:
2+ 22 - 20x + 100 = 257,

32x° - 320x + 1600 = 25x%
7x> - 320 x + 1600 = 0,

%D: 1602 - 7 - 1600 = 14 400,

_ 1604120
==

x, = 40, xgzsg.
Mo ycnoeuio 3ana4mn 3HaveHne x A0MKHO BbiTh Gonblue 10. ToMy yCnoemio
YyAOBNETBOPSET MWL NEpPBLIA KopeHb — yucno 40.
OreeT: 40 cm.

3apava 2. Yepes kakoe BpemMsa Teno, GPOLWEHHOE BEepPTUKANbHO BBEPX CO
ckopocTbio 30 M/c, okaxetcs Ha BbicoTe 40 M (6e3 yuéTa COnNpOTUBNEHWS BO3-
nyxa)?

Pewenune. Bocnoneayemca dopmynoi

2
h:vof—-%,

roe h (B M) — BbICOTA, KOTopom OOCTUraeT Teno 4Yepes f ¢, v, (B M/c) — Ha-
YyasibHas CKOpPOCTb U g gB m/c?) — yckopenve cBOGOOHOrO NajseHus, npubnu-
xEHHO paBHoe 10 M/c”. MopcTaenaa B 3Ty OPMyNy BMECTO MNepPeMEHHbIX
h, vy U g UX 3HaAYEHUs, NOJIYYMM ypaBHEHUE

40 = 30z - 572
Otciopa
572 — 30r + 40 = 0,
‘-6t +8=0.
Mo pononHUTeNbHOI popMyne KOpHei KBafpaTHOr0 YpaBHEHUS HAOEM:
r=351
t,=4, t,=2

OteeT: 2Cc 1 4 cC.

§ 9. KeagpaTHOe ypaBHEHME W ero KOpHMW




h, ™ h =30t - 5¢2 3ameTumMm, 4To 06a peasynbrata (2 C

M 4 c) ynoBnNeTBOPAIOT YCNOBUAM 3a-

ol e e A paun. lNepBsbiii pas Teno OKaxeTca Ha

BbicoTe 40 M BO BpeEMSA ero nogbéma 4e-
pes 2 ¢ nocne momeHTa bpocanusa. BTo-
poii pa3 oHO OyQeT Ha TOW Xe BbicOTe
yepe3 4 C, HO yXe BO Bpems NajeHus.
WnnmocTtpaumio pewenns paét rpaduk

3aBUCMMOCTM A OT f, BblpaxeHHOW ¢op-
mynoin A = 30f = 5¢* (puc. 38).

Puc. 38

YnpaxHeHus

699.

700.

701.

702.

703.

704.

705.

706.

707.

708.

709.

176

[Mnowans NPAMOYroJbHUKA, JUTHHA KOTOPOro Ha 5 ¢M Oolbllie IIMPUHEL,
paBHa 126 cm’. Haiizute CTOPOHBI MPSMOYTOILHUKA.

Haiinute nepuMeTp TNpSMOYIolIbHMKA, OJHA CTOPOHAa KOTOpPOro Ha 3 cM
MeHBIIIE APYTOM, a ero AuaroHalb paBHa 15 cMm.

OnHAa CTOpOHAa NPSMOYTroNbHHKA Ha | cM Kopoye AMaroHamu M Ha 7 CM
IUTMHHEE CMEXHOH ¢ HeW ctopoHbl. Haiinure miomank npsmMoyrojibHHKA.

Ha o6nunosky crensl mouuio 504 mautku. [Tpuyém B KaXIOM psy IUIMTOK
OBUTO Ha 3 MeHbLIe, 4eM 4Mcio psamoB. Ckonbko ObUIO pAnOB?

JInWHa TpAMOYroNbHMKA Ha 2 M Gosblue ero WUpHHBL. Ecnu wupuHy yBe-
JMYMTH HAa 3 M, a JUIMHY — Ha 8 M, TO IUIOMIAnb yBeluuyurcs B 3 pasa.
Haiinure CTOPOHBI MPSAMOYTOJILHUKA.

Pamiyc ogHOI M3 IByX OKPYXHOCTEH, MMEIOIIMX OOIWil LEeHTp, Ha 5 cMm
Gonbllle paamyca apyroit. [liomans Kosibla, 3aKIHOYEHHOTO MEXIY STHMH
OKPYXHOCTSIMHM, coctaBnsier 1,25 ruromanu manoro kpyra. Haiinure panuny-
Chbl OKPYXHOCTEM.

Wsrotomwin 185 meraneit. MX pasnoXuwid MOPOBHY B HECKOJIBKO GONBIINX
SIIMKOB M 9 netaseil MONOXWIM B MaJeHbKMA AMMK. B kaxabiid Gombiioi
BOLIUIO JETANeil Ha 5 MeHbIle, yeM ObUIo OOMbIIMX SMKOB. CKONBKO ObI-
JI0 GOJBIIMX SUIMKOB?

Cmea KBaJapaToB OBYX IOCIEIOBATEIbHDBIX HEYETHBIX HaTypaJbHbIX YHCET
paBHa 290. Hailinure 3TH 49mucra.

[pousBeleHHe IBYX MOC/IEI0BATENBHBIX YMCEN], KPaTHbIX 3, Ha 18 ©onbire
yueTBepEHHOro Gonbllero U3 3THX ducen. Haiiaure 3TH 4Mcia.

[IpM pO3LIrPHIE TEPBEHCTBA LIKOMBI MO BOJEHOONY ObUTa IPOBENEHA
21 wrpa, npuuéM Kaxaash KOMaHIa Chirpana ¢ Kax[IOi M3 OCTaIbHBIX KO-
MaHz oauH pa3. CKOJbKO KOMaH[ y4acTBOBAJIO B PO3BIphbILIE?

EciM 4YKMCIO CTOPOH BHIMMYKJIOTO MHOIOYTrOJIbHHKA YABOWTH, TO YHCIO €TI0
muaroHaneit yeemwuurtca Ha 30. HaiinwTe umcio CTOPOH 3TOr0 MHOTO-
YIOJIbHHUKA.

Thaea 4. KeagpaTtHbie ypaBHEeHUS



710.

711.

712.

713.

714.

B crapiiem paspsiie IBY3HAYHOIO YHCIA HA OJHY €IMHMILYy OONbIIE, YeM B
MjaglieM. Eciu 310 4mMCiao YMHOXHMTB Ha 4YMCIIO, [MOJIY4EHHOE NEPECTAHOB-
Ko ero uudp, To monyuurcs 736. Haiimute maHHOe ABY3HaYyHOE YHCIIO.

Jano aBy3HAYHOE YMCIO C OOMHAKOBHIMU IMdpamu. Ecnu B crapluuii paspsn
I00aBUTh ONHY €IMHUILY, 4 B MIAIUINI JIBE M MOJYYeHHOE YHUCIO YMHOXUTh
Ha JaHHOE, TO TMpoM3BeneHWe OymeT paBHO 2464. HalinuTe naHHOE 4HCIIO.

CKOJIbKO BEpIIMH MMEET BBIMYK/Iblii MHOTOYTOJBHWK, B KOTOPOM [IMaroHa-
el Ha 25 Gomblre, yeM cTOpOH?

bak HanonHeH cnupToM. M3 6aka BBEUIWIM 4acTbh CIIMPTA U JOIMOJHHIM €ro
Bomoii. [lorom u3 Oaka BBUIMIM CTOJNBKO Xe JIMTPOB cMecH. B Oake ocra-
nochk 49 11 cmupra. CKOJMBKO JIUTPOB CIMPTA BBIIMIM B MEPBRI pa3 U CKOJb-
KO BO BTOpPOM pa3, eclli BMECTMMOCTh Oaka 64 n?

Wmeercss nBa TpUALIATHIMTPOBBEIX COCYI2, B KOTOPEIX CONEPXUTCS BCETO
30 n cnupra. [lepBrlii cocyn MOMMBAIOT DOBEPXY BOJOW U MONYy4eHHON cMe-
CBIO JOTIOJHAIOT BTOPOi COCYI, M3 KOTOPOIO 3aTeM IepejuBaloT 12 J1 HOBO#
cMecHd B TiepBHIi. CKONBbKO JIMTPOB CHUPTa ObLIO CHAdajla B KaxIOM CO-
cyde, ecidi BO BTOPOM OKAa3aJioch HAa 2 N CITMPTA MeHbINEe, YeM B MepBoM?

YnpaxHeHus Ans noBTOpeHus

715.

716.

717.

Cokpatute OpoOb:

2ab+2by+ay+y2, 6) 9x2 + 6x + 4
2ab—2by+ay—y2’ 27x° — 8

Haiinute koopmMHATHI TOUYEK IIEPECEUEHMSI ¢ OCSAMH KOOpAMHAT rpaduka
bynkumnn:

a) y = Tx + 14; 6) y =2+ 9x — 5.
¥Ynpocture BbIpaxkeHHe:
) (E= o) -  afa—bfb

A ~24%) a+ab+b

IZl KoHTponbHbie BONPOChb! M 3afaHus

CdopmynupyiiTe onpeeiieHHe KBaJpAaTHOIO YpaBHEHHS.

Kakue kBanpaTHble ypaBHeHHMs HasbBaoTCa HeroiHbiMu? [IpuBenure mpu-
MEpPBl HEIOJHBIX KBaJpaTHLIX YpaBHEHMIA.

Cdopmynupyiite ornpeneieHHMe AUCKPHMUHAHTA KBAJPATHOIO YpPaBHEHWSI.
CKOJIBKO KOpHEH MOXEeT MMETh KBaApaTHOe ypaBHeHue?

Hanuuure ocHoBHYI0 hoOpMylly KOpPHEH KBAIpaTHOIO ypaBHEHHSI.

Hamumure GopMylly KOpHeil KBaapaTHOrO YpaBHEHMsSI CO BTOPHIM YETHBIM
KO3 pULHEeHTOM.

§ 9. KragpaTHOe ypaBHEHWE U ero KOpHW




§ 10. CeoncTBa KOpHEW KBafpaTHOro ypaBHEHUSA
32. Teopema Buerta

Oco60oro BHMMaHWS 3aCNyXMBAIOT KBaApaTHLIE ypaBHEHWUs, B KOTOPLIX CTap-
WK KoapPUUMEHT paBeH eguHuue. Takme ypaBHEHUS Ha3blBalOTCA [1PMBEAEHHbI-
mu. Ecnn B npuBengéHHOM KBaApaTHOM ypaeHeHuM 0603Ha4MTb BTOPOW Koaddu-
umeHT BykBOW p, a cBoBOAHbLIN YneH GykBOl g, TO ypaBHeHue GydeT UMeTb BUA,

X +px+qg=0.
M3 ocHoBHOW OpMyNbl KOpHEl KBagpaTHOro ypaBHEHWS MOXHO NONY4nTb
B6onee NpocTyio GOpMyNy KOpHel NPUBEAEHHOrO KBAaOpaTHOro YPaBHEHUS:

x=—"°i2‘m, rae D = p? - 4q.

PaccmoTpum cBoOlCTBa KOpHel NMpuUBEOEHHOrNO KBaApaTrHOro ypaBHEHUS.

Pewwum ypaBHeHue (x — 3)(x — 5) = 0. JleBas 4acTb ypaBHEHWA €CTb Mpo-
u3BegeHne OByx MHoXuTtenen x — 3 um x — 5. Tak Kkak 370 Npou3BefeHne pas-
HO HyMO, TOx -3 =0 wm x-5=0.

3HaumTt, x, = 3, x, = 5.

Packpoem ckoBku B NEBOI 4acTU ypaBHEHWUS WM npusBeaéM noaobHbie cna-
raemble:

xX*-3x-5x+15=0, ¥*-8x+ 15=0.

PackpbiBasi ckoBku 1 npusBoas noaobHble cnaraembie, 3amMedyaem, Kak B
3TOM KBaApaTHOM ypaBHeHun obpasdyerca BTOPOi KOIPPULMEHT n CBOOOAHbIN
yneH. Bropoir koadduuMeHT nony4aeTcs nNpu CNnoXeHun Yncen, NpOTUBOMONOXK-
HbIX KOPHAM ypaBHeHWsi, a cBOBOAHbLIA YNeH — MPU YMHOXEHWM KOpHEeh. ITum
cBoiicTBOM 06naaalT KopHW noboro NpuBefEHHONO KBaopaTHOro ypaBHEHWS.

CBOWCTBO KOpHEW NpyvBEAEHHOro KBaapaTHOro ypaBHeHWs BbIpaXaeTcs Teo-
pemoii, Ha3BaHHOW Teopemoi Buera NO VMEHU 3HAMEHWUTOro (pPaHLy3CKOro
matemaTtuka ®PpaHcya Bueta (1540—1603).

®dpancya Buert (1540—1603) — ¢ppaHuy3ckuii ma-
TEMaTVK, No npodeccun PUCT; BBEN BGykBeHHble 060-
3HAYEHUS HE TONbKO A1 HEW3BECTHbIX BENWYUH, HO WU
ong koadduuneHTos ypaesHeHus («BeeneHwe B aHanu-
TUYECcKoe uckyccTBo», 1591). Emy npuHapnexur ycra-
HOBNEeHue eguHooBpasHOro Npuéma pelueHus ypaBHe-
HWA 2, 3 ¥ 4-i cTeneHen. Buet nony4nn cylecTBeHHbIe
pesynsTaTthl B TOUIOHOMETPUM, aCTPOHOMUU, KpUNTOrpa-
dun; ¢ nosiBneHmemM ero paboT B Hay4HbIX Kpyrax EBpo-
Mbl CTanM MCMONbL30BaTLCA AECATUYHbIE Apobu. Cpeawn
CBOMX OTKPbITUIA Buer ocoBeHHO BbLICOKO LEeHWN ycTa-
HOBNEHHYIO UM 3aBUCUMOCTb MEXAY KOPHAMMU WU KO-
duuMeHTaMu ypaBHeHWA.

maea 4. KsappaTHbie ypaBHEeHUs



Teopema Bwmera. Cymma KopHei npuBefEHHONO KBafpaTHOro ypaBHEHWA
paBHa BTOPOMY KO3(DPWUUMEHTY, B3ATOMY C MPOTUBOMNOMOXHBIM 3HAKOM,
a npouasefeHue KopHel paBHO CBOBOAHOMY YNEHY.

AoxazarvenscTeo. PaccMOTpUM npuBeggHHOE KBaapaTHOe ypaBHeHWe
X +px+q=0.
Ecnv OMCKPUMUHAHT 3TOro ypaBHeHWs Gonblue Hyns, TO ypaBHEHWe MMeeT
0Ba KOPHS:
poAD —»+D
X = SR n Xx= ..£__
2 2
Haipém cymmy KOpHei:
Xy + Xy =22 J“ o 2 --p.
2 2
Cymma KOpHel paBHa —p, T. €. BTOPOMY KO3 DULMEHTY, B3ATOMY C MPOTK-
BOMOJIOXHLIM 3HAKOM:

X, + x,= —p.
Hainném npousBeneHne KopHeii:

v _p-\D —p+JD _ (-pf-(VDf
XX = =% = 2

_F-D_p-0P-4qg) _d_,
4 4 4 ’

lNpousseneHne KopHel paBHO ¢, T. €. CBOGOOHOMY YMeHy:
XXy = @
Teopema gokasaHa.

ECnn AuCKpUMUHEHT KBaApaTtHOro YpaBHEHWS PaBEH HYMIO, TO ypasHEHue
MMEET OfVH KOpeHb. Ero MOXHO HailTM no GopMmyne KopHei

_—»r%0
2
Ecnn nonoxuntb
_—-p+0 P _-p-0 P
Xy= = - = = ==
1575 g W XT3 2

TO U B 3TOM Cny4ae Teopema Buerta octaHeTcs BepHOi. JencTBUTENLHO,

= FPFD - =gl B
k. ol ‘_§+( 2)

-p,

P
4

e 2 _ _7

Ho tak kak D =p°" - 4g =0, 10 p° =4g n x,-x,=£-
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Tak KaK KBagpaTHble ypaBHeHus ax’ + bx + ¢ =0 u x2+§x+§=0 paBHO-
CWUMbHbI, TO AN HENPUBEAEHHOrO KBAAPATHOrO ypaBHeHWs Teopema Buerta dop-
MYNUPYETCA Tak: eCcnu KBaapaTHoe ypaBHeHue ax’ + bx + ¢ = 0 UMeeT KOpHU
X, U X,, TO CNPaBe/IMBbl PaBEHCTBA

= i =
Xt X= — X =

Bn

Ona npuBegEHHOro KBaapaTtHOro ypaBHEHWs chnpasegsuea Teopema, 006-
patHas Teopeme Buera:

Teopema, oGpaTian Teopeme Buera. Ecnu uiacna m v n TakoBbl, 4TO WX
CcymMMa pasHa —p, a Npou3BefeHWe PaBHO ¢, TO 3TK 4Yucna ABMAKOTCA KOp-
HAMK ypaeHeHusa x° + px + g = 0.

Aokasartenscteo. MNycts X + px + g = 0 — NpuBeaéHHOE KBaapaTHoe
ypaBHEHWEe, a Yucna m U 1 Takve, YTo m + n = —p u mn = q. lNogctasme B 3TO
ypaBHEHWE BMECTO p pPaBHOE eMy 4YWcno —(m + n), BMECTO g paBHOE €My YMC-
no mn, NOAYYAM PaBHOCU/IbHOE eMy ypaBHEeHue

X - (m+ n)x+mn=0.

MNpeobpa3yem NeBYD YacTb MOMYYMBLUErOCH ypaBHEHUs:

X -mx - nx+mn=0,
x(x — m) — n(x — m) =0,
(x — m)(x — n) =0.

OTciopa nony4aem:

x-m=20 x-n=0,
& nnm =
X, = m, X, = n.
3HauuT, Y1Cna m U 1 ABASIOTCA KOPHAMW YpaBHEHUSA
X +px+q=0.
Teopema pokasaHa.

Ona HenpuBefEHHOro KBagpaTHOro YpaBHEHWS ax® + bx + ¢ = 0 Teo-
pema, obpatHaa Teopeme Bwueta, dopmynupyeTrca Tak: ec/iM H4ucna m v n

TaKOBbI, 4TO m + n = —% w mn = %, TO 3TU YuCna SBASIOTCS KOPHAMMW ypas-
HeHua ax* + bx + ¢ = 0.
Mpumep 1. Hanpém cymmy 1 npousBeneHWe KOPHel ypaBHEeHWs
%xg -7x-4=0.
YpaBHeHune %x2-7x—4=0 MMEeT KOPHM, Tak Kak
D= (72 ~4 3 (-4 >0.

laea 4. KeappaTtHblie ypaBHEeHWs



Te Xe KOpHWM MMEET U PaBHOCWIbLHOE eMy NpuBedEHHOE KBaapaTHOe ypas-
HeHne X2 — 14x — 8 = 0, nosyYeHHoe Npu yMHOXeHUn obenx YacTeil ypaBHEHUA

%x2-7x-4=0 Ha 2.

Mo tTeopeme Buerta
x; +x, = 14, x,x, = -8.

Mpumep 2. BLISCHUM, BEPHO NN PELLEHO ypaBHeHue x° + 4x — 21 = 0,
ecnu B OoTBeTe Nony4unucb 4ucna 3 un —7.

Cymma ymucen 3 u -7 paBHa BTOpOMY KO3ddULMEHTY NPUBEAEHHOrO KBag-
paTHOro ypasHeHusa x° + 4x — 21 = 0, B3STOMY C MPOTUBOMOMOXHLIM 3HAKOM,
a uX Npou3BefeHne paBHO CBODOOHOMY YNeHy:

3+(-7)=-4; 3-(-7)=-21.

3HauuT, Nno Teopeme, obpatHoi Teopeme Buerta, uncna 3 u -7 aABnNAIOTCH

KOPHAMM ypaBHeHWst x° + 4x — 21 = 0.

Mpumep 3. CocTaBum KBaApaTHOE ypaBHEHWE, KOPHAMU KOTOPOro 6biin Gbl

1 2
ymcna —5; M -2
"~ .
Haiiném cymmy v npoussesetve uucen -z v —%:

1_2__7

2 3 6’
_1 (_E)_l
2'\"3/73

Hanvwem npvBenEéHHOe KBagpaTHOE ypaBHEHWE, B KOTOPOM BTOPbLIM KO3(d-

7
PUUMEHTOM ABNAETCH 5’ CBOGOAHBIM 4YIEHOM %:

2. T 1
X —X 4+ ==U.
+5X+3 0

Mo Teopeme, 0bpaTHOI Teopeme Buerta, umcna —% 7] —% ABNAIOTCA KOPHA-

MW 3TOr0 ypaBHEHWA.

7

2 1
YpaBHeHne X +§x+§=0 COXpPaHWUT Te Xe KOPHU, ecnu obe ero 4yactu

YMHOXWTb, Hanpumep, Ha 6:
6x° +7Tx + 2 =0.
Oteetom ona sapaHus B npumepe OyaeT nvbo npuBeaéHHOe kBagpaTHoe
ypaBHeHWe x2+%x+%=0. nmMbo kakoe YrogHO pPaBHOCWNLHOE eMy Hernpuse-
OEHHOEe KBafapaTHOE ypaBHEeHue.

§ 10. CeoiicTBa KOpHEW KBAOPaATHOrO ypaBHEHWS




YrnpaxHeHus

718.

719.

720.

i

722.

723.

724.

725.

726.

727.

anemm.:' dopmyny KopHeil MpUBENEHHOrO KBaApPaTHOTO YPaBHEHMS, HMeE-
FOIIETO YETHBHIA BTOPOI KO3((ULIMEHT.

Pewmure nmpuBenénHoe KBaaparHOE ypaBHEHHE:
a) x> — 8 + 15 =0; B) x> + 13x + 42 = 0;
6) X+ 2x — 8 = 0; Nnx—9— 10 =0.

Ilo Tteopeme Buera HalimuTe CymMMy W TpOHM3BeIeHUWE KOpPHe# YpaBHEHMS
(ecnd 3TH KOPHHM CYIIECTBYIOT):

a) x> + 9x — 10 = 0; r) =x* + 5x + 24 = 0;
6) m* — 1,lm — 0,6 = 0; n) 40m* + 38m — 15 = 0;
B) £ + 42,5t + 100 = 0; e) 54y° + 69y + 20 = 0.

Haiinute BTOpOii KO3((duuKMeHT U CBOOONHLIN WieH NPUBENEHHOTO KBal-
paTHoro ypaBHeHusi > + py + g = 0, ecnM €ro KOPHAMM ABIAIOTCH YMUCIA:

a) 10 u —6; 6) —3 n —8; B) % u —%; r) —% " -11—;

[Ipy Kakux 3HAYEHWSX ¥ U Z CyMMa KOpHeil ypaBHeHusi x> + 3x — 10 = 0
paBHa 2y — z, a UX TMPOW3BeIeHHe paBHO y + 277

INpy Kakux YCJIOBUSIX CYMMa KOpHell MPWBEIEHHOIO KBaIpaTHOIO ypaBHE-
Husg X2 + px + g = 0 paBHa MX NPOM3BEIEHUIO?

B kKakMx ciaydasXx cyMma W TMpPOM3BeleHHe KOPHEH NPUBENEHHOTO KBagpaT-
HOTO YpaBHEHMS SIBJISIIOTCSI MPOTHBOIOIOXHBIMHM YHCIaMH?

1.1 1 1 ..
Cpenu nap 4ducen (5; 3), (11; =7 u (13; _IZ) HaliouTe TAKYyIO Iapy, Ko-
TOpasi COCTaBJieHa W3 KOpPHEei ypaBHEHMs:
a) X! —4x — 77 = 0; B) 6 — 5x + 1 = 0;

6) xQ_%xq.%:O; r) 12¢ — x—20=0.

Pemure ypasHeHMe no ¢dopMy/ie KOPHEl U caenaiite NpoBEpKY 10 Teopeme,
obpaTtHO#t Teopeme Buera:

a) x> — 5x — 36 = 0; B) xz—léx—lg=0;
6) ¥ — 16x + 55 = (; r) 32 + 44x + 15 = 0.

OnMH W3 KopHei ypasHeHusi x* + px + 54 = 0 pasen 6. Haiimure npyroit
KOpeHb M BTOPOil KO3(pHHULIMEHT.

Faea 4. KeagpaTtHbie ypaBHEeHWA



728.

729.

730.

731.

732.

733.

734.

735.

736.

737.

Yucno —% — OIMH M3 KOpHeil ypaBHeHus: 9x> + 3x + g = 0. Haiinure

JIpYyroid KOpeHb U CBOOOIHBIN YIEH.

% 1 2
Vpasuenue 12x° + px + 1 = (0 uMeeT OIHMM W3 KODHeil 4MCIO re Haii-

IIUTEe NPYroil KOpeHb W BTOPOH KO3 HIIUEHT.

JlaHo KBajpatHoe ypaBHeHMe ax’ + bx + ¢ = 0. Ero kopHu X, ¥ x,. Haii-
OUTE:

a)x, ub ecma=1x,=14uc=—140;
) x nc,ecmma=1x,=-30u b = 18;
B) x, M b, ecntu a = 10, x2=% ne=2

Nx uc,ecmma=12, x,=—>ub=17.

ITpu kakoM 3HaYEHWH ¢ OOWH M3 KOpHei ypaBHeHMs 4x° — 20x + ¢ = 0
Ha 2 MeHbllIe Apyroro?

Haiigute 3HauyeHMe b, mTpM KOTOPOM OIMH M3 KOpHeiHl ypaBHEHMs
2= bx + 3 =0 B 6 pa3 Gonblie IPYroro.

PazHocTh KOpHel KBagpatHoro ypasHeHHsi x* — 4x + g = 0 pasna 20.
Haiinure gq.
OauH 3 KopHel KBampaTHOro ypasHeHus 24x — 10x + ¢ = 0 Ha é

Gosbwe gpyroro. Haiimure gq.

Pa3HoCTbh KBaapaTOB KOpHEil NPUBEIEHHOTO KBAIPATHOIO YPABHEHWs paB-
Ha 24. Bropoil koadduumeHT sroro ypasHenus pased 2. Haitnure cBo6on-
HBIM WieH ypaBHEHHA.

He npowssonsi BeruMcieHuit mo GopMysie KOpHeil KBaapaTHOTO ypaBHEHMS,
OIpeneInuTe 3HAKH KOpPHEeH ypaBHEHWS:

a) x> — 17x + 4 = 0; m 33— 5x+2=0;
6) X +20x + 5= 0; e) 2 + 9x + 3 =0
B) x> + 30x — 1 = (; x) 5% + 10x — 4 = 0;
r) 2 — 25x — 2 = 0; 3) $x’—1lx—8=0.
Yemuo. Haiinure KOopHW ypaBHEHUs:

a) x> — 5x + 6 = 0; B) X + 5x + 6 = 0;
6) X —x—6=0; NxX+x—6=0

§ 10. CeoiicTBa KOpHEd KBaOAPaTHOrO ypaBHEHWs




738.

739.

740.

741.

742.

743.

744.

745.

746.

Yemuo. Haiinute KOpHM ypaBHEHMS:
a) > — 3+ a)x + 3a =0 B) X’ — (3 —ax — 3a=0;
6) x>+ 3+ ax + 3a=0; )2+ 3 —ax— 3a

[

Il
=

JloKaxuTe, 4TO HM IPM KAKOM 3HAYeHWM b KOPHWM ypaBHEHWS:
a) x> + bx — 3 = 0 He MOTYT MMETh OJMHAKOBBHIX 3HAKOB;
0) 2%+ bx + 5=0 He MOTYT MMETh Pa3sHBIX 3HAKOB.

Vpasuenus x> + 2p,x + ¢, =0 u x* + 2p,x + g, = 0 TaKoBbl, 4TO
g, + q, = 2p,p,. lokaxuTe, Y4TO €CIM OJHO W3 HUX HE MMEET KOpHe#, TO
BTOPOE MMEET KODHH.

JIOKaXuTe, YTO €CIM B ypaBHeHHH X° + px + ¢ = 0 Ko3bOHUUEHTH p
U ¢ — UeNble YHCIa W ypaBHEHUE WMEeT pallMOHalbHbie KOPHM, TO 3TH
KOPHM — ILIe/ble YMCIa.

IIpy Kakux 3HAYEHUSX H:
a) OOMH M3 KOpPHEH YpaBHEHWUS x> — 8x + 4n* — 1 = (0 paBeH HY/IO;

6) KOopHH ypaBHeHMs1 X> + (2n — 7)x — 3 = 0 sABISIOTCA TPOTHBOIOIOK-
HBIMH 4YHCIIaMH,

B) KOpHHM ypaBHeHusi x> — 100x + 3n — 2 = 0 ABIAIOTCA B3aWMHO OGpar-
HBIMHM YHCIaMM?

CymMma k02 dULIMEHTOB KBaJpaTHOIO ypaBHEHHS ax’* + bx + ¢ = 0 paBHa
HYTIO TOIZAa M TOJNBKO TOTNA, KOLZA OIWH KOPeHb ypaBHeHMs paBeH |,

a BTOpPO# paBeH % JIOKaXHTe 3TO YTBEPXKIEHUE.

Cymma crapiero KoadduimeHTa 1 ¢cBOGOIHOTO “WieHa KBaJpaTHOTO ypaB-
Heuusi ax’ + bx + ¢ = 0 pasHa cpenHeMy KO3(h@HUIMEHTY TOra M TOIBKO
TOTHa, KOrNAa OJMH KOpeHb ypaBHEHUs paBeH —l, a BTOpOil paBeH —%.

JIOoKaXuTe 3TO YTBEPXKIEHHE.

Yemnuo. Haiinute KOpHM ypaBHEHMA:
a) 35K — 59x + 24 = 0; B) 78 — 55x — 23 = 0;
6) 138x* + 135x — 3 = 0; r) 5,13 + 6,2x + 1,07 = 0.

CocraBsTre HpPIBED,éHHOC KBaIpaTHOE YpaBHEHHE, €CJIM €ro KOpHAMH HAB-
JISAKOTCS:

a) 3 u 4; B) =3 u 4;
0) 3 u—4; r) =3 u —4.

Maea 4. KeagpaTHbie ypaBHEeHUS



747. CocraBbre IpUBEIEHHOE KBaJpaTHOE YpPaBHEHMWE, ECIIM €ro KOPHAMH SBJISI-
KOTCH:

a) a ¥ 2a; 0) a u —2a; B) —a W 2a; r) —a u —2a.

748. CocraBbre NpUBENEHHOE KBaApaTHOE ypaBHEHUE C PallMOHAJIBHBIMH KO3(]-
(UUMEHTAMM, €CIM OAWH M3 ero KOpPHEH paBeH:

a) \3; 6) V3-1; B) —5; 1) 2 — 5.

YnpaxHeHua ONA NOBTOPEHWUSN
749. OnguH KaTeT IIPAMOYTONIBHOTO TPEYTONBHUKA Ha % cM Gomblle Opyroro.

Tunorenysa papHa 2,5 cM. Haiinure mepuMerp TpeyrojbHHUKA.

750. OtHolleHWE AMAroOHaJIM IPSMOYIOJBHUKA K €ro mIMHe paBHO 5 : 4. Ilupu-
Ha mpsaMoyroibHuKa 6 c¢M. Halioure ero muomans.

751. Haiinure 3HaueHUe KBaApaTHOTO TPEXWIeHA

—;xz—%x—.’B mpu x = —9; —3; 0; 10; 11.

752. Ilpu KakoM 3HaYeHWM @ ypaBHeHHs X’ —ax +1=0 u X —x+a=10
UMET O00Mi KOpeHb?

753. JlokaxuTe, YTO €ClIH 4YUCIO m-—2~/f: , tne m € Z u k € N, aBnsgercs
KOPHEM YpaBHEHMUS X2+ px + g =10, B KOTOPOM p U ¢ — palMOHAILHEIE

ymcna, To yncno m+ 2k takxe ABIsSETCS KOPHEM 3TOTO YPaBHEHHSL.

33. BbipaxeHusi, cMMMEeTpU4eckne OTHOCUTENBHO
KOPHEen KBaapaTHOro ypaBHEHUS

PaccMOTp1M BbipaXeHusa C OBYMS NMEepPeMeHHbIMU:

b—a- b, - b, Lib
? (a ) a‘?+b2

Ecnm B KaXooM M3 HUX MEepecTaBuTb NEPEMEHHbe, T. €. Be3de BMecCTO a
nocrasute b 1 BMecTo b nocrtaBuTb @, TO NMONYYMM TOXAECTBEHHO PaBHLIE MM
BblIpaXeHUA:

ba-b-a=ab-a- b,
(b - aP = (a - b),
bta _ a+b
B+d P+ p?

§ 10. CeoiticTBa KOpHEi KBaApaTHOro ypasHEHUs




Takue BbIp2XXEHUA Ha3bIBAOT CHMMMETPUYECKUMKM OTHOCUTENLHO BXOOALUUX
B HUX NMEPEeMEeHHbIX.

Onpegenenne. BoipaXeHne ¢ ABYMSA NepeMeHHbIMU Ha3biBaeTCH CUM-
METPUHECKMM OTHOCUTEsIbHO 3TUX MepeMeHHbIX, ecCnu npu nepecra-
HOBKE 3TUX NEepeMeHHbIX MOoNy4yaeTcsi TOXAEeCTBEeHHO paBHOE €My Bbi-
paxeHue.

Hanpumep, CUMMETPUYECKUMM BbIPAXEeHUAMN OTHOCUTENbHO [BYX NepemMeH-
HbIX ABNIAIOTCH CYMMbl U NPOW3BEASHUS HaTypasibHbIX CTEMEHEeN 3TUX NnepemeH-
HbIX, 8 TAKXKe BbIPaXEHWd, NONYYEHHbIE M3 HUX C MOMOLLLID CMOXEHWs, BblYMTA-
HWS, YMHOXEHUS U OeneHus:

a+b d+b, F+0, a+b ..,

ab, a’b®, a°b®, a'bt, ...,

ab(a® + b?), ‘;:ZE, a‘b* + @b, a'b* - (a® + b,
a

CUMMETPUYECKUMU BLIPXEHUAMU SBNAIOTCH TakXe YETHbIe CTeneHu pas-
HOCTW ABYX NepemMeHHbiX. HeYéTHble CTeneHu pasHOCTU OBYX NepemeHHbIX CUM-
METPUYECKUMW BLIPDKEHUAMU HE SABNAIOTCSH.

Hawbonee npocTbiMM CUMMETPUYECKUMM BbIPKEHUAMW OTHOCUTENBHO
OBYX MEPEMEHHLIX SABNSAITCA CyMMa W NPOW3BEAEHMWE 3TUX MePEeMEeHHbIX,
T e. a+ bwab Yepes a + b n ab MOXHO BblpasvTe Noboe paunoHanLHoe
CUMMETPUYECKOE BbIPAXXEHNE OTHOCUTENLHO a U b.

[Ons npuMepa Bblpa3suM CMMMETPUYECKWE OTHOCWTENbHO a U b BblpaXeHus

(a = b)> n (a — b)* vepes a + b n ab:
(@ - b)?=d®- 2ab + b* = a® + 2ab + b* - 4ab = (a + b)* - 4ab;
(@ = b)* = ((a = bY’)® = ((a + b)* - 4ab)’.
MpocTellume CUMMETPUYECKUE BbIPAXKEHUSI OTHOCUTENIbHO KOPHEeW Keaapar-
HOro ypasHeHus BCTpeyaloTca B Teopeme Bueta. 310 No3BONAET MCMNONL30BATb

WX NPW PELIeHUM HEeKOTOPLIX 3aday, OTHOCALMXCA K KBaApaTHbIM YPaBHEHWUSM.
PaccMoTpMM HECKONBKO NPUMEPOB.

Mpumep 1. KsagpaTtHoe ypaeHeHue x° + px + ¢ = 0 UMEET KOPHU X; U X,.
He peluas 3TOrO YPaBHEHWs!, BLIPA3UM YEPE3 p U g CyMMbl X2 +Xx5, X5 +Xx3 u
ah+ 2,

BoipaxeHus x>+ x3, x>+x2 n x{+X; — CUMMETpUYECKME OTHOCHUTENBHO
X, W X,. Bbipaaum ux 4Yepes x, + x, U X,X,, a 3aTem NpuMeHuM TeopeMy Buera.
HayHéM C CyMMBbI KBaApaTOB KOPHEN:

XH+x2 = (x, + X)) - 2x, = (-p)* - 29 =p°- 2.

aea 4. KeagpaTHbie ypaBHEHURA



Mcnonbays NoayYeHHbI pesynsTar, BblpasumM CyMMy KyOOB U CyMMYy Y4eTBEp-
TbiX CTEMEHEN KOPHEW:
X3+ x5 = (0, + x ) (0% + x5 - x,%,) =
= —p(p® - 29 - q) = p° + 3pg;
(P - 29 - 2¢° =
=p' - 4p°q + 4¢° - 24" = p* - 4p’q + 24",

2_2
X+ x5 = (o + x5 - 27

Npumep 2. He pewas ypasHeHne x° + px + g = 0, UMelOLLEe KOPHK
X; N X,, BbIPA3UM Hepes3 p U g BblpaxeHus (x; — x2)2 u(x, - xz)".

BolpaxkeHus (x; — x,)2 n (x, - X,)* — CMMMeTpMYecKne OTHOCUTENbHO
X; U X,. Boipasum ux yepes x, + x, U x,X,, a 3aTeM NpUMeHUM Teopemy Buera:

(6 = X2)* = (xy + x,)° = Ax,x, = (-p)* - 4q = p* - 4g;
() = x)* = ((x, = x,)°)% = (p° - 4g)* = p* - 8p’q + 164
Mpumep 3. Hahpém Takoe 3HadveHWe g, NMpPU KOTOPOM CyMMa KBaapaToB

KOPHEn ypasHeHus x> + x + g = 0 pasHa 13.
MycTb X, U X, — KOPHU ypaBHeHus x° + x + ¢ = 0. Mo ycnosuio

X2+ x2=13.

JleBas 4acTb ypaBHEHUSI — CUMMETPUYECKOE BbIPAXEHWE OTHOCUTENLHO
X; U X,. Bbipasum ero yepes x; + x, U X,X,, NMONYYUM ypaBHEHUE

(x; +3)° = 2x%,%, = 18

Tak Kak x; + x, = =1 ¥ x,x, = ¢, TO NONY4YUM

(=1)> - 2¢g = 13,
Otciopa g = —6.
YnpaxHeHus
754. SBnsietcs MM CUMMETPHYECKMM OTHOCHMTENBHO X W )y BBIPAXEHUE:
a) Xyt + X'y, B) 3+ n 62 = 56? - 5);
2
6) (x — % D 2+ &) (x — »EE — ¥)?
755. Bwipasute uepes u + v U wv:
a) u’ + v B) b + v — duv?; n) (@ — v — v);
6) v’ — 3uv + v r) %+%; e) (' + v)u + v).
12
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756.

757.

758.

759.

760.

761.

762.

763.

764.

765.

766.

UssectHo, uto @’ + b* = p, a + b = g. Beipazute uepe3 p M g BHIpaXKe-
Hue ab.

M3sectHO, 4yt0o @’ + b° = m, a + b = n. Beipasure 4epe3 m M 1 BhIpa-
XeHue ab.

He pemasi ypasHeHue X’ — 2x — 40 = (, KOPHM KOTOPOTO PaBHHI X, H X,,
HalIMuTe 3HAYEHHEe BBIPAXKEHMS:

a) xj+x3; 6) (x — x)% B) X+ X3 N (x = x)

VpaBHenue 6x* + x — 2 = 0 uMeeT KOPHU X, U X,. He pemasi ypaBHeHus,
HaiauTe:

a) —+—; 6) xi+x3; B) -+ r) (e +x3).
i X x

Bripasute uepe3 ko3ddULHEHTH ypaBHeHusi ax’ + bx + ¢ = 0:

a) KBaJpaT CyMMBI €ro KODHEH;

6) KBampaT pa3HOCTU €ro KOpHEi;

B) CYMMY KBaapaTOB €ro KOpHEii;

r) cymMMmy KyOOB ero KOpHEW.

Haiimure koadduumeHt p ypapHeHus x° + px + 42 = 0, ecnu KBajgpar
Pa3HOCTH €r0 KOpHeH paseH 1.

CyMMa KBaJpaTOB KOpHeEH ypaBHEHMWs
2x* - 17x + ¢ =0
1

paBHa lm. Haiinure cBODONHEIN WieH ypaBHCHHS.

He pemass ypaBHeHue x> — 2x — 8 = 0, HajlimuTe 3Ha4YeHUE BBIPAXKCHUS
xfx2+xlx§, eclM X, U X, — KOPHH 3TOrO ypaBHEHMS.

VpaBHeHue 2x> — x — | = 0 umeer KOPHM X, U X,. Haiinure 3HaveHue
BBIPRXKEHUA X)X, + X| X5, HE pellas ypaBHCHHUS.

VpaBHenue x> + px + g = 0 uMeeT KOpHU X, U X,. CocTaBeTe KBaApaTHOE
YpaBHEHHE, KOPHHU KOTOpPOIoO:
2 2 X) X3
X7 U X5, — A —.
a) X 2 0) x 3
CocTaBsTe KBaAPAaTHOE ypaBHEHWE, KOPHM KOTOPOro oOOpaTHBI KBagpaTaM
KOpHE#l ypasHeHMst X° + px + g = 0.

faea 4. KBagpatHbie ypaBHeHUA



YnpaxHeHus Ons NoOBTOPEeHUs
767. Peminre ypaBHeHME:
a) 8x* — 3x = 0; 6) 7x° + 4x = 0.

768. TIpu kakoM 3HayeHMM n # () OIUH U3 KOpHei ypaBHeHMsa x> — 7x + 2n = 0
B 2 pasa 6oiblie OIHOTO M3 KOPHEH ypaBHeHMsA x° — 5x + n = 0?

769. YnpocTure BBIpaXKeHHE:

a) 71— 43 +.3; 6) W17 +12/2.

34. Pa3noxeHue KBagpaTHOro TPEX4neHa Ha MHOXUTENU
Haipném 3HayeHne kBagpartHOro TpéxyneHa 3x° — 7x + 2 npu x = 2:
3 -7x+2=3-22-7-2+2=0.

Mpu x = 2 kBaApaTHbIi TpéxuneH 3x° — 7x + 2 obpawaeTca B HyNb.
Takoe 3Ha4eHwe NepemMeHHOW Ha3biBaloT KOPHEM KBaapaTHOro TpéxyneHa.

Onpepenenve. KopHeM keBagpaTHOro TpéxusieHa Ha3biBaeTCs 3Have-
HAe nepemMeHHOW, NpPpu KOTOPOM 3HAYeHuEe KBa[ApaTHOro TpEéxuneHa
pPaBHO HYNIO.

YTo6bl HaliTV KOPHW KBagpaTHOro TpéxuneHa ax’ + bx + ¢, AOCTATO4HO pe-
WNTL ypaBHeHue ax® + bx + ¢ = 0.

Haiipém, Hanpumep, KOpHU KBaapaTHOro Tpéxdnena 3x° — 7x + 2. [lnsa aTto-
ro pewvm kBagparHoe ypasHeHue 3x° — 7x + 2 = 0:

D=(-7?%-4-3-2 =25,

_ 745
=y
x, =2 x2=l.
1 ’ 3
3HauuT, KBaopaTHbIi TpExduneH 3x — 7x + 2 uMeeT ABa KOpHs: 2 W X

3
Hucno KOpHel KBaapaTHOro TpéxuneHa ax® + bx + ¢ 3aBUCUT OT Yucna Kop-
Hell KBaApaTHOro ypaBHeHus ax® + bx + ¢ = 0, a cnepoBatenbHO, OT ero auc-
KPMMWHaHTa. JWUCKPUMUWHAHT KBaApaTHOro ypaeHeHus ax® + bx + ¢ = 0 Hasbl-
BAIOT TaKKe AUCKDUMWUHAHTOM KBAApAaTHOro Tpéx4yneHa ax® + bx + c.
B 3aBMCMMOCTM OT AWCKPUMWHAHTA KBAAPATHLIA TPEXYIEH Tak Xe, Kak KBag-

paTHOe ypaBHEHWe, MOXET UMETb [Ba KOPHS, OAMH KOPEHb WM BOBCE HE MMETb
KOpHEMN.

§ 10. CeolicTBa KOpHei KBaapaTHOro ypaBHEHWs




KopHu kBagpaTHOro TpéxdneHa MOXHO WCMONL30BaTk NPU €ro PasnoXeHuu
Ha MHOXWUTENWN.

Mpumep 1. Pasnoxum Ha MHOXUTENU TPEXYNEH
X - 23x + 112,
Haiiném KopHM KBaapaTHOro TpéxuneHa x° — 23x + 112:

X -23x + 112 = 0,
D =529 - 4-112 = 81,
2349
x ===,

x, =16, x,=7.

Mo Teopeme Bueta sTopoit koadduumeHt —23 paseH — (16 + 7). Noactasum

3TO BbIPAXEHWE B KBAApaTHbIA TpéxdneH x° — 23x + 112 BMeCTo BTOPOro Ko-
adduUmMeHTa, packpoem CKOBKM U MPUMEHUM Cnocob rpynnupoBKU:

¥ -28x+112=x2- (16 + T)x + 112 =
=x?-16x — 7x + 112 = x(x — 16) — 7(x — 16) =
= (x — 16)(x — 7).

Tak kak nepsblii ko3 dUUMEHT KBaApPaTHOrO TPEXYNeHa paseH eguHuue, To
NPy PasnoXeHUn Ha MHOXUTENW MONY4Unoch OBa MHOXUTENA. MepBbid N3 HUX
€CTb Pa3HOCTb MEXy NMepemMeHHOo N OOHUM KOPHEM, BTOPOM — pasHOCTb MEX-
[y NepemMeHHOW U Apyrum kopHem. Ecnu 6bl nepsbiit koadduumeHt Gbin otm-

YeH OT eAuHUUbl, TO OH Bbin 6bl AobaBneH K 3TOMY MNPOU3BEAEHWIO B KaYecTee
TPEeETbEro MHOXWUTENA.

Teopema. ECnn x, U x, — KOPHW KBaApaTHOro TpéxuneHa ax® + bx + ¢, 10
ax® + bx + ¢ = a(x - x,)(x - x;).

Dokasatenscteo. KOpHM X, N X, KBaApaTHOro TpéxuneHa ax® + bx + ¢

ABNAIOTCA KOPHAMW KBaOpaTHOro ypaBHEeHWUs ax® + bx + ¢ = 0.
Mpumensas Teopemy Bueta, nony4nm:

x, + X, = —2 :E.
1 2 a' =
Otcopa
b =-alx; + x;), ¢ = ax;x,
MoacTaBuM MONYHYUBLLMECH BbIPEKEHWUS BMECTO b U ¢ B KBaapaTHbIA TPEx-
YyneH v BbINOJAHUM npeoﬁpa:aoaahmsu:

@ + bx + ¢ = @’ — alx; + X)x + ax,x, =
= ax® — ax,x — axyx + ax;x, = a(® - X, x — Xx + X,%;) =
= glx(x — %) — X:lx — X)) = alx = x)(x = X5)
3naumT, ax’ + bx + ¢ = a(x — x,)(x — X,).

Maea 4. KsagpartHbie ypaBHeHWUs



HdokasaHHas Teopema MO3BONSET, HANOA KOPHU KBaApPAaTHOrO TPEXYneHa,
3anucatk ero B BUAe NPoU3BeeHUs nepBoro KoapdouuMeHTa, pasHocTh nepe-
MEHHOW U OOHOr0 KOPHA U PasHOCTWU MEPEMEHHON U APYroro KOpHS.

Mpumep 2. Paznoxvum Ha MHOXWUTENW KBAAPATHLIA TpéxuneH 2x° + 5x - 12.
Haiiném KOpHU TpéxyneHa:
2¢ + 5x - 12 = 0,
D =25+ 96 = 121,
x=_5f”, x,:E x, = —4.
MpyMeHUM Teopemy O pPasfoXeHUM TPEXYNEHA HAa MHOXUTENu:

2% + 5x -12 = 2(x_g)(x+ 4) = (2x - 3)(x + 4).

Mpumep 3. Pasnoxum Ha MHOXUTENN KBaAPaTHbIA TpéxuneH 4x° — 20x + 25.
Haligém kopHW TpéxuneHa:

4x* - 20x + 25 = 0,
D = 400 - 400 = 0,

20+0 5
X==2=, X=5 X=

MpumeHnM Teopemy O pasnoXeHWM Ha MHOXWUTENW KBaApaTHOro TPexyneHa:

4% - 20x + 25 = 4(x-3)(x-3)=

N,

2 2

= (2x - 5)(2x - 5) = (2x - 5)2
Teopema 0 pasnoXeHun Ha MHOXUTENW KBaApaTHOro TpExuieHa NnpuMeHuma
MW B TEX Cny4asx, Korga TPéxyneH uMmeeT KOpHW. Ecnu kBaopaTHbIA TPExYneH
HE MMEeeT KOPHEeW, TO ero Henb3s PasfNoXUTb HA MHOXUTENW, T. €. NPeACTaBUTbL

B Bue NPOM3BEAEHWUS MHOrOYJIEHOB NEpBOW CTeneHu. [oKaxem 3710 yTBepX-
DEeHne.

Mpeanonoxum, 4To B 3TOM ciyyae KBafpaTHbIA TPEXYNEeH MOXHO npeacra-
BUTE B BUAE NPOU3BEAEHUS MHOTOYJIEHOB MEPBOA CTENEeHU:

ax’ + bx + ¢ = (mx + n)(kx + p),
roe m, n, k v p — yncna, npuuém m = 0, k # 0.

Mpwn x=—% 3Ha4YeHne KBaapaTHOro TPExX4neHa pPaBHO HYMK, Tak Kak 3Ha-
YE€HWe Nepeoro MHOXWTENs NpousseneHvs (mx + n)(kx + p) paBHO HyNo:

n
mx+n=m(—;)+n=—n+n=0.

3HauuT, yncno —% AIBNAETCA KOPHEM KBAApaTHOrO TPEx4yneHa, YTo npoTu-

BOPEYUT YCNOBMIO, COMACHO KOTOPOMY TPEXYIEH HE UMEET KOPHEV.

§ 10. CeoiicTBa KOpHEW KBaApaTHOro ypaBHEHUS




YnpaxHeHus

770.

TTLs

772.

773.

774.

775,

776.

7717.

Paznoxure Ha MHOXWUTEH:

a) =2 + 5x + 18; r) 3 + 0,9x — 2,1;

6) 15 + y — 6; n) 5k + 8k + 3,2;

B) —12m* + 5m + 3; e) 3p° — 0,27.

MOXHO 1 Pa3IoXWTh HA MHOXMTEIN KBAIpPaTHLIA TPEXWICH:

a) X¥* — 9x — 10; B) %P2+2P+3;

6) 3m> — 6m + 4; r) —%y2+6y—20?

Pa3zmoxure Ha MHOXMTEIH:

a) 3x — 9 + 6x; B) X — 9% + 18x — ax’ + 9ax — 18a;
6) ¥ + 47 — 32y; r) 2 + my* + 6y + 3my — 20y — 10m.
[IpencrassTe B BHIE MPOM3BENCHMS MHOIOYJIEHOB IMEPBOil CTENEHH:
a) 12 — 222 — 20x; B) 30x° + 5x’ — 60x;

6) 80my* — 12my — 8m; r) 20km* — 92km — 40k.

PasnoxuTe Ha MHOXUTEH:

a) 27 — Sxy + 2% B) 2x* + xy — 6)%

6) 2 — 3xy— r) 6 + xy — 2.
CoxkpatuTe IpoOb:
%) 6y +13y—5. ) U2 —11k—21,
12y—4 8k2+6k—9
4x2-9 . —12p% +40p — 25
6) Tx__’ r) #_2‘-
6x"—5x—6 20+ 7p —6p

Cokparure I1poOb:

15mx2 — 22mx + 8m 18ay? + 39ay — 15a

a 0 :

) 60x2—38x —8 ) 24ay?® + 42ay — 45a

BoinosHuTe OeiicTBUS:

) P—5x—14 XP+Tx+12. B) X +dx—=77 . P +13x+22,
9 x+4 x—7 ° md = x+2

2x x x 3

6 = ; g .
)x2+8x—20 (x—2)(x+4) )x2—6x—72 X2 +3x—18

Frmaea 4. KeagpatHbie YPaBHEHWUA



778. Ynpoctute BhIpaXeHHE:

2 2_
a)( 2a +_ 9 )_(a__l_); B) 3x+1 . 9x~ —1 1+];

2a*—7a+3 3-a

9a>-4  1-3a a—6, o 2E+0%—F , B2~ 3241
r) ;

3 +1la—4 2-3a a+4’ X +x—6 xX+5x+6

6)

779. Ilocrtpoiite rpaduk QYHKLIMU:

2 1
x —4-—x-9 6x2—x—2

@ Pr—pm—t  GanEE

YnpaxHeHus Ans noBTopeHus

780. BykBamu o ¥ p 0603HAYeHBI KOPHM ypaBHeHHs x> — 7x — 2 = 0. He pewas
ypaBHEHME, HAUIUTE 3HAYCHHE BbIPAXKEHMS:

a) (@ — B)* + 4af; B) 2(a — B)’ — 10;
6) (o — P)* + 3ap; r 3(a—B) —ap.
781. Pemivte ypaBHEHHME:
e I g1 - =3 ]
8) 5 ——73 =L b) S5 ==3 g

782. Paznoxure HA MHOXWTEIH:
a) =5 + 15y + 4ay — 12a;
6) 3m’ — 3mn® + 2m*n — 21’

783. CropoHa oOIHOro KBazpata Ha 3 cM 0oJblle CTOPOHBI Ipyroro. Haiimure
CTOPOHBI KBAaApaTOB, €CITH CyMMa MX IUlomazeii pasHa 317 cm?

[2' KoHTponbHble BONpockl U 3apaHusi

1.  Cdopmymupyiite u nokaxure Teopemy Buera. Uemy paBHa cymma M Impo-
U3BeJeHHe KOPHel KBalpaTHOTO ypaBHeHus ax’ + bx + ¢ = (?

2. Coopmynupyiite U DOKaXHUTE TeOpeMy, 06paTHYIO Teopeme Buera.

3. Tlpusenute mpuMep CHMMETPHUECKOTO BBIPAXECHMS OTHOCHUTENBHO JBYX Ie-
peMeHHbIX. Hanummure npocreifiiine CHMMETPHYECKHE BhIPAXKEHHSI.

4. CdopmynupyiiTe onpenejeHHe KOPHS KBAaJpPaTHOTO TpéxuneHa. CKoOJbKO
KOpHEW WMeeT KBaIpaTHBIM TpéxuwieH?

5.  CdopmynupyiiTe H IOKAXHTE TEOPEMY O Pa3NOXEHHH HAa MHOXUTENN KBaj-
paTHOTrO TPEXUIEHA.

§ 10. CoiicTBa kOpHEW KBagpaTHOro ypasBHEHWs

7 Anrebpa. 8 k1.



§ 11. [lpo6Ho-pauuoHanbHble ypaBHEHUsA

35. PeweHne apo6HO-paunoOHanbHbIX YPaBHEHU

o cux nop Mbl 3aHUMaANUCb LEILIMA YDaBHEHUAMU, T. €. TaKUMW ypaBHe-

HUSIMW, B KOTOpbIX 06e 4acTu SIBAAIOTCA UEeNbiMW BblpaxeHuamu. lNpumepamu

- 1 -1
LENbIX YpaBHEHWiA MoryT GbiTb ypaBHeHuss 2x — 7 = 8x + 5, -’%—= +3"T.
K uenbiM ypaBHEHWAM OTHOCATCHA JIMHEWHbIE W KBafpaTHble YpaBHEHWS.

Ecnu ogHa 4acTh ypaBHEHMA — LENOEe BblpaxeHue, a apyras — ApoGHO-
pauuoHansHoe unu obe HacTn — APOOHO-PaLMOHANbHBLIE BbiPDaXeHWA, TO ypas-
HEHWE Ha3bIBAIOT APOOHO-pPALMOHATBLHBIM _YpaBHeHueM. Npumepamu ApobHo-

x+7 _

~ 1 -
PaLMOHAsIbHBIX YPABHEHWUA ABNAIOTCA ypasHeHns: —=5x+3; ——= j: +;*-1-

HekoTopbie uenbie YypaBHeHUs MOXHO NMPUBECTU K NIMHEAHBIM WK KBaapaT-
HbIM ypaBHeHWAM. PaccMOTpuM OBa npumepa.

Mpumep 1. Pewum ypasHeHue

_x+1_ 2x-1
318
o oot SN
YMHOXUM 06e HacTv ypasBHeHus Ha 06wt 3HameHaTenb apoGen xT "
—2"5—_1 — wucno 15. Monyunm:

15x - 5x - 5 = 6x — 3.
MepeHecém 6x B nesylo, a -5 B NpPaBylo 4acTb ypaBHEHWsI (U3MEHMB WX
aHaku) M npuBedém noaobHbie cnaraemble:
15x - 5x - 6Bx =5 -3,
4x = 2.
Mcnonb3ys CBONCTBA ypPaBHEHWIA W TOXAECTBEHHble Npeobpa3oBaHns Bbi-
paXeHwid, Mbl NPUBENN LENoe ypaBHeHWe x-’%‘:% K PaBHOCU/IbHOMY

v 1
eMy NMHeWHOMY ypaBHeHuio 4x = 2. Ero KOpHEM siB/IIeTCA 4WCNo .

1
OteeT: 5

Mpumep 2. Pewunm uenoe ypaBHeHue

2
x+3 x _5x-8
Z T3 (1)

YMHOXUM 00e HacTu ypaBHEHUsA Ha 0OWMiA 3HameHarteslb BXOAALWMX B He-
ro apobein — uucno 12. MNonyumm:

3x* + 9 - 4x = 10x — 6.

laea 4. KeagpaTHbie ypaBHEHUSA



MepeHecém B NONy4MBLIEMCA YPaBHEHWW BCE YEHbl M3 MPaBoOi 4acTu B
NEeBYI0 U NpuBeAEM noaobHble cnaraembie:

3% -14x + 15 = 0. (2)

C nomoLupio CBOWCTB YpaBHEHUIA U TOXAECTBEHHbIX Npeobpa3oBaHuii HaM
yAanocbk CBECTM uenoe ypaBHenwe (1) K paBHOCWU/IBHOMY €My KBagpaTHOMY

N 2
ypaBHeHuio (2). PewmB ero, Haiigém, 4TO OHO UMeeT [Ba KOPHS: 3 u 15.
OTeerT: 3; 1%.

B HekoTOpbIX Cnyyasx K NMHEMHbIM UK KBaAPaTHLIM YPaBHEHUSM MOXHO
npuBecT 1M ApobHO-paumoHanbHble ypasHeHus. OgHako 3TO npusBedeHue oT-
nn4aeTcs BaXHOW 0COBEHHOCTLIO. PaccmMoTpuM npumep.

Mpumep 3. Pewwum ypaBHeHue
x+1 10x _ 4
X3 x-2)x+3) x-2 (&)

YMHOXUM 06e 4acTu ypaBHeHusi Ha oblmii 3HameHaTenb apobeil — Bbi-
paxeHue (x — 2)(x + 3). Monyynm uenoe ypasBHeHue

(x = 2)(x + 1) + 10x = 4(x + 3). (4)

Kaxapbii KOpeHb ypaBHeHWs (3) SIBNSIETCA KOPHEM ypaBHeHus (4).

OpHako HET OCHOBaHWIA yTBepPXAaTh, 4TO ypasHeHus (3) 1 (4) paBHOCWUNb-
Hbl, TaK Kak sieeass U npasas 4acTu ypaBHeHMs (3) YMHOXanNUCb HE Ha 4Yucno,
OT/IM4HOE OT HYNs, 2 Ha BblpaXeHue ¢ nepemeHHoi. Beab ecnu kopeHb ypas-
HeHusi (4) obpalaeT 3To BbipaXeHue B HyNb, TO MPW 3TOM oaHa wau obe
4acTu ypaeHeHusa (3) He ByayT umeTb cMmbicna. MO3TOMy He BCSKWIA KOPEHb
ypaBHeHus (4) 6ynet kopHeM ypasHeHus (3).

Mcnonbays CBOICTBa ypaBHEHUI U TOXAECTBEHHbIE NpeobpasoBaHns, npu-
BEAEM uenoe ypaeHeHve (4) K paBHOCUILHOMY eMy KBafpaTHOMY YPaBHEHWIO

X +5x-14 = 0.

Ero kopHsimu siBnaioTca yicna 2 u -7.

Yucno 2 obpawiaer B8 Hynb 06Wwmit 3HameHaTens (x - 2)(x — 3), noaTomy
OHO He fABNseTCs KOPHeM ypaBHeHus (3). MNpu x = =7 3Ha4YeHue BblpaxeHus
(x = 2)(x + 3) He paBHO HyniO. MO3TOMY ~7 SABNSETCH KOPHEM YPaBHEHWS (3):

OteeT: 7.

IEIBooﬁu.Le, 4TOObl  pewunTe APOoBHO-pauMoHanbHOe YpaBHEHUE, Leneco-
obpaszHo:

1) NpMBECTU €ro K LEenomy ypasHEHWIO, YMHOXUB NIEBYIO U MpPaBYD 4actu
Ha oBLWWiA 3HameHaTenb;

2) pewnTb NONYYMBLUEECA LENOe ypaBHEHUE;

3) MCKNIOYNTb M3 MHOXECTBA KOPHEA LIeNOro ypaBHEHWSI Te KOPHW, Npw
KOTOpbIX nesas wWnnM npasasi 4acTb YPaBHEHWA HE WMeEeT CMbICNa,
T. e. obpawatoT B Hynb 06K 3HAMEHaTEeNb npobei.

§ 11. [Apo6Ho-paumoHanbHble ypaBHEHUS




Mpumep 4. Pewnm ypaBHeHne

2 xX*+8 _ 6

x x2-4x x-4

Pasnoxum 3HameHaTeNb BTOPOi .EI.pOﬁM Ha MHOXWUTeNnu, Nony4nMm ypaBHeHue

B.owsl _ €
x x(x-4) x-4’

MpvBenémM 3TO ypaBHEHWE K LienoMy, Ans 4ero obe ero 4acTu YMHOXWUM
Ha x(x — 4):

2(x — 4) + x* + 8 = 6.

BbINONHUB TOXAECTBEHHblE NpeobpasoBaHusi U NPUMEHUB CBOWCTBO ypas-
HEHWIA, NONYYUM KBaApaTHOE ypaBHEHue

X - 4x = 0.
Ero kopHsmu asngaioTcsa 4ucna 0 n 4. O6a OoHM He SABNSIOTCA KOPHAMM
2
npobHOro ypasHeHus, Tak kak npu x = 0 apobb < He nMeeT cMbicna, a npu

x = 4 ppobb % HEe MMeeT CMbICna.

OTBeT: KOpPHEN HeT.

YnpaxHeHus

784. Pemnte ypaBHEHMeE:

22 —-3  3y-—Il, 2 9] .
a) y—2 2-y’ ) K+l 3k+4

m+1 _ 1 —m? N
6) m+5 6m+30°

) 2% +9x _ 4x—10. & -
2x+5 4x+10° yiey Sy+l14’

785. Haiinure KOpHM ypaBHEHHSI:

) 5x+2_x+40=0; r) v+l _ 2y—6.

x=2 x* y+2 y=3~

dm—4 m—1_ g, . .
B el B 5,712 ara’
2x—1 x+1 4x +1 5x—4
_— =0' = .

B) 33 T %m=7 €)

Mmaea 4. KeagpaTHbie ypaBHEHUSA



786.

787.

788.

789.

790.

791.

Pemure ypaBHeHue:

3 4m* =5 _ 2m+1, y —a__datis_,.
m—73 m—3" 3a+5 2a g
3x+20 _ 16—3x?, dm—1  3-m _ .

6) x—4  4—x ) m+2 2m—4—0’
K+k _6—k. 2-3x  1-9% _

B) Frh —E D Q) ot i

Haiinure KOpHM ypaBHEHUS:

123 +1 4 .. 2 +y _ _a.

a) = =4x —1; B) 3y+4y+10— 3
Ta—5. _3m*+Tm

6) Za=S=g=y D m=g L

IIpy Kakux 3HAYEHHMSIX APryMEHTa X PaBHBI COOTBETCTBYIOIIHE 3HAYEHMS
dbyHkLMii:

Ix+7
x—3

a) y= iy = I+

6x2—49
2x+11°

0)y=7—xuy=

Halinute xoopauHaTthl TOYek mepecevyeHus TpadUKOB (BYHKIHI:

2%
) y=1Z uy= -2+ 3

4x? + x
= -+ =
) y=3x+6uy —r=
Pemure ypasHeHue:
2x—1  3x%+2 1 9— 7—2.
=8’ __y=—.—
D e Y a2 R e
4m+3  2m—1 2°-2a+16 L a—5 _ a-3
__—_...=—2' =
6) m—3 m+3 * r) 9g2 — 4 +3a+2 2—3a’
Haiinure KopHH ypaBHEHMs:
) Iy+2 ¥~ .. B ) x+2  _ x+l 1,
Hl+y  1et-1 41 4x? —4x+1  axP-1 x’
1 Sa+6 2 Jx =1 1 2x—3
0) e = r iy :
) T2 9-44a" a )3x2+?.x X 9xl+12x+4

§ 11. Opo6Ho-paumroHanbHbie ypaBHeHus!




792. Pemnrte ypaBHeHHeE:
a) -2 a+l _a-3,

a2-4 2a-4 a+2’

6) 1 p+l_ 2p-1
4p*-12p+9 4p-6 23

793. Ilpu Kakux 3HaYEeHHAX TEpPEeMEHHOM:

L 2x— +
a) cymMa apoGeit o 53 U i:_ 5' paBHa MX TPOU3BENECHUIO;
dx +1 2x—5 x—47 o

6) pasHoCTh poGell ——5 M T3 PaBHa Apo6H — —

794. Pemurte ypaBHEHHUE:

2
x 9 _afx 3 3.
a) T+';5—3(5—;)+1;,

x=2 x—-2

2 2
6) (x2)+2x—3x+6=0.

VYnpaXxHeHus ANns NOBTOPEHUsA

795. PasnoxuTe Ha MHOXUTEIH:
a) x> — 10x + 36; B) 3k* — 8k — 28;
6) = + 7x — 10; r) —2m* + 5m — 3.

796. CocraBeTe KBaapaTHOE YypaBHEHHE, KODHM KOTOPOTO 0OparHbl KOPHSIM
ypaBHeHus1 6x* — x — 1 = 0.

797. Pemure OTHOCHMTEJIBHO X YpaBHEHHE:

a) x> — Smx + 4m’ = 0;
6) mx’ — 26x + 25 = 0.

798. YnpocTUTE BBIpaXEHUE:
a) 9—4/2 —|3+22;
6) V49 —12J5 - 49 +1245.

799. Ilepecekatorcs mu rpaduku dyHKUMI
y=4r—4x—3 mu y=32+ 22— 22

lrnaea 4. KeapparHble ypaBHEHUA




36. PewweHue 3apa4 ¢ NOMOLWBIO YPaBHEHUIA

3apava. 3HameHaTenb 0ObLIKHOBEHHOW Opobu Ha 2 6Gonblwie YucauTens.
Ecnu yvucnutens opobu yeenuuuts B 2 pasa, a 3HameHarteNlb YBenu4uTb Ha 16,

TO ApOOb YMEHBLLUMTCA Ha %. Hangute aty opobb.

Pewenwne. ycTb yucnutens apobu paBeH x, Toraa e€ 3HaMeHaTtesb paBeH
x + 2. MNocne yBenuyeHus yucnutena B 2 pasa, a 3HameHatens Ha 16 nony-

- X
yaeTtca Apobb xiﬁ 5" Tak kak nonyyeHHast Opobb MeHbLUE AaHHOW Apobun e
1
X 2 1
x+2 x+18 4 (1)

Pewum npoGHO-paumoHansHoe ypaBHEHUE. YMHOXMM NEBYI0 M Npasyio
4actTn ypasHeHua (1) Ha 4(x + 2)(x + 18). BuinonHWB ganee TOXOECTBEHHbLIE
npeobpasosaHnsi U NPUMEHWB CBOWCTBA YPABHEHWUIA, NONYYUM KBAOPATHOE ypas-
HeHue

5x* - 36x + 36 = 0.

Pewum 31O ypaBHeHue:

D= (-18 - 5-36 = 144,

x=6 x=12

Tak kak npy x = 6 M x = 1,2 3HA4YEHUA BbipaxeHnih x + 2 n x + 18
OT/IM4HBI OT HyNA, TO 4ucna 6 u 1,2 ABASIOTCA KOPHAMU APOGHO-PaLMOHANBLHO-
ro ypasHeHusi (1). OgHako 4ucno 1,2 He yAOBNETBOPSET YCNOBMIO 3a4aqu, Tak
Kak 4ncnutens oObIKHOBEHHOW APOBU HEe MOXEeT GbiTe APOBHLIM HUCIIOM.
OTBerT: g.

3ameTtum, 4T0 Opobb %, KOTOopas nojy4aeTcsa npu cokpalueHun apobu g.

Hé YNnoBNEeTBOPAET YCNOBUIO 3a4a4yn, Tak Kak eé 3HaMeHaTenb Nk Ha 1 6onb-
we Yyucnurtens.

YnpaxHeHus

800. OzxHo uyucno Ha 6 Gonbute apyroro. Ecnu Gonbluee 4mMcio pasnenuTs Ha
MEHbIIEE M K YaCTHOMY TPHOABUTL DE3YIbTAT OT AEIEHHS YYETBEPEHHOTO
MEHBIIETO 4uciaa Ha Gonblice, To monyuures 4. Haiinurte 3T uwucia.

801. 3namenartenb OGBIKHOBEHHOH npo6u Ha 6 Gonbuie eé uucnurens. Fomu us
YMCJIMTENS BEIYECTh 2, a K 3HAMEHATeN0 MpHGaBUTh 2, TO ApPOo6Gb YMEHb-

LIHUTCA HAa % Haiingute a1y 1po6b.

§ 11. [pobHo-paumnoHanbHbie ypasHeHus




802.

803.

804.

805.

806.

807.

808.

809.

810.

811.

812.

3HaMeHaTelnb OOBIKHOBEHHOM Apodu Oosbiue e€ yucautens Ha 3. Eciau ymc-
JIATENb IpoOM yBeJIWYUTh B 3 pasa, a 3aTeM YMEHBIIWTh Ha 7, a 3HaMeHa-
Tedb YBEJIMUMTL B 2 pasa, a 3aTeM YMeHbIIMTh Ha 11, To momyuudTcsi ApoOs,
oOpaTHaa maHHoil. Haiinurte 3ty Apo0sb.

M3 mocénka B ropoi, a0 Kotoporo 150 kKM, Bblexaau OIHOBPEMEHHO JIETKO-
BOW M Tpy30Boii aBTOMOOMIH. CKOpPOCTH JIETKOBOIO aBTOMOOWIA Obula Ha
10 xM/u Oonbllle CKOPOCTH TPY30BOro, IMO3TOMY OH MpHEXal B ropon Ha
rmoJjiyaca OGBICTPEe, YeM rpy30BOM aBToMOOMIL. Hailinure CKOpPOCTB Tpy30BO-
r0 aBTOMOOWIIS.

MoTOLUMKINCT [poexan oT cena xo osepa 60 km. Ha obparHoM nytH OH
YMEHBIIWI CKopocTh Ha 10 KM/4, mosroMy OT 03epa B CEl0 OH eXall Ha
0,3 u gonbire. CKONMBKO BpEMEHM MOTOLIMKIMCT eXal OT o3epa o ceja?

Ha 80 kM myTH BeIOCHIIEAMCT TPATHT Ha 2 4 OoJiblle, YeM MOTOLIMKIHUCT,
Tak KakK ero ckopocth Ha 20 KM/4 MeHblle, YeM CKOPOCTb MOTOLIMKIIHUCTA.
Haiinnute cKOpPOCTH BEIOCHUIIENNCTA.

[TepBoiii aeDKHUK mpomién 30 KM Ha 15':1 6bicTpee, 4eM BTOpOit 45 KM,

XOTSl CKOpPOCTh BTOpOro Gmuia Ha 3 KM/4 Gonblie. 3a Kakoe BpeMsl IEpBbIi
NBEDKHUK mpomén 30 km?

C nepBoro yyactka cobpanu 80 1 mpoca, a co Broporo 90 11, XoTs riomanb
BTOPOTO yyacTka 6bi1a Ha 2 ra MeHbile. C KaxJ/I0ro rekrapa BTOPOro y4acr-
Ka cobupanu Ha 5 1 GoJjblile, YeM C KaxIOro rekrapa nepsoro. Kakosa
YPOXaMHOCTh TIPOCa Ha KaXIOM Y4acTke?

3a 6 4 kaTep NpPOMEN 36 KM MO TE€YeHHIO peKH U 48 KM MPOTHB TEYCHUS.
KakoBa cKOpOCTh KaTepa B CTOs4eil BOMIE, €C/IM CKOPOCTh TEUYEHHHA 3 km/u?

[Lror mpornnbiBaeT 60 KM IO TeYEHMIO PEKM Ha 5 9 ObICTpee, YeEM Takoe
K€ PacCTOSIHME NPOXOJWT MOTOpPHasi JIoAKa NMpoTus TeyeHus. Haitnure cko-
pOCTb JIOAKM TI0 TEYEHHIO, ecli ¢€ CKOpOCTb B CTOSYEH BOMIE 10 xm/4.

MoropHasa noaka npouuia 1o TedeHuio 70 kM. 3a TO Xe BpeMsi OHa MOXET
npoiitu mpotuB TeyeHus 30 k. Haiinure ckopocTh T€YCHHS, €CIIH CKO-
pocTh NonKM B crosdeil Bome 10 km/4.

JlBe mBeM, paboTas BMeCTe, BBIIOJIHAT MOJYYEHHBIH 3aKa3 3a 6 nueit. 3a
CKONBKO [HEil BBITOTHUT 3aKa3 Kaxnas IuBes, paboras OTAENBHO, €CIH
ONHOI W3 HWX s 3Toro morpebyercs Ha 5 [AHeil Gonblle, YeM APYroi?

JlBa ciecapsl BHIMOAHWIM 3amaHue 3a 12 4. Eciu Obl MONOBHHY 3alaHMs
BBITIONMHMI [EPBHIH, a OCTABLIYIOCH YacTh BTOPOIi, TO TepBoMy TOTpeGoBa-
710ch GBI BpEMEHH Ha 5 4 6ouibliie, 9€M BTOPOMY. 3a CKOJIBKO YacoB KaXIbIi
M3 HUX MOT OBl BHIMOJIHMTH 3agaHue?

Maea 4. KsagpatHbie ypaBHEeHUS



813.

814.

815.

816.

817.

818.

819.

820.

821.

TlepBoii TKauuxe 1UIs1 BHITIONIHEHMA TIOJOBUHBI 3aKa3a noTpebyeTcss Ha 2 THS
Gonbilie, YeM BTOPOil IS BBIMOJHEHMS BCETO 3aKa3a. BMecTe OHM BBHITION-
HAT 3aKa3 Ha | JieHb paHbllle, YeM BTOpas TKauuxa, paboras OTAENbHO. 3a
CKOJIBKO OHEH Kaxkzasl Tkauuxa, paboTasi OTAeTbHO, MOXKET BBIMOJIHUTE 3TOT
3aKas?

U3 nyHkToB A ¥ B 01HOBpeMEHHO HAaBCTpedy ApPYr APYTY BHILILIH JBa Tie-
miexoqa. OHM BeTpeTwiMCh B 10 4, MpU4éM TeEINexol, BbIILEIIIHA W3 TMyH-
KTa A, MpoMEn 1o BcTpeyu Ha 2 kM Gonsue. TIpomomkas cBoil MyTh, OH
npuinén B myHkT B B 10 u 40 mun. Bropo# memexon mpumén B nyHkt A
B 11 4 30 mun. Haiinure paccrosHue oT nyHkra A mo MyHKTa B.

M3 cocyna, 3amoiHEHHOrO CMMPTOM, OTAMIM 6 1. 3aTeéM HOJAMAM B HEro
CTOJIBKO K€ JIMTPOB BOJbI M OMSTH OTIMIM 5 1 cMecu. B cocyne ocramack
cmech, conepxawas 80 % cnupra. Haiimnrme BMECTMMOCTBL cOCyfa.

Ilpoiins monouHy myrtH, moesx yBenuuwi ckopocTh Ha 30 km/4. C Kakoii
CKOPOCTBIO IPOLIENT MOE3/ MEPBYIO MOJOBHHY IIyTH, €CIIM €r0 CPEIHsIs CKO-
POCTb Ha BCEM NYyTH OKasajiach paBHOW 72 KM/u?

W3 omHoOro myHkTa mo mocce B CeBEpPHOM HANPABICHWH BBIILIA IBA ABTO-
Mobwst. CKOpOCTh nepBoro aBroMobuiass — 80 KM/4, a CKOPOCTb BTOpPO-
ro — 100 km/4. Yepes | 9 M3 TOro e NMyHKTAa B TOM Xe HarpasJieHUH
BbIILIE TPeTHil aBTOMOOMIBL. [Tocae TOro Kak OH JOTHAl MEPBbIH aBTOMO-
Ounb, eMy NOHanoGMIOCh emwE 3 4, YTOGBl HOrHATH BTOpOii. KakoBa cko-
POCTb TPETBHETO ABTOMOOMIIS?

B pactsop, conepxaumii 40 r comm, moGaswiau 100 T Bomsl. B pesyabrare
STOr0 KOHLEHTpalus COMM yMeHbIUMnack Ha 2 %. Haiinure nepsoHauans-
HYI0 Maccy pacTBopa.

KosonHa manmiu IBUXeTes 110 10pore co CKOpocThio 40 KkM/4. IToceInbHBLH
BbIEXal M3 KOHLIA KOJIOHHBI B €€ Hayalo, Mepenajl IUIaH NadbHeHIIero nBu-
KEHHA W BO3BpaTuics obparHo. Ha Bech myTth oH sarpatun | 9 12 mumn.
Haiimure cKOpPOCTB MOCHUIBHOTO, €CTM IUTMHA KOMOHHBI 20 KM.

W3 o1HOro myHKTa BbIEXalM OIHOBPEMEHHO B OIHOM M TOM XKe HarnpasJe-
HMM 1Ba aproMobuns. [lepseiii aBTOMOGHIB JBHMIaacs co CKOPOCTBIO
60 kM/4, a BTOpOii — co ckopocTtbio 80 KM/4. Yepes mosiyaca M3 TOTO XKe
IlyHKTa BCJICA 32 HUMH BbIEXal TPETHH aBToMOOMIb. OH JOTHal BTOPOW

1 . 5
aBTOMOOUIE uepe3 IZ 4 IOC/ie TOro, Kak JOrHan mepswiii. Haiioure cko-
POCTb TPETBETO ABTOMOOMIIS.

Buu3 mo peke or mpuctanu P OTIPABMINCE OTHOBPEMEHHO KATep M ILUIOT.
Karep npomeén 48 kM u BepHyncs o6paTHO uyepes 7 4. Mo OyTH OH BCTpE-

THI TUIOT Ha paccTossHuM 12 kM ot npuctanu P. KakoBa cKOpocTh TeueHMs
M CKOPOCTh KaTrepa B CTOsAYell Boje?

§ 11. Apo6Ho-paumoHansHble ypasHeHus




Vﬂpa)KHEHHﬁ ANA NOBTOPEeHUA

822. Pasnoxure Ha MHOXMUTEIU:
a) x> — x = 110;
6) 3x* + 10x + 3;
B) 2m> — 5m — 12;

N 67—y —2
823. CocraBesre KBaJpaTHOE ypaBHEHHE, HMEIOIIEE KOPHH:

a) 5—7 u 5+47;
1 1
6) __-34—\/5 " -

824. Ipunamiexar an rpadguky dynkuun y = 2x* — 4x + 5 ToukH
A(—-1,5; 15,3), B(0,5; 3,5 u C(1,5; 6,5)?

825. JlokaxuTe, YTO BEPHO PaBEHCTBO:

a)

S i
2W20-9 2/20+9 '

1435 135 _ 43,

% 7—3J§+ 7+35

|zl KoHTponbHblE BOMPOCHI U 3afaHus

1.  TlpuBenuTe NMpYMep LEJIOTO YPAaBHEHMsl U NPUMEP APOOHO-PaMOHAILHOIO
ypaBHEHMSI.

2. [Ipu pemieHUH APOOHO-PALIMOHATBHOIO YPaBHEHHMs €ro CBENM K KBaJpar-
HOMY YPaBHEHMIO, MMeloLieMy KOpHM —5 ¥ 7. B KakoM ciyyae 3TH 4HCIa
SBISIOTCS KOPHSMM IPOGHO-PAlMOHATIBHOTO YPaBHEHHUA?

Maea 4. KeagpaTHble YpaBHEeHWS



HdononHutensHble ynpaxHeHus K rnaee 4

K naparpady 9

826.

827.

828.

829.

830.

831.

Pemmure ypaBHeHue:

a) m'—2;=0; B) —0,1x2 + 10 = 0;
6)m2+%=0; r 6 — 1,2% = 0.

Pemmte ypaBHeHue:

a) 2% — 3x = 0; B) 2x* = 3x;

6) 3% —4x>=0; r) 2 = —5x.

Pemure ypaBHeHHe:

a) 57 = 40x; B) 3% = 27,

6) §x2=100; ) 32 = 362

3amevanve. YpaBHeHHsi a) u 6) 3TOrO YIPaKHEHHS ObUIM COCTABICHBI
CpeHeasMaTcKuM y4y€HeiM Myxammenom amn-Xopesmu (783 — okono 850);
B) — npenonasateieM Benckoro yHusepcutera I'eHpuxom lpeiibepom
(ym. B 1525); r) — HeMelKMM MaTeMaTMKoM AnamoMm Puse (1492—1559).
Haiinure kopHu ypaBHeHwus:

a) (x — 1)) = (x — 2’ = 0;

6) 3x + 5 — (x + 5% = 0;

B) Qa2 — 3 — Qa® + 1 + 1 = 0

r) (m + 4)(m* — 4m + 16) — m(m + )(m — 1) = m* + m.

Pemmmre orHOcHTENBHO X YPaBHECHHE!

a) x> = a; B) X* = a’; n) 2x* — 3xa = 0;

6) x> = —a; r) X = —ad% e) x> — 9a = 0.

Pemire ypaBHeHHe ¢ NMOMOIUIBIO BhUIe/IeHUs KBaIpaTa CyMMBI WM KBajpa-
Ta Pa3HOCTH:

a) x> + 6x — 16 = 0; B)4x2—12x+5=0;

6) X’ —d4x — 12 = 0; 9%+ 12x — 5 = 0.

JononHuTenbHble ynpaxHeHus




832.

833.

834.

835.

836.

837.

Haiinure KOpHH ypaBHEHHS:

a) 6xX — Tx + 2 = 0; nx—2x—2=0;
6) 82 + 10x — 3 = 0; e) 4t —dx — 7 =0
B) 9 — 12x + 4 = 0; X)X+ 6x +4 =0
r) 206 + l6x + 3 = 0; )+ 2x— 11 =0

Pemure ypaBHeHue:
a) 2 — 5y + 1 = 34;
6) —3m’ + Tm + 24 = —2;

B) %nz —6n + 10 = —6;

r) 2(x — 3 + 30x = =3x — 1;
n Gk — DGk + 1) = 2k + 3)* — 14;
e) 32x + 1) = (6 — x)(x + 6) — 32.

IMpu Kakux 3HAYECHHUSAX MEPEMEHHOM BEPHO PaBCHCTBO:
a) 2x — 1)} = —2x + I; B) 3x — 1)) = =3x — 1;
6) B3x + 2’ =—-3x — 2; ) Gx + 1)2 = —3x + 1?

Haiinure 3HayeHWsl MEpPEeMEHHOM, TIPM KOTOPBIX paBHBI 3HAYCHHS BbIpa-
KeHUHR:

a) 4 — 5x + 3 u 2¢ — 3x + 27,

6) —3m> + 4m + 1 u =5m> + 6m + 1;
B) 3 — 10p+4u—2p"+7p— 2
r) =5x* — 2x — 3 u 3x* + 30x + 2L

Pemnte ypaBHEHHE:

a) 10x = x* + 2I; m 3 + 12 = 30x;
6) x> = 12x + 288; e) 3xX* + 12 = 9x;
B) x> + 10x = 39; x) 144 + x* = 36x;
r 3+ 12 = 12x; 3) x¥* = 12x — 36.

3ameyaHue. YpapHeHMa a) W 6) 3TOro ynpaxHeHus ObUIH COCTAaBJICHBI
cpeqHea3sHaTCKUM YI€HBIM Myxammenom an-Xopeamu (783 — oxono 8350);
B) — TMEPCUICKHUM Y4EHBIM OmapoM XaisiMoM (1048—1122);
r) — %) — (paHIY3cKMM MaTeMaTHKOM Hukona Illoke (ym. 1500);
3) — HeMEIKMM MaTeMaTHKoM MuxasieM tudenem (1487—1567).

CocTaBbTe OMKBAIPATHOE YpaBHEHHE C LENBIMH KO3(QHIMeHTaMH, 3Had,
4YTO OOUH M3 €ro KOpHe# paBeH Jg , 4 BTOpPOil paBeH \/—2_ .

: ‘f‘ maea 4. KeagpartHbie ypaBHeHUSA




838.

839.

840.

841.

842.

843.

844.

845.

846.

847.

Pewiurte ypaBHeHMe:

a) (2 +6x) — 462+ 6x + 1) — 17 = 0;
6) &+ x)— 562+ x—4) =—6

B) x(x — 2)(x — 3(x — 5) = 72;

r) (x + 2)(x — 3)(x — 6)(x — 1) = —356.

Haiinure KOpHM ypaBHEHWS:
a) x*(x + 1)* — 40%(x + 1)’ + 144 = 0;

4 2
gy I MRS 0=,
X X

Pemmmre ypasHenue 3x +4,x*—3x =x’+4, ucnonb3ysi BBEIEHHE HOBOI
epeMeHHOM.

3amevarue. YpapHeHue B3ATO M3 KHUIM <«IIpakTika reometpun» (1220)
HTAIbIHCKOro MareMatuka Jleonapono @uGoHauyn.

JlokaxxuTe, 9TO ONMH M3 KOpHEll KaXIOr0 M3 KBANPATHBIX YpaBHEHMil
ax’* —(@+c)x +c=0muad® + bx — (a + b) = 0 pasen 1.

JlokaxuTe, 4TO €ClIM KBaapaTHOEe ypaBHeHME ax’ + bx + ¢ = 0 umeer
KOPHM, TO OHM  0OpaTHBl  KOPHSM  KBaJpaTHOTO  YpaBHEHMS
+ bx +a=0.

PasHocTh Ky6OB IByX TOC/eNOBaTeIbHBIX HENBIX yucea paBHa 217. Haimure
9TH YMCIIA.

Haitnure Tpu mnocnenoBaTenbHBIX YETHBIX HATYPAIbHBIX UHMCIA, KBAXPAT
GoJblero M3 KOTOPBIX paBeH CyMMe KBAJpaTOB JBYX IPYTHX THCEI.

JnuHer (B cM) TpéX pé€6ep MPSAMOYIrOJIbHOrO Mapamieenuiensd, BIXOMSIIHX
M3 OIHOM BEPIIMHBI, BBIPAXAIOTCS TPEMsl IOCIEIOBATEIbHBIMH HATYpajb-
HBIMM 4ucaamu. [lromans noBepXHOCTH 3TOTO MPAMOYTONBHOTO Iapajie-

nenuiena pasHa 724 cM’. Haiigute WIHHBL ero pébep.

benelii MpsAMOYroibHHK, UIMHA KOTOPOro 9 cM u IMpuHa 6 CM, HakjIeeH
Ha 3eN€HBI Tak, 4To obpa3zoBajach 3eNéHasi paMKa OIHOW M TOH Xe
mupuHbl. HailioguTe mmpuHy pamMku, eciiM IUIomans 3eJEHOro NIPSAMOYTOJIb-

Huka 130 cm’

M3 KBagpaTHOro JIMCTa KapTOHA M3rOTOBMIIM OTKPBITYIO KOpOOKy, BEIpe3aB
[0 yrmaM KBaJpaTel €O CTOpOHOM 5 cM. Haiimure cropoHy KBampaTHOro

nucTa, eci o6bEM KOpobKH 845 cm’.

dononHutesnsHble yrnpaxHeHus




848.

849.

3a Beck ce3oH B ¢yrbonbHOI aure 6wvUTo ceirpaHo 132 marua. Kaxnmas
KOMaHJa ChITpajla ¢ KaXIOH OOuMH pa3 Ha CBOEM I10J€ W OOWH pa3 Ha
yyxkoM. CKOMeKO KomaHj OblIo B Jure?

Heckonbko BOeibONIBHBIX KOMaHI OPraHM30BATH TYPHUDP, Ha KOTOPOM ObI-
no nposeaeHo 15 urp. [lo ycroBuio TypHMpa Kaxnas KOMaHIa urpaia ¢
Kaxaoi oguH pa3. CKOJBKO KOMaHI y4acTBOB&JIO B TypHupe?

K naparpacy 10

850.

851.

852.

853.

854.

855.

856.

[Ipy KakoM B3HAYEHWH ¢ ONWH M3 KOPHEH KBaJpaTHOIO YpPaBHEHHs
4> — 5x + ¢ = 0

a) Ha 1% Oonblle Ipyroro;

0) B 4 pasa Oonbiie apyroro?

HaiiauTe cBOGOAHBIN WieH KBaApaTHOTO ypaBHeHMsi 5x° — 3x + k = 0,
KOPHHM KOTOPOTO X, U X,, €CJIM:

a) 2, = e = 13 B) 5x; = 5x;, — 1;

6) —x, + 2x, = 4,2; %) Zx, 3 = =g,

Haiinute 3HayeHue KO3(P(HIMEHTOR b MW ¢ KBaapaTHOTO YpaBHCHMs
22 + bx + ¢ = 0, eciu:

a) OOMH M3 €r0 KOpHe# paBeH 3, a APYrodl — CBOOOIHOMY 4WIEHY C;
6) OonMH M3 ero KopHeil paBeH —2, a apyroit — koabduuueHty b.

HUcnonws3ys KBagpaTHOe YpaBHEHHE x> + px + g = 0, BeIpasuTe Yepes
pPHUq

a) CyMMy 4YHCENl, OOpaTHBIX €r0 KOPHSIM;

6) cyMMy KBaIpaToB €ro KOpHEi;

B) KBajpaT Pa3sHOCTH €ro KOpHEW;

r) cyMMmy KyOOB €ro KOpHEi.

JloKaxuTe, 4TO TIPH JT060M 3HaYeHMH @ ypasHenme 7x° + 10x +a* + 1 =10
HE UMEET TOJOXHUTEIbHBIX KOPHEH.

JlokaxuTe, 4to Ipu JTIOO0OM 3Ha4eHMHM b ypaBHEHHE I+ bx—7=0
AMeeT OIWH TIOJOXMUTEJbHBIA W OIMH OTPULIATENIbHBIN KOpPEHb.

Pa3noxuTe Ha MHOXHTENN KBALPATHBIA TPEXWIEH:
a) 6 — 8,4x + 2,7; B) 2¢ — 3x\3 + 3;
6) —4,4x + 8,7x + 0,2; r) 4 — x5 — 25.

Maea 4. KeagppaTtHblie ypaBHEeHUd



857. Cokparure npoGb:

2m2+3m—9, A+2—-8, xt—dx—5
a) S et gy L3
dm - —12m+9 c“+3c—4 xyty

858. VmpocTHTe BhIpaXeHHUE:

- 1 = )
a) 4x +18 x+3, 6) m—8.m —Tm 8_1.

xz—x—6+x"3’ m+2" 24

859. Pewuurte ypasHeHwue:
a) 4x' — 3 + 9 =0 6) 9x* — 37x* + 4 = 0.

860. PaznoxuTe HAa MHOXWUTETM MHOTOWIECH:
a) x* + 172 + 16; B) 4x* — 17 + 4;
6) x* + 2% — 24; r) 9x* — 26x* — 3.

861. Ilpu xakux 3HaYEHWAX /M HE MMEET KOpHeil ypaBHeHUe:
a) 2 + &2 + m = 0;
6) 3x* —mx* + 3 =0?
K naparpacy 11

862. Pemmnre ypaBHEHue:

a) S x 20 . B) 8 x+10 _ 3
x2—4 x—2 x+2’ x2—3x—10 x+2 x-5’

8 x—2__ 4 6 . X—=35

6) 22— x x—3 r) x—4 x2_3x—4 x+1

863. Haiinure KOpHM ypaBHeHUS:

a) Im*9 | Imtl_ 8m+3 . pme_ 2 _ 2-m
2m*—4m  mP—4 3m® —6m’ m -8 m—-2 mr+2m+4
5x+4 6—7x _ 3x+1 3—2n 1-2n° 2

6 - = ; e + = :

) 22 +9x x2—3x 9—x2’ ) m—n+1 w+1 n+l’
4p+5 +1 . +6 2 8x?—1.

B) 4L =P X = s+ = :
p*—1 p-202 r+p 1+ 2 +4x?  2x—1 1-8°

Tx=3 e D= o 4 3m—17 1—6m

r) 27 o2 - 2? 3) T 3"

2x — 3x 9x°—4 2x + 3x 3m+1 27Tm"+1 1-3m+9m
o X2 x+1
864. Ilpu xakoM 3Ha4YeHWM NEPEMEHHON X CymMa npobeii — <, PaBHa

HX TPOM3BEIEHUIO?

[JononHutenbHeie ynpaxHeHus
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3amedaHne, YpaBHeHHME HEMEIKOIO MaTeMaTMKa M acTpoHoMa PermomMoH-
TaHa (1436—1476).

Pemnre YpaBHEHHE

JlaHa oOBIKHOBeHHAas OpoOb, 3HAMeHaTelb KOTOpPOM Ha 1 MeHblle yTpOeH-
Horo uucautensa. Eciu u3 He€ BBIYECTh APYTyH0 Apo0b, YUCIMTEh KOTOPOi
Ha 2 MeHbIIe YUCIWTENd, a 3HAMEHATelb Ha 4 MeHbIIe 3HaMeHaTeNs JaH-

HOH IpoOu, TO MONYYHUTCS % Haitngure maHHy0 Ipo0b.

CyMMa YMCITUTeNsl ¥ 3HAMeHaTe/is NepBOii OOBIKHOBEHHO# npobu pasHa 10,
a propoii 18. Ymcnaurens Bropoil [pobu B 3 pasa Oo/blle YHCITUTENS Tep-

Boii. IlpousseneHue npodei paBHO 1%. Haiimute 3TH Opodu.

Pa3sHOCTh MEX/Iy 3HAMeHAaTeleM M YHCIUTENeM NMepBoi OOBIKHOBEHHOM Ipo-
6u paBHa 4, a BTopoii 7. 3HameHaTenb NepBOi JpoOM B 2 pasa MeHble
3HaMeHarensi Bropoi. IIpu neneHMM nepBoil IpoOM Ha BTOPYIO ITONy4YaeT-
4
et < Haiinure 3T 1pobu.
OTnpasieHue noe3na M3 ropoia A0 CTAHLMH, YIAIEHHON OT Hero Ha 150 M,
6bU10 3amepxkaHo Ha 30 muH. C Kakoi CKOPOCTBIO JOJ/KEH OBUT MITH 1103/l
[0 PaclUCAHMIO, €CITH, YBEJIUYMB CKOpocTb Ha 10 KM/4, OH mpubbUI B IYHKT
HasHayeHus1 O6e3 omno3naHus?

TMoean nomxkeH 6bu1 npoitu 400 kM. Korga oH mpowi€n 4e€TBEPTh IYTH, €ro
sanepxand Ha 2,5 4. YroObl NPHUHTH BOBpEMS, I0€3] YBEIMYWIL CKOPOCTh
Ha 20 kM/d. CKOTBKO BPEMEHM, CUMTasi 3aIepXKy, moesn 6bul B MyTH?

@®epMep OTMPaBWICS HAa MAIIMHE B CEJIO, PACIIONOKEHHOE Ha PacCTOAHHMH
60 kM or ero depmel. ITepBylo YeTBEPTH MyTH OH IpPOEXan Ha 5 KM/4 MeJl-
neHHee, yeM mpennonarai. Ha ocraBmieMcs IyTH OH YBEIH4YWI CKOPOCTb Ha
15 kM/u ¥ Ha Bech nyTh moTpatTwi 1 4 5 MUH. C Kakoil CKOPOCTBIO Iped-
nosnaran exatb Gepmep?

[lepBEIil BeJOCHIEIUCT npoexan 36 kM, BTOpoil 33 kM, a TpeTHi 35 kM.
CKOpOCTb BTOPOTO Bejocureaucta 6bi1a Ha 3 KM/ MeHbLIE CKOPOCTH IIep-
Boro ¥ Ha | KM/4 GoJibllie CKOPOCTH TPEThEro. TpeTuil BEJIOCHNENUCT 3a-
TPaTH BpeMeHM Ha ronyaca Gosbire, yeM nepsbiif. CKOMBKO BPEMEHM 3a-
TpaTW/ KaXIblii BEMOCHUIENNCT?

ABTOMOGM/Ib MpOEXaJl PaccTOosHME OT cela 10 ropoaa 3a 5 4. B oOpaTHbIH
MyTh OH OTMpaBWiCs C TOil ke ckopocTbio. OnHaKo, Mpoexas 50 kM, oH
CHUM3MI cKOpocTh Ha 10 KM/d4 W TO3TOMYy Ha OOpaTHBIA MYTh 3aTpaTWI Ha
| u Gonemie. Haiimure paccTosiHMe OT Cejla 0 ropola.

M3 mByx ropofoB, pacCcTOSIHHE MEXIY KOTOPBIMH 310 kM, BBIEXaJIW OOHO-
BPEMEHHO HaBCTpedy Ipyr Apyry [Ba aBToMoouist. IIpoiins 100 kM, TIepBHIii

Maea 4. KeagpaTHbie ypaBHEeHWs
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aABTOMOOWIb YBEIMUMI cKopocTh Ha 20 KM/4 M TpuObLI BO BTOPOi ropon
B TO Xe BpeMsi, B KOTOpOe BTOpOi aBTOMOOW/IL MPHOBLT B nepsbiil. Bropoi
aBTOMOOWMIIb €Xal BCE BpeMsi ¢ MOCTOSHHON CKOpOCTBIO, KOTOpas OblUla Ha
12 kM/4 Gomblle, 4€M CKOPOCTh MEPBOr0 aBTOMOOHAS B Havate nmytd. Haii-
JWATE CKOPOCTh MEPBOI0 aBTOMOOWIS B Hayaye MyTH.

Tpu aBTOMOOHIIS TIEPEBO3AT TPY3bBl MEXIY ABYMS TIOPONAMHM, PAacCTOsIHWE
Mexny KotopbiMu 600 km. IlepBbiii aBTOMOOWIb TPaTMT Ha BeCh MYTh
Ha 2,5 4 MeHbIlle, 4YeM BTOpOM, a TpeTWil — Ha 5 4 Gojblle, YeM BTOPOM.
Haiinure cKOpoCTh BTOPOTO aBTOMOOKIISI, €CIM CKOPOCTh nepBoro Ha 40 km/4
0onblle CKOPOCTH TPEThETO.

Karep mpomén 115 kM mo TteueHMio pekd u 170 KM NIpPOTUB TeyeHHS.
Ha myTh mpoTHB TeueHWs OH IOTPaTUA Ha 5 4 Oonblie, 4eM Ha IyTb IO
TeyeHu10. Haiinure cKOpoCcTh TeueHHMsl, €C/IM CKOPOCTb KaTepa B CTOd4Yel
Bozme 20 kM/u.

JlecopyOBI OTMpPaBUIX I10 TEYEHHWIO PEKU IUIOT. 3a HUM ClieqoM 4depe3 5,6 4
OTIIpABWIAChE MOTODHAsi JIOOKAa, KOTOpas JOrHajia TIUIOT, TNpounsa 36 K.
C Kako#l CKOpOCTBIO IUIBLI ILUIOT, €CJIM MOTOpDHAas JIoAKa IUia ObIcTpee IUIO-
ta Ha 10,5 xkMm/u?

Ot npucTaHW BHU3 MO PeKe OTMpaBJieH TUIOT, KOTOPBIM MOJKEH ObLI IpO-
Wt no neconunbHoro 3asoga 54 kM. Ilmor O6blm B mytw 4 4, Korma Ha-
BCTpe4yy eMy OT JIECONMWIBHOIO 3aBO/a BBHILIE] KaTep, CKOPOCTb KOTOPOIO
B crosueil Bome 21 km/4. Karep BcTpeTHUn MIOT Ha paccTosHUM 36 KM OT
3aBona. Haiinure cKopocTh muioTa.

TypHCTBl B3SUTM HAMpOKAT JIOAKY. 3a 3 4 OHM IIONHAJIMChH BBEpPX IO peEKe
Ha 12 kM 1 BepHymuch 06paTHO. KakoBa CKOpOCTE JIONKH B CTOsIYeil Bole,
€CJIM CKOPOCTh TeYeHHsT 2 KM/u?

Paccrosiume ot mpucTaHM A 00 TpUCTaHM B, pacrmonoXeHHOI BBIIIE 110
TEYEHHIO peKkH, Karep npoinér 3a 11,5 4. Ecnu on He moiimér 100 xMm mo
IpUcTaHU B ¥ BO3BpaTHTCA OOPATHO, TO BPEMEHM 3aTPATHUT CTOJBKO XKE,
CKOJIBKO TPAaTHUT Ha MYThL OT NMpUCTaHU A 10 mpuctaHu B. Halimure ckopocThb
Karepa B CTOAYEH BOLE, €C/IM CKOPOCTh TeUEeHWs 3 KM/4.

IMocTraBunu nBa 3abopa M3 craHmapTHHIX cekuuii. JMHa Kaxmoro 3a-
6opa 63 M. s mepBoro 3abopa HMCMHOIL30BANM HA 3 CEKLMM MEHbINE, YeM
IJisi BTOPOTO, TaK KakK INMPpHMHA KaXJIOH cekuuM nepBoro 3abopa Obuia Ha
0,5 M Gosbllle MIMPUHBI CEKIIHM BTOPOTO 3a00pa. Haiiiure MIMpHHY CeKLIMiA,
U3 KOTOPEIX COOpaH Kaxablii 3abop.

OKpYyXHOCTb MepeIHero KoJeca CIENHATBHOTO BEJIOCHIIENA MEHBIIE OKpPYX-
HOCTH 3aaHero Komeca Ha 0,6 M. Ilpoesxasi 36 M, mepeaHee KOJIECO IEIaeT
Ha 5 obopoTos Oonblie, yeM 3anHee. Hailmure IIMHY OKPYXKHOCTH KaxIo0-
TO KoJjeca.

ﬂ,OﬂOﬂ HUTENbHLIE YNpa*XXHeHWA
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IBa Majisipa MOTyT MOKpacuTh CTeHbl 3a 12 4. CHayana MpHCTYIMI K pa-
GoTe OOMH MaJsip, M, KOTAA OH BBINIOJIHUII MOJOBMHY paGoThl, €r0 CMEHWI
BTOpO#i. Besi pabora Gbina BEITONHEHA 3a 25 4. 3a CKOJIBKO YacOB KaKIbIi
MaJsip MOXET OIMH BBIMOJHHUTH BCIO pabory?

HBa depmepa BeipsUTH Komomen 3a 24 4. CKOAbKO 4YacOB MPHUILIOCH ObI
paboTarh Kaxkinomy depMepy OTHENBHO, €C/IM M3BECTHO, YTO HA BBLIIIOJHEHHE
BCEil pabOTHl OIHOMY M3 HUX TOTpeboBaNoCh OBl BpeMeHH Ha 20 4 Gosblue,
4eM Ipyromy?

JlBa aBTOMaTta MOTYT BHITIONHWTE paGoTy 3a 6 OHeid. 3a CKOJBKO JHEH Kax-
IBIi aBTOMAT OTHEALHO BBIMOJIHHUT BCKO paboTy, eciu OOHOMY M3 HMX TIO-
TpebyeTcsi AJIs 3TOro Ha 5 nHeil Gonbire?

3a 16 mHeil IBYMsi 3KCKaBATOpaMU MOXHO BBIPHITh % TpaHIIeW Uil Tpo-

knaaku TpyO. 3a CKOJBKO [HeH BBIIOJHMA ObI 3Ty paboTy KaXIBId 3KC-
KaBaTop, ecliy OZHOMY TMoHanooutcs mis 3toro Ha 30 gHeit Gonblue, yem

apyromy?

Yepes nee TpyOH MonoBHHA DacceifHa HAMOMHMTCA 3a 2 4. 3a CKOIBKO 4a-
coB Kaxmas Tpy6a HamoaHMT GaccedH, ecliM OmHON motpebyercsa Ha 6 4
Bonbiie, yem Apyrou?

IBe Tpybnl HamomHAT Gacceitn Ha 16 4 GhICTpee, 4eM oOmHa IepBasi Tpyda,
4 Ha 25 4 OpICcTpee, YeM omHa BTOpas TpyOa. 3a CKOIMLKO 4acoB obe TpyOml
HAaIoaHAT OacceiH?

[lepBoiii Teruioxom BhIIIEA M3 IOpTa A B MOpT B Ha CYyTKH paHBIIE BTOPO-
ro TEIUIOXOa, a TIPHIIEN B MOPT B Ha CyTKHM MO3Xe, TaK KaK BTOPYIO MO-
JIOBMHY TIyTH OH Ién MemwreHHee Ha 10 KM/4, yeM nepBylo. CKOJBKO CYTOK
€ BTOPOM Telioxox B mopt B, ecid, yBeIWYMB cKopocTek Ha 10 km/4,
BeCh 00paTHbBINA MyTh OH mpozaenan 3a 6 cyrok? (CKOpocTh MepBOrO M BTO-
pOro TEIUIOXOOOB B MOMEHT BbIXOAa M3 Iopra A OIWHAKOBa.)

B HEKOTOPBI MOMEHT BpeMeHM Yachl TOKa3blBAlOT HA 2 MUH MEHbLIE, XO-
T W MOYT ObicTpee, 4eM HyxHO. Eciu ©Obl OHM MOKasplBald Ha 3 MHUH
MEHBIIIE, HO CITELIWIH Obl B CYTKM Ha IOJMWHYTEl OOJbIIE, YeM ceiyac, TO
BepHOE BpeMs OHM TIOKazanu Obl Ha CYTKM paHbll€, YeM IMOKaXyT.
Ha ckonbko MHMHYT B CYTKH CIELIAT 3TH 4achbl?

fnaea 4. KeagpaTHble YpaBHEHUSN



B sT0i" rnaBe HaunHaeTca M3NOXeHWe Marepuana, NoCBAWEHHOMO YYMCNOBbIM
HepaBeHCTBaM WM HEepaBeHCTBaM C MepemMeHHoin. 3peck paccMaTpuBaloTCs Cno-
cobbl pokasaTensCTBa HEPaBEHCTB, CBOWCTBA HEPaBEHCTB, MNO3BONAKOWME pe-
waTtk HepaBeHCcTBa W UX cuctembl. Ocoboe BHUMaHWe ygenseTcs crnocobam
peleHns HepaBeHCTB, COAEPXalMX NEPEMEHHYIO MOL 3HAaKOM MOAYNA.

§ 12. YucnoBble HepaBeHCTBa
M HepaBeHCTBa C NepeMeHHbIMU

37. CpaBHeHue 4yucen

B Hayke W npakTU4eckoil AeATeNsHOCTU NIIDAAM HYacTo NPUXOAUTCA CPaBHM-
BaTb ABa Kakux-nMbo 4yucna. Ona mobbix YMcen a W b BbLINOMAHAETCH OOHO W
TONBbKO OOHO M3 COOTHOLUEHWA: @ paBHO b, a MeHblie b, a 6onblue b. Pesynetar
CPaBHEHMA 4unces 3anuchbiBalOT B BWAE YMCNOBbLIX PABEHCTB WM YUC/IOBLIX He-
PaBEHCTB, UCMONbL3YA 3HaKKU =, <, >,

Bam m3BecTHO, Kak cpaanmb [Ba HaTypanbHbIX YMcna, ABe 0ObIKHOBEHHLIE
Apobw, aBe pecaTuyHbie Apobu, ABa OTPULATENbHBIX Yucna U T. n. B HEeKoTopbix
cny4asx Ons CPaBHEHMS YKMCeN WUCNOoNbL3YIT crneuuansHble Npuémbl. MNpueeném
npyvMepbl.

I'Ipuuep 1. CpaBHumM 4ucna:
5 5

120. 4,
a) = WU 127 6) 0,47 wn 7 B) ~36 4 ~ 123"

a) [na cpaBHeHms gpobelt 3aMeTuM, 4TO nepsBas Apob6b MEeHblUe eauHULbI

Ha %, a BTOpas — TOAbKO Ha %; 3Hauwur, g<%.

6) Mepeas Apobb MeHblue %, a BTopan Gonbwe -;-, Tak Kak eé yncnurenb
6onblue NonoBWHLl 3HameHatensi. CnegosatensHo, 0,47 < %.

B) CpaBHMM MOOYNW JaHHbIX Yyucen, T. e. Apobu % " % MepBas 13 HUx
Gonblue, Tak Kak “vucnuTen apobeil paBHLl, a 3HaMeHaTeNb NepBoi APO6U MeHb-
we. Mo npaBuny CpaBHEHWS OTPULATENbHLIX YMCEN MONYYaeM, YTo - - b

§ 12. Yucnosble HepaBeHCTBA U HEPABEHCTBA C NEepPeMeHHbIMM

3% "~ 123




c>0 o
b a
Puc. 39
p<0
a b -
Puc. 40

YnobHo, ogHako, wuMeTb crnocob
CpaBHEHWS, He 3aBUCHLLIMIA OT KOH-
KpeTHoro Buga u4ucna. 3T1oT cnocob
CBfA3aH C M300paXeHMeM YMCen Ha Ko-
opavHaTHOW npamoin. Mycte a u b —
peicTeuTenbHble Yucna u a > b. Torpa
yucno a wnlobpaxaeTca Ha Koopau-
HATHOW nNPSAMOA TOYKOW, nexawen
npaBee TO4YKM, W300paxalowen Huc-
no b. 310 o3HayaeT, 4TO @ = b + c,
roe ¢ — MONoOXWUTENbHOE 4YMCNo, Tak
Kak nepenswxeHue Mo KOOPAWHATHOWM
NPAMOIA BNpPaBO COOTBETCTBYET Npwu-
GaBNeHUI0  MONOXWTENBHOrO  Yucna

(puc. 39). OTcioga no onpeaeneHuio pasHoOCTM MONAy4YMM, 4To a — b = ¢, rpe
¢ — MNONOXUTENIbHOE YUCN0. AHANOINMYHO MOXHO NMokasaTk, 4TO ecnu a < b, To
a - b = p, roge p — oTpuuarensHoe umcno (puc. 40). MNpoeenéHHble paccyxae-
HWUS CNYXaT OCHOBaHWEM ANSA MPUHATUS CNeaylowero onpeaeneHus.

NOoXUTenbHOEe 4YKUCNno;

HOCTb a — b paBHa Hynio.

Onpepenenwe. Yucno a Gonbwe uyucna b, ecnu pasHocTs a — b — no-
4YuCno a MeHbwe 4Yucna b, ecnu pasHOCTbL
a - b — oTpuuaTenbHOe YMCNO; YACNO a paBHO uucny b, ecnu pas-

Mpumep 2. CpaBHum yucna a v b, ecnu:
a)a-b=(-27)° 6)a-b=(-1)",men e N; B)a-b=3 +(-3).

Nmeem:
a) a < b, Tak kak (-2,7)° < 0;

6) a > b, Tak kak (-1)*" > 0, rue n € N;

B) @ = b, Tak kak 3" + (-3)" = 0.

YnpaxueHus
891. CpasHuTe uKca:
38 11, 6 6
IR U T R T
5 o 4, 1.
6) 7 H 3’ l") 3,12 u 38,

) 17,2(7) n 17,27,

e) —5% u —5,03).

892. 3aMeHuTe 3BE3N0YKY KakOH-ITubO Udpoii Tak, 4TOOBI MMOIYYHIIOCH BEPHOE

IBOMHOE HEPaBEHCTBO:

a) 5,617 < 5,6%8 < 5,641;

*
6) 5 <z <15

Ffrmaea 5. HepaBeHcTBa

B) —16,07 > —16,*4 > —16,15;

*
r) %<—<14

6 "8
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Pacnosoxure B TOpsAIKE BO3pacTaHUA YHCIa

—1h 0 -Ly L4 1n -LS 10
Pacnonoxurte B mopsiike yObIBaHWS YMCIa
N PU. A
0,55; 35 % 0,16; = 0,1(7).

Vkaxure Bce Opobu BUIA ;5;, rae n € N, 3aKII0UEHHBIE MeXIy 4YMCIaMU:

1 1. 1 2,
a) 5 Hu rE 6) 3 H 3’ B) 0,4 u 0,5
CpaBHUTE 3HAYEHUs BbIPAKEHUIA:
a) 47,5 — 42,5* u 90; B) 67% : 64% u 662
3 3 5105
gy SLLT 3+4l’7 w67+ 1,7% o 2 21'9 n 3,9 + 1,9%

B 12 u 15 MMH U3 mocénka BeIIIET TYPHCT M HAIPABWICS HA CTAHLUWIO CO
ckopocteio 4,5 kM/u. Cnycrss 30 MUH HaBCTpeYy €My CO CTAHLIUMM BBIILEN
IPYroil TYpHCT, KOTOPBIA IIET CO CKOPOCTBIO 5 KM/9 M B 13 4 45 MuH
BCTPETHIICS € MEPBBIM. MecTo BCTpEeUM PacMoiokeHO OMiKe K MOCENKY WITH
K CTaHUMHU?

Bxnaguuk pemnwn nmonaoxurs 300 000 p. Ha moarona B OAWH K3 ABYX OMM3-
nexamux 6aHkoB. IlepBwiii O0aHK BBITUIAUWBAET JOXON W3 pacuéra 7 % 3a
KaX[ble TONroIa, a BTOPOM exeMecauyHo maér moxon B 1 %, mpuuéM mpo-
LIEHTBI HAYMCIISIOTCA CO BCEl HaKOIUIEHHOM cyMMbl. B kakoii u3 6aHkOB
BKJIAIYMKY BbITOJHEE ITOJOXKHTHL HEHBIH?

JBa BKIaguMKa pEITWIM TOJOXKHThL B 0aHK Ha Tpu Mecsua mo 500 000 p.
IlepBBIit BKIAOUYMK MOMOXHMI JeHBIM B OaHK, BBITUIAYMBAIOIIMI JOXON W3
pacuéra 4 % exekBapTaibHO (T. €. Yepe3 3 Mecsiua). Bropoil nojgoxun neHs-
r'M B DaHK, KOTOpBIM exeMecqduHO BblILIauuBaer no 1,25 % ¢ y4yétom Bceeit
HaKOIUJIEHHOH cyMMBI. KTo M3 BKIAJUMKOB MOMYyYUT OOJbIe neHer?

CpaBHHTe yuciaa x U )y, €CIH:
a) = ¥y = (2% 6) x — y = (—1,116)°.

M3BecTHOo, yTOo @ < b. MOXET JIM PA3HOCTh @ — b BBIPAXKATHCA YHCIIOM:
a) —8,01; 6) (—6,4)"; B) |-3,3; r) (=2)*?

902. JloKaxuTe, YTO eCcliM ===, a, b, ¢, d — MONOXWUTEIbHbBIE YKCIA, TIPHYEM

§ 12. Hucnoeble HepaBeHCTBA U HEPABEHCTBA C MNepemMeHHbIMU

b d
a — Haubonbiiee M3 HUX, To @ + d > b + c.

3ameyaHmne. DTo cBOWCTBO OBUIO moKazaHo B V kHure «Hauam» EBkinuia.




YnpaxHeHuss Ans noBTOPeHUs

903. Onpenensisi Maccy rpy3a @ ¢ TOYHOCTBIO 10 1 Kr, TOTYYIWIIH, YTO OHa paB-
Ha 56 kr. Moxer ;1M Mmacca 3TOTO TIpy3a, M3MEpPeHHAs C TOYHOCTBIO IO
0,1 kr, GBITE paBHOI:

a) 56,4 kr; 6) 54,9 xr; B) 56,1 xr; r) 57,2 xr?
904. YxkaxuTe HaMMeHbIlee M HauOOJbIIEE Lieble YUC/a, PUHALIEXAIINE TIPO-
MEXYTKY:
a) (<35 255w (212 V33);
6) [—4; 8); n [—V% V5 +2].
905. Haiimure 3HAUeHME BBIPAXKCHUS:
) 27;)4729; 6) §1-_3ZZ§ _

38. CBoOICTBA YMCOBbIX HEPABEHCTB

PaccMOTPUM HEKOTOpbIE CBOMCTBA YWCNOBLIX HEPABEHCTE.

Teopema 1. Ecnma < b, T0 b > a; ecnu a > b, 10 b < a.

HDokasarensctBo. Ecnu a < b, TO NO onpegeneHuio pasHocTs a — b
ABNAETCA OTpUUATENbHLIM YMCNOM. Toraa NPOTUBOMONOXHOE eMY YMCo b — a —
NoONoOXUTENbLHOE, a 3TO 03HavaeTt, 4yTo b > a.

AHanornM4yHoO O0Ka3bIBAeTCH, 4TO ecim a > b, 10 b < a.

Teopema 2. Ecoma <bunb<c, 10a<ec

AokazatenscTteo. [lo ycnoeuio a < b u b < ¢. OTciopga no onpepene-
HWIO Kaxaas W3 pasHocTe a — b U b — ¢ sBNseTca OTpUUaTeNbHbIM HYUCIOM.
PaccmoTpum pasHocTb a — c. lNMpubaenas b 1 BbiuUTaa b, NONy4UM:

a-c=a-c+b-b=(a->b)+(b-c).

CymMa AByX OTpuUATENbHbLIX YMCEeN eCTb YUCNO oTpuuatensHoe. 3HaqwmT,
pasHoOCTb @ — ¢ — OTpuuaTesibHOE YACNO W No onpeaeneHuio a < c.

AHanormyHo MOXHO OoKasaTth, YyTo ecnm a > bu b > ¢, TOa > c.

JlokasaHHOE CBOWCTBO OTHOLUEHWS «MeHblue — G0Nblle» HA3blBAeTCS CBOM-
CTBOM TRaH3UTUBHOCTHM (OT NATUHCKOro Cnoea transitus — nepexopn, npoxoxae-
Hue). MoXHO NpuUBECTWM Opyrie npuMepsbl OTHOLLEHWH, 06n1apaoLLIMX CBOMCTBOM
TPaH3WTUBHOCTKW, HaNPUMEpP: OTHOLLUEHMWE AEeNUMOCTU MEXAY UeNbiMW Yucnamu
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(ecnu a penwtca Ha b W b penuTtcA Ha ¢, TO a penuTca Ha c¢), OT-
HOLUEHWE MapannensHoCTU Mexay pasnuuHbiMu npameimu (ecnu allb v bl e,
T0 all¢).

Teopema 3. Ecim a < b n ¢ — nwoboe yucno, Toa + ¢ < b + c.

HdokasaTtenbcTBO. Tak Kak a < b, TO pas3HOCTb a — b \ABNAETCHA OTPU-
uarenbHbiM 4McnoM. PaccmoTtpum pasHocTe (a + ¢) — (b + ¢). BeinonHas Tox-
DecTBeHHble npeobpasoBaHns, NoNy4YUM:

(a+tc)-(btc)=a+c-b-c=a-b>.

3Ha4uT, pasHocTb (@ + ¢) — (b + ¢) ABNAETCH oTpMUAaTesbHbLIM YMCIIOM WU MO
onpegenenuio a + ¢ < b + c.

Takum 06pa3om, Mbl [0Ka3anu CBOWCTBO HEPaBEHCTB:

ecnu K o6eum yacTtam BepPHOro HepaBeHCTBa NpubaBUTL OQHO M TO Xe
YUCNo, TO NONYYUTCHA BEpPHOEe HepaBeHCTRBO.

Teopema 4. Ecnv a < b M ¢ — nonoxutensHoe 4Yucno, 1o ac < bec; ecnu
a < b v ¢ — oTpuuaTtensHoe 4Yucno, To ac > bc.

AdokasaTtenbcTBo. PaccMOTpuMM pasHOCTb ac — be. MNpeobpasyem eé:
ac — bc = c(a - b).

Ecnu a < b, TOo pasHoCcTe a — b ABNAETCA OTpUUATENbHBIM YUCNoM. Mpu
NoJIOXWUTENBHOM ¢ npousBeaeHne c(a — b) oTpuuartensHo, a Npu oTpuuaTenb-
HOM ¢ 3TO NPOU3BEAEHMEe MONOXUTENBHO. DTO 03HA4YaeT Mo ONpeaeneHuio, YTo
ecma<bwuc>0 T1t0ac< bc,aecnma<bwnec<0,T0ac > be.

Tak kak geneHne MOXHO 3aMeHUTb YMHOXEHMEM Ha 4ucno, obpaTHoe ne-
JUTeno, To aHasiorM4Hoe CBOWCTBO CNpaBeniIMBO W ANA AeNeHUs.

Wtak, pokasaHo crefyloulee CBOWCTBO HEPaBEHCTB:

ecnum obe 4acTM BEpHOro HepaBeHCTBAa YMHOXWTb WM PasfenuTh Ha
OAHO M TO X€ NONOXWTENbHOE 4WUCAO, TO MONYYMTCH BepHOe He-
PaBeHCTBO;

ecnm obGe 4acTM BEepHOro HEepaBeHCTBA YMHOXWUTb WAW pasfenuTb Ha
OAHO U TO X€ OTPUUaTesNIbHOe YMUCJI0 U USMEeHUTb 3HaK HepaBeHCTBAa Ha
MPOTMBONOMOXHbIW, TO NMONYYMTCH BEepHOEe HepaBeHCTBO.

Cnegcrene. Ecnn a u b — nonoxutensHble Yncna u a < b, 10 %>%.

HOokasartensctBo. Pasgenues o6e 4acTU HepaBeHCTBA a < b Ha nono-
b T .51

a
XWUTENbHOE 4UCNO ab, NoAyYUM, 4TO — <=, T. @. — < —.
J YHuM, o ab ab K b a

§ 12. YucnoBbie HEpaBeHCTBA W HEPABEHCTBA C nepemMeHHbIMKU




Teopema 5. Ecrma < buc<d toa+c<b+d.

HoxasavenbcTeo. [lo onpegeneHvio Kaxaas M3 pasHoOCTeln a — b wu
¢ — d ABnAeTCcA OTpUUAaTEeNIbHbIM YUCIOM. PaccMoTpum pasHocTs (a +¢) — (b + d).
MNpeobpasosae e€, nony4um:

(a+c)-(b+d)=a+c-b-d=
=(a - b) + (c - d).

Cymma aByx OTpULATENBHBLIX YACEN ABNAETCHA OTpUUaTeNbHbIM YMCNOM. 3Ha-
4YuT, NO onpepeneHwnio a + ¢ < b + d.

Teopema cripaBegnvea M B C/iydae MOYNEHHOrO CNoXeHnus Tpéx u Gonee
HepaBeHCTB.
JokasaHHaa TeopemMa BblpaxaeT ellé OOHO CBOWCTBO HepaBeHCTB:

ecnv CnoXuTbh NOYNIeHHO BepHbleé HepaBeHCTBa OOAHOrN0 3Haka, TO nony-
YUTCH BEepHOEe HepaBeHCTBO.

Teopema 6. Ecnm a < b v ¢ < d, npnuém a, b, ¢ n d — nonoxuTensHule
yucna, 10 ac < bd.

DoxazarvenscTBOo. [l0 ONpedeneHWio Kaxpas M3 pasHocTen a — b u
¢ — d fIBASIeTCH OTPUUATENbHBIM YMC/IOM. PaccMoTpuM pasHocTb ac — bd. Bobl-
NnonHAs npeobpa3oBaHnsi, NONYHUM:

ac — bd = ac - be + bc - bd =
= cla - b) + b(c - d).
Kaxpoe u3 cnaraembix ¢(a — b) n b(c - d), a 3Ha4uT, 1 UX CyMMa OTpuLa-

TenbHbl. OTCIOQA nonyyYaem, 4TO pas3HOCTb ac — bd sBnserca oTpuuaTesibHbIM
4yucnom, U No onpegeneHuio ac < bd.

Teopema crpaBeanvea W AR MOYNEHHOr0 YMHOXEHWs Tpéx n Bonee He-
paBeHCTB yKasaHHOro BuAa.

Takum 0Opa3om, 0OKA3aHO Clenylolee CBOMCTBO:
ecn NepeMHOXWUTb MOYeHHO BepHbleé HepaBeHCTBa OOHOro 3Haka,
B KOTOpbIX NeBbleé U NpaBbie 4acTU ABNAIOTCA MOJIOXUTEesNIbHbIMU Yucna-
MU, TO NMONYYUTCHA BEepHOE HEepaBeHCTBO.
Cnegcreme. Ecnv a v b — nonoxutensHble ynucna n a < b, 1o
a’ < b,
roe n € V.

HoxasartenscTeO. [epemMHOXasa NOYNEHHO # BEPHbIX HEpPaBeHCTB a < b,
roe a u b — NonoXuTenbHbIe YUcna, NoslyduM BEpHOE HEepPaBeHCTBO

at < .
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YnpaxHeHus

906.

907.

908.

909.

910.

911.

912.

913.

§ 12. Yucnosble HepaBeHCTBA M HepaBeHCTBa C nepeMeHHbIMu

Ha xoopnuHaTHO#H mnpsiMoii u3oGpaxeHbl yucia a u b (puc. 41). U3o6pa-
3UT€ Ha KOOPAMHATHOW MpPsIMOM M CpaBHUTE YMCIA:

a) 2a u 2b;
6) —a u —b.

- ——
0 b a

Puc. 41

3Hast, uto @ < b, cpaBHUTE YHCIA;
a)a—1ub+ 6 B) b+ 5ua— 8§
6)a—14ub+ I ra+2ub-—6.

3Has, yTo @ < b, MOCTABETE BMECTO MHOTOTOYMSI 3HAK < WIM > TaK, 4TO-
OBl MOIYYMJIOCH BEPHOE HEPABEHCTBO:

a) —3a ... —=3b; B) S5a — 17,6 ... 5b — 17,6;
a—4 b—4, a+?2 b+2
6) 4’5 e F, r) - g ses —-T

3Has, yro a < b, cpaBHUTE:
a) S5a u 5b + 1; B)—a+ 8wu—b+7,
©) 3a — 6 u 3b; r) 56 + 2 u 5a — 3.

BI:ISICHI/ITG, ABIIAETCA JIK YHUCI0 a TIOJNOXMTEIbHBIM WIH OTPULATCIBHBIM,
€ClIM M3BECTHO, YTO:

a) 15a > 6a; B3¢+ 7% —a+T

6) 5a < 7a; r) —6a + 1< —5a + 1.
HsBectHo, uto @ < b. Arnsercs 1u BEPHEIM HEpPaBEHCTBO:
a)a+ 6 <b+ 12; B) 3a < 3b + 1;
6)a—4<b-—1; r) —2a > =2b?

Hoxaxwre, 4ro ecnu a > b > 0, TO:
a) 26a > 12b;
6) —1,3a < —1,25.

BepHo sm, uro:
a) ecu a > 2, 10 @* > 2a; B) ecin a > —35, 10 @* > —5a;
6) ecin a < 2, 10 @’ < 2a; r) ecmi a < —5, T0 @* < —5a?




914.

915.

916.

917.

918.

919.

UsBectHO, 4T0 @ > b, d < b, ¢ > a, ipuuéM a, b, ¢ 1 d — TOIOXUTEIb-

Hble yucna. Pacrnionoxure B IOpAIKE BO3pacCTaHHA 4YMUClia ':;, %, i 151 %
c

BeinonHute nowieHHOe CIOXEHHE HEPABEHCTB!
a)8>—-1mul5 > 13 6) 2,4 <-2,1u0,6 <13

BBINOTHATE MOYWIEHHOE YMHOXEHHE HEPaBEHCTB:

a) 15> 121 0,3 > 0,2; )—<iu4<6

HsBecTHO, uT0 @ < b, Ipu4éM a U b — monoxuTelbHble yucia. CpaBHUTE:
a)au b’y  6) —15a u—15; B) —a — 3u—b — 3.

Jlokaxure, 4TO B JIIOOOM BBIMYKJIOM YE€THIPEXYTOJIBHUKE:

a) JIMaroHajib MEHBINE TOTYyTepUMeTpa;
6) cyMMa pacCTOSTHWI OT TOYKH, B3STOH BHYTPH UETBHIPEXYTOJILHMKA, JIO €T0
BepIIUWH OOJbIIEe MOMynepuMerpa,

B) CyMMa OJHOH Mapbl MPOTUBOIIONOXHBIX CTOPOH MEHBIIIE CYMMBI JHAro-
Hamneu.

JTokaxwure, 4To B JIOOOM TpeyroJibHMKE CyMMa OINHOM M3 CTOPOH M BBICOTHI,
ONYIIEHHOW Ha BTY CTOPOHY, OOJbIIE MOIynepuMeTpa.

YnpaxHeHus ANA NOBTOPeHus

920.

921.

922.

923.

_3y

INpy HEKOTOPHIX 3HAYEHMAX X M ) 3HA4YEHHE ApoOH pasHo 0,7.

2y2 — 5x?
Yemy paBHO IIpM TeX Xe 3HAUYEHUSIX X W ) 3HA4YeHUe ApoOH T?

3aMeHUTE 3BE3JIOYKY, €CIM BO3MOXHO, Lu(pPOH Tak, 4yToObl OBLIO BEPHEIM
YTBEPXKIEHHUE:!

a) uncino 76*4 xpatHo 18;
©) yncno 12 sBnsieTcs HeATENeM ducna 83*4.

Jlokaxkute paBeHCTBO

O+ 54+ a0 +VT5 _ 3151 3.
5443

3amevaxue. 3anaua wHawiickoro Matematuka u actpoHoma XII B. bxackapsl.

Hajimute KOpHU ypaBHEHHS:
a) x> +2x—1=0; B) 3 —2x—1=0;
)2 —6x+3=0; D B+ 3x— 154
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39. OueHka 3Ha4YeHUIn BbipaXXeHui

PaccmoTpeHHble CBOWCTBA HepaBeHCTB MNO3BONAIOT OUEHWUTb 3HAa4YeHWe Bbl-
paxeHWa C nepeMeHHbIMW, €CnKU U3BECTHO, B KakuxX rpaHuuax 3akn4yeHbl 3Ha-
YeHUA nepemMeHHbIX.

MpuBegém npumeptl.

Mpumep 1. 3Haq, yto 11,5 < g < 11,6, OUEHUM 3HA4YeHWE BbipaXEHUS
2a + 3,2.

YMHOXMB 06e HacTu Kaxpaoro ua HepaseHcte 11,5 < a u a < 11,6 Ha 2,
nony4um, 4to 23 < 2a n 2a < 23,2. MpubaBne K 06eUM 4aCTAM Kaxaoro M3
nony4YeHHbIX HepaBeHCTB 3,2, HaWOEM, 4TOo

26,2 < 24 + 3,2 < 26,4.
3anucb yaobHO BECTU B BUAE LEMNOYKM ABONHBLIX HEPABEHCTB:

11,5 < a < 11,6;
23 < 2a < 23,2;
26,2 < 2a + 3,2 < 26,4.

Mpumep 2. OueHuM nepumeTp M NNOLWaAL KBaapaTa CO CTOPOHOIA a CM,
ecnm n3eecTtHo, 4yto 1,2 < a < 1,3.

Mepumetp P (B cM) KBagpata coO CTOPOHO @ CM paBeH 4a, a niowaas S
(8 cM?) paBHa a?.

YMHOXUM nouneHHo obe 4acTu kaxaoro u3 HepaseHcTB 1,2 < aun a < 1,3
Ha 4. Monyunm:

1,2-4< 4a < 13-4,
3HauumT,
4.8 <. P< bh2

BbINoAHAA NO4YNEeHHO YMHOXeHue HepaBeHcTB 1,2 < a u 1,2 < a, a Takke
a<13wuna< 13 rge a >0, n 3anuceiBas pe3ynstTar B BUAE ABOWHOrO He-
paBeHCcTBa, NONy4YuMm:

1,44 < a® < 1,69,
T. e 1,44 < §< 1,69.

3Has rpaHuLbl, B KOTOPbIX 3aK/IO4EHbI 3HAYEHUS NePEeMEHHBIX X U ), MOXHO,
UCMONb3ys CBOMCTBA HEPABEHCTB, OLIEHWUTb MX CYMMY, PasHOCTh, NPOU3BEAEHVE
W YacTHoe.

Mpumep 3. MNyctb n3BecTHo, 4to 1,2 < x < 1,31 0,4 < y < 0,5. OueHum
cymmy X + ¥, PaA3HOCTL X — ¥y, npounseeneHuve Xy, 4aCTHOe %

BbINONHAA CHa4ana no4YneHHoe CrnoxeHue HepaBeHCTB 1,2<xn04 <y,
@ 3aTem HepaBeHCcTB x < 1,3 n y < 0,5, Haxoaum, 410 1,6 <x+y mx + y < 1,8,
T. e.
1,6 < x+y<1,8.

§ 12. YucnoBble HepaBEHCTBA M HEPABEHCTBA C nepemMeHHbIMU




3anuck yooGHO BECTM KOpoue:
1,2<x<1,3
0,4<y<0,5
1,6<x+y<1,8.
Ons Toro 4ToBbl OLUEHWUTL PA3HOCTb X — Yy, NPEeACcTaBuM eé B BUOE CYMMb

x + (-¥). OueHuMm cCcHavana 3HayeHue BblpaxeHws -y. W3 HepaeeHcTBa
0,4 < y < 0,5 cnegyet, 4uto -0,4 > -y > -0,5, T. e.

-0,5 < -y < -0,4.
Tenepb MOXHO OUEHWUTb CYMMY X + (-¥), T. €. BblpaxeHue x — y. Umeem:
1,2 < x <13
-0,5 <-y<-04
0,7<x-y<0,9.
YuuTbiBas, YTO 3HAYEHWS MEPEMEHHbIX X W ) 3aKMoYeHbl MexXay Mnonoxu-
TeNbHBIMU YUCAaMU 1 NOTOMY SABNAIOTCA MONOXWUTENbHBIMU, Mbl MOXEM OUEHUTb
Npou3BeAeHVEe Xy, NMPUMEHSS Teopemy O MO4YNIEHHOM YMHOXEHUW HEepaBeHCTB

cHavyana k HepaseHcTBam 1,2 < x n 0,4 < y, a 3aTeM K HepaBeHCcTBam x < 1,3
nmy < 0,5. Mpu atom 3anuce Gyaem BecTn B BUAE [BOMHbIX HEPABEHCTB:

12<x<1,3
0,4<y<0,5
0,48 < xy <0,65.

q
YT106bl OLEHUTL YACTHOEe —;-, NPeAcTaBiM ero B BUAE MPOM3BEAeHWA X - .

BOCNONb30BABLLMCE CNEACTBMEM O COOTHOLUEHWMW MEXZy Yucnamu, o6paTHbIMU
HEKOTOPbIM MONIOXUTENbHLIM YUCNaM, MOJIYYMM, YTO Tak Kak 0,4 <y <05, 70

gy 3

. 1
o5 T e 2<5<25. M Tb Npou3BeaeHue X-—,
T et R 5 Tenepb MOXHO OLIEHM p 0 :

T. e. 4acTHoe %:

1,2<x«l1,3
Seleil
y

24X 2325
y

Mpumep 4. CpaBHUM MpPUpALLEHUs, KOTOpble (QYHKUMA y=J§ nonayyaet
npu uameHenun y ot 14 no 15 n ot 44 po 45.
TpebyeTcs cpaBHWUTL PasHOCTH
Ji5 -4 w a5 - 3a.

Kaxaylo M3 HUX NpeacTasuM B Buae Apobu co 3HameHatenem 1 u oceobo-
OWMCH OT MPPauMOHaNbHOCTU B ymucnuTene apoodu. Mony4um:
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_ 17 = W15 -1a)(15 + i4)
AT 4= 1:(V15 + V14

_ (1B -(viaf _ 1
fi5+ia i+ id’

_ Jag - (V45 - 43)( /a5 + Jaa)
J4—5 m— 1'(\/&3+\/Z4T)

_(asf-(vaaf | 1
Va5 +Jaa a5+ a4

1 1
A5 +.f f ' > , T. e. e
Tak kak 15 ++14 <45 +./44, 1O T T. €. B Nepsom

cnyyae ¢yHkuma nony4aet Gonbluee NpupalieHne, Yem BO BTOPOM.

YrnpaxHeHus

924.

925.

926.

927.

928.

929,

930.

931.

§ 12. HYucnosble HepaBeHCTBA M HEPABEHCTBA C MepemMeHHbIMM

3Has, yto 4,2 < x < 4,5, ouneHure:
a) —5x; 6) 3x — §; B) 6 — x; D T+ o 2+ 1,2.

3Has1, yTo pebpo kybGa paBHO a cM, rae 4,5 < a < 4,6, oueHUTe OOBEM M
IUI0Ianb MOBEPXHOCTH Kyoa.

HsBectHo, yto 9,2 < @ < 93 u 0,2 < b < 0,3. Ouenure a + b,
a

a—b, abmn 3

B TpeyronbHuke co cTopoHamMu @ cM, b cM U ¢ oM, THe 2,3 € a < 2,4,

32 < b <33mu45 < c< 4,6, coelMHEHBl CepeIHHBI cTopoH. OueHure

NepHMeTp 00pa3oBaBIIErocs TPEYroNbHUKA.

OueHure NMepUMETp M TUIOIIAAbL MPSMOYTONBHMKA CO CTOPOHAMH @ CM U
bcMm, roe 5,6 < a < 5,8; 12,1 € b < 12,2,

Msmepsis 1nMHY @ M v mwMpuHy b M CaJoBOTO yyacTKa MPSIMOYTOJILHOM
¢dopmbl, Hauum, uto @ = 28,2 + 0,1, b = 22,6 + 0.1. Ouenure II0MAaab
3TOI0 Y4acTKa M UIMHY €ro M3TOpOIH.

®upma X04YeT CHATH TMon ohMC KOMHATY IUIOWAnbio He MeHee 50 Mm% ITo-
JNOUIET JIW VISl 3TOTO KOMHATA, [UTMHA KOTOPOM @ M W LHpHHA b M, eciH
a=77%015=172%0,1?

CyLuecTByeT JiM TPEYroJIbHUK CO CTOPOHAMH @ CM, b CM M ¢ CM, €Cid W3-
BECTHO, 4T0 4,2 < g < 43,36 < b < 3,8m 91 < ¢ <927

i




932.

933.

934.

93s.

936.

937.

CTOpOHBI TPEYTONBHUKA PaBHBI @ cM, b cM, ¢ cM. OueHWTe ¢, 3Hasi, 4TO
23<a< 24 18<bh< 19

HssectHo, yto 12,5 < x < 12,6 u 15,3 < y < 15,6. MoxeT 11 cymma x + y
OBITH paBHOW 4YuUCTy:

a) 27,5; B) 27,85;

0) 28; r) 28,137

3nas, uto 3,4 < x < 3,5 u 1,4 < y < 1,5, olleHATEe 3HAYEHUE BBIPAXKEHUS:
a) 2x + y; B) 5xy;

0) x — 2y; r) xy — 2.

IMons3ysck TeMm, uto 1,4 < V2<1,5 u 2,2<+/5<2,3, ouenwre:

a) V5 ++2; 6) V5 —2; B) 3+10.

IMonb3ysick TeM, 4TO 2,4<6 <25 u 3,3<11<3,4, ouenure:
a) V11 +46; 6) V11 —+6; B) 2/66.

Jinsi ©era ycTpoeHa JIOPOXKA, OTPaHM4YEHHAasl IBYMsI KOHLEHTPHYECKMMH
OKPYXHOCTSIMM, DAJIMyChl KOTOpHIX DaBHBl # cM M R cM. 3Has, 4TO
3,14 < 1t < 3,15, olleHuTe MIOL@LL TOH HOpoxkH, ecad 350 < r < 351 u
570 < R < 571.

940.

938. VMbIBATBHUK HMeeT (dopMy monyiuwnunapa (puc. 42),
BBICOTA KOTOPOTO A CM, a4 paJMyC OCHOBAHUA F CM, Tle
34 < h<35u 10 < r < 11. 3nHasa, yro OGoKoBasg Mo-
BEPXHOCTh LIWIMHIApA BBUMCAseTCss 10  (dopmyne
S = 2nrh u 3,14 < n < 3,15, oLleHHTE, CKOJIBKO XECTH
M3pacxXomoBaHO HAa M3rOTOBJICHHE:

a) ero 3agHeil CTEHKH,
0) ero mnepenHeil CTEHKH,
B) IIHA W KPBILIKH,

939. Cocyn uMeeT (opMy LMIMHIPA, BHICOTA KOTOPOTo pas-
Ha A cM, a paamyc ocHoBaHus r cM, tae 25 < h < 26,
15 < r < 16. 3Has, yto 0OBEM LWIMHIPA BBIYUCIISAET-
ca no popmyne V = nr*h u 3,14 < mt < 3,15, oueHure
Puc. 42 BMECTUMOCTEL COCyaa.

Jlokaxute, YTO TpHpalleHue, Koropoe GyHKuIusA Y = Jx [OJIyJaeT TpHu U3-

MeHeHMH X OT 23 mo 25, MeHbllle MPHpAaLleHWsI, KOTOPOEe OHa IMOIy4aeT IpH
uaMmeHeHun x or 13 mo 15.
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941. JlokaxuTe HEpPaBEHCTBO:

a) V6 ++/15>2 +19; B) V3+2J2<2+47;
6) V5 —2>2-3; ) V5+V2>6+1.

942. CpaBHHTE 3HAYEHHS BBIDAXKCHMIA:
a) VI3—3 u J12+2; B) 52+3J7 u 6/5;
6) V17 +47 u 3J2+46; ) 3V5+W2 u 943.

943. JlokaxuTte, 4YTO CyMMa MeIMaH TPEYroJibHUKA OOMblIE €ro MoayrnepuMmerpa,
HO MeHBIIle NepuMeTpa.

944. 3Has, yTo 1,4 <2 <1,5, ouennre:

a) -45; B) y3—242;
7

Ja3-3042

YnpaxHeHusa ons NOBTOPeHUs

S

|
® 5 r

945. Tlpn KakOoM HaTypaJibHOM 3HAYEHWH ¢ KOPHM ypaBHeHMsl x° — 6x + g = 0
SIBJIIFOTCA HATYypaJlbHBIMU 4YHCIaMU?

946. Tlpu KakoM 1IeJIOM 3HAUCHWH g KOPHM ypaBHeHMs x° + 8x + ¢ = 0 sBis-
I0TCST LIEJIBIMM YMciIaMu?

947. Peuiute ypaBHEHHE:

q) = l);x +35) _ @x+ 1)(; kS 9%

2
6) (x+1)1(;-t-x—1) _ (4_3x) =15,

948. BoimenuTe KBazpar ABy4JIeHAa M3 KBAJAPATHOIO TPEXWIEHA:
a) X — 12x + 55;
6) a®> — 3a + 7.

949. Haiinure nepeceyeHue U OOGBLEAMHEHHE YMC/IOBBIX MIPOMEXYTKOB:
a) (—0; 6) u (—6; +);
0) [2; +o0) u [0; +o0).

§ 12. Yucnoeble HEPaBEHCTBA M HEpPaBEHCTBA C nepemMeHHbIMU




40. [Joka3aTtenbCTBO HEPABEHCTB

O HepaBeHcTBax
a?+4>0 (a-5220 -a*-8<0

MOXHO Cpasy CKasaTb, Y4TO Kax[A0e M3 HUX BEpHO npw MobOoM 3HaYeHun a.
WMHaye 06CTOUT OEN0 C HepaBeHCTBOM a° — a + 1 > 0. HetpyaHo ybeautb-

1
CH, 4YTO NPW 3Ha4YeHusax a, paeHbix 0; 2; 55, JaHHOEe HepaBeHCTBO BEpPHO. YTo-

6bl yBeauThCs B TOM, YTO OHO BEpHO npu nbom a, npeobpasyeMm TpExuneH
a’ - a + 1, BbIOENVB U3 HEro KBaapaTt ABy4NeHa:
1

2
2 — ol 1 1 _( 1) 3
-— + = — 2 = s il — e =la-— —_
a a 1 a > + 7 + 1 5 + ,

2
1
BoipaxeHue (a —5) +% npu NoBoOM @ NPUHUMAET NONOXWUTENLHOE 3HAYEHVE.

CneposartensHo, npu niobom a ABNAETCA BEPHbLIM HEPaBEHCTBO a-a+1>0.

BbINONHMB NpeobpasoBaHve, Mbl, Kak roBOPAT, AoKa3anu HepaBeHCTBO. [ins
[0Ka3aTeNbCTBa HepaBeHCTB WCNOb3YIDT pasnuyHbie npuémebl. OanH 13 npue-
MOB COCTOWT B TOM, YTO pacCMaTpMBAeTCA Pa3HOCTb MEexAy /IeBoin v npasBow
4aCTIMW HEpaBEHCTBA W [10KA3blBAETCSH, HTO MPU NIOOLIX 3HAYEHUAX NEePEMEHHbIX
aTa pa3HOCTb COXPaHAEeT 3HakK.

NMpumep 1. [okaxem, 4yTo npoussefeHne NOObIX ABYX Ynucen He npesoc-
XOOUT MOSYCYMMbl MX KBaapaToB.
TpebyeTcs nokasaTb, HTO MpW NOObIX 3HA4EHMAX @ U b BEPHO HEPaBEHCTBO
a® + b°

< .
ab =

CocTaBuM pasHOCTbL NEBOW M NpaBoil 4acTeil HepaBeHcTea W npeobpa-
3yem eé:

b_a2+b2=2ab#az—b2=
2 2

_ ~(a®+ b~ 2ab) _ ~(a-bf
= > 5

Mpu noBbIX 3Ha4YeHnsiXx a u b paccmatpvBaemMasi Pa3HOCTb ABNAETCA HEeno-
NOXUTENbHLIM  YMCAOM. 3HauvT, npu nobbix @ W b BEPHO HEPaBEHCTBO

2
abé_azzb.

3ameTvm, YTO ecnu B [0Ka3aHHOM HepaBeHCTBe 3aMeHUTb nepemMeHHbIe

x+y

awnbHa \/; n \/;, TO NONYYUM /XY < 5 — HepaBeHCTBO Mexay CPpeaHuM

reoMeTpu4eckuM M _CPEeaHUM apudMeTUHeckuMm 4Wcen x U y, AOKa3aHHOoe ewe
Eeknuaoom B X kHure «Havan».
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Mpumep 2. Jlokaxem HepasBeHCTBO
X+ > 12x + 18y — 120.

CocTaBMM PasHOCTb JIEBOM M MPaBOW 4Y4acTeil HepaBeHCTB M npeobpasyem

eé, BblOenas KeagpaTbl ABYYNEHOB:
X+ - (12x + 18y - 120) =
=(x*-12x + 36) + ()» — 18y + 81) + 120 - 36 - 81 =
=(x-6)2+(y-97°+3.
Tak kak (x — 6)> = 0 npu moBom x u (¥ — 9)> = 0 npu n6GOM y, TO BbI-

paxeHue (x — 6)® + (¥ — 9)° + 3 npu NOBLIX 3HAYEHWSAX X U Y MPUHUMAET No-
NOXWTENbHBLIE 3HA4YeHWsi. 3HaunT, Npy NIBLIX X U ¥ BEPHO HEPaBeHCTBO

X2+ )% > 12x + 18y - 120.

MNpumep 3. Jokaxem, 410 ky® nonycymmbl nioBbiX ABYX MONOXUTENbHBIX
4YuCcen He NPeBOCXOAUT MONYCYMMbl UX KyBOB.

MycTb @ n b — NPOM3BONLHLIE NONOXUTENLHLIE Yucna. TpebyeTca gokasars,
4yTOo

3 348
(a+b) < @ s il
2 2

CoctaBuMm pasHOCTL NIEBOM WM MpaBoW 4YacTeld HepaBeHcTBa M npeobpa-
3yem eé:

(a+b)3_a3+b3
2 2

_ @ +3a°%+3ab’ + b° - 4a° - 46° _ 3a°h + 3ab® - 34° - 35° _
8 - 8 -

_3db-a)-3bb-a) _ (b-a)(3a°-3b%) _ _3(a-bFa+bh)
8 - 8 - 8 '

Mpwu a > 0, b > 0 cocTaBneHHas PasHOCTb PaBHa OTPULATENLHOMY HYUCHY
unn Hyn. 3HaqmT, Nnpn a > 0, b > 0 paccMaTpuBaeMOe HEepaBEHCTBO BEPHO.

Ewé ogvH npuém pokasarenscTsa HEPaBEHCTE COCTOMT B TOM, 4TOObI Mo-
KasaTb, 4TO AaHHOE HEepPaBeHCTBO ClefyeT W3 HEeKOTOPbIX APYrMX HEpPaBEeHCTB,
CrnpaBeaMBOCTE KOTOPLIX JIEMKO YCTAHABNMBAETCA.

Mpumep 4. [lokaxem HepaBeHCTBO
a® + b* + ¢® = ab + ac + be.

Ans Toro 4to6bl YCTAHOBUTL, YTO HEPABEHCTBO BEPHO NPWU NIOBbIX 3HAYEHU-
Aax a, bwn c, NOKa*Keém, 4YTO0 OHO cnenyet 3 O4eBUOHbIX HEPaBEHCTB. B Ka4ecTBe
Takmnx o4YeBuMOHbIX HEPABEHCTB BO3bMEM HepaBeHCTBa.

a® + b® = 2ab,
at + ¢® = 2ac,
b + ¢ = 2be.

§ 12. Yucnosble HEpPaBEHCTBA M HEPABEHCTBA C NEpemMeHHbIMU



MpUMEHMB K HUM Teopemy O MNOYJIEHHOM CJIOXKEHUM HepaBeHCTB, NONy4YMnMm:

a®+ b+ a*+ ?+ B+ > 2ab + 2ac + 2bc.
Orciopa
2a° + 2b° + 2¢% > 2ab + 2ac + 2bc, T. e.

a*+ b+ c® > ab + ac + be.

HepaBeHcTBO gokazaHo.
Mpumep 5. [dokaxem, 4TO ecnu a > 0, b>0,¢>0,710
(@+b+o)lelsl)>0.

MNpeobpasyem NIEBYIO 4aCTb HepaBeHCTBa.

(a+b+c)( Flged ) (a+b+c)betactab)

b ¢ abe

=abc+bzc+bc2+a2c+abc+ac2+a2b+ab2+abc:
abc

=1+£+5+£+1+5+E+9+1=3+(E+£)+(ﬂ+5)+(2+ﬁ).
a a b b ¢ ¢ b a c a c b
Heprﬂ,HO npoeepnTb, 4HTO NnpyY yKa3aHHbIX 3Ha4YeHUAX nepemMeHHbIX BEpPHbI
HepaBeHCTBa
a b & . & b . i@
Z4= =3 = 24222,
b+a>2’ c+a>2' c+b>

3HauuT,

(a+ b+ c)( % %);3+2+2+2,

T. e. (a+b+c)( % )39

HepaBeHCTBO [0Ka3aHo.

Mpumep 6. [Jokaxem HepaBeHCTBO

Ja+e)b+d) =Jab +Jed

nowa>0,b>0,¢>0,d>0.

MpMMEHUTE NPUEM, MCMONL30BaHHbLIA B Npegbidyuiem npumepe, 30eCb He
yOacTCA, NOaToMy MNOCTYNMM uHade. Bocnonb3yemca Tem, 4TO NMpU yKa3aHHbIX
3HaYeHUsAX MEepPEMEHHbLIX NeBas W npaeas 4acTW HepaBeHCTBa ABNAOTCA MNONo-
XUTENBbHBIMU HUCNAMK, U MOKAXEM, YTO HEPABEHCTBO TOr0 XE& CMbICNa BbIMon-

HAETCA ONA WX KBaapaTtos, T. €. OOKaXem, 4To

(J e a) > (Vs + Vea )

npma >0,b>0,¢>0,d>0.
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Mpeobpasyem pasHOCTb NEBOW M NPaBOil YacTel aTOro HepaeeHCTBa:

2
(@ +a) -(Vab +ed) =
= (a + c)(b + d) - (ab+2Jabed +cd)=
=ab + bc + ad + cd - ab - Xabed - cd =
2
= bc + ad - 2v‘abcd=(\/E—M) :
PaccmoTpeHHas pasHOCTb HeoTpuuaTenbHa.
3HauuT, ,
2
(Vla+e)b+a)) =(Jab +ed) .
Tak Kak BblpaxeHus ./(a+c)(b+d) w Jab +Jed NPUHUMAKOT NONOXUTEb-

Hbl€ 3Ha4YeHUs NpU YKas3aHHbIX 3HAYEHUAX NepemMeHHbIX, TO MOXHO caenartb Bbl-

BO4, 4TO
Ja+c)b+d)=Jab +Jed

npua > 0,6 >0,¢c>0,d >0, T. e. HEPaAaBEHCTBO [OKA3AHO.

YnpaxHenus

950. M3 maHHBIX HEPaBEHCTB BBIGEPHUTE T€, KOTOPBIC BEPHBI NpPH JTIOGHIX 3HAYe-
HUAX a:
a) 15> + 4 > 0; B) —a’ — 2 <0;
6) (a + 8)* > 0; r) (—a)* + a* > 0.

951. [lokaxuTe HEepaBEHCTBO:
a) (3x — I)(2x — 2) > x(6x — 8);
6) 36 — 4)(2b + 8) < (6b — 2)(b + 3);
B) 3a(a — 1) — 5a*> < 4 — 3a;
r) 2c — 6)(c — 1) > c(c — 8).

952. BepHo /i npu M0GOM 3HAYEHWH X HEPABEHCTBO:
a) (bx — I)(x +1) > (2x + 3)(3x — 2);
6) (5 — 2%)(3 + x) < 2x(1 — x);
B) (5 —x)* > (x + B)(x — 18);
r) (12 — x)(x + 12) > 3x(6 — x) + 2x(x — 9)?

953. Hcnonb3ya BbiielieHUe KBagpara JBy4/IeHA, JOKAXHTE HEPaBEHCTBO:

a) x> — 6x + 15 > 0; B) )’ > 4y — 5;
6) @ — 8a + 19 > 0; r) 86 — 18 < B2

§ 12. HYucnosble HepaBEHCTBA M HEPABEHCTBA C NEPEMEHHbIMU



954. Jlokaxure HEpPaBEHCTBO:

a)x* —x+ 8> 0; B) 47 > 4y — 12;

6) 4a’ + 4ab + 3B’ = 0 r) 9 = 6xy — Ty~
955. JlokaxuTe HEPABEHCTBO:

a) -(-?'-“—;E+2a>0; B) ”2:3—%>0;

6) @+5x>0; r) (bl_06)2+§>0.

956. /lokaxuTe HEPaBEHCTBO:
a) x> + )" + 18x — 6y + 100 > 0; B) 4 + a* > 4x — 2a — 28;
6) a*> + b* + 20 — 2a + 2b > 0; r) 96° + 4¢* + 2 > 6b — 4c.

957. Brnmumure BMeCTO MHOIOTOUMsI KAKOe-TMOO 4MCIIO TaK, YTOOBI MOTYYEHHOE
HEPABEHCTEO OBUIO BEPHO TIPW NIOOBIX 3HAYEHUSIX a U b:

a)a’+ b —8a— 16b + ... > 0; B)4a* + b* + 12a — 4b + ... > 0;
6)a’—4da+ b —4b+ ... >0 r) 9a* + 166> — 6a — 8b + ... > 0.

958. JlokaxuTe HEPaBEHCTBO:
A x>+ 4y —dxy+ 2x— 4y +3>0;
6) 22 +)y  —2xy —4x + 4y + 5> 0;
B) XX —dxy + 57+ 2y +2>0;
) Sx2+dxy+y +4x+ 6> 0.

959, JlokaxuTe, UTO:

a) eciu b > 5, 10 %—2>0; 6) ecnu x > 7, To 4—
960. [doxaxure, YTO:

a) a+%>4 nmpu a > 0 6) %>6-y npu y > 3.
961. JTokaxute, yto ecim a > 0 u b > 0, 10!

a) %+%>i+%; 6) %2+5’;>a+b.

962. [lokaxuTe, YTO CyMMa ABYX MOJIOKHTEIBHBIX B3aMMHO OOpPAaTHBIX YuCesl He
MeHbLIEe 2.

963. JIoKaKuTe HEpaBeHCTBO:

a) a2+—l-2~22 npu a = 0; 6) %+%>2 npu ab > 0.
a
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964.

965.

966.

967.

968.

969.

970.

971.

972.

§ 12. YucnoBble HepaBeHCTBA U HEPaBEHCTBA C nepeMeHHbIMK

HokaxuTe, 4TO BO BCSKOM TPEYTOJIbHUKE IOIyIepuMerp Ooiblie KaxIon
W3 CTOPOH.

Hokaxure, 4t0 ecnd a, b, ¢ — CTOPOHBI TPEYrOJbHHUKA, TO
a’+ b + & < 2ab + ac + be).

Hoxkaxurte, uro ecad a > 0, b > 0, To:
11 . (@+b)*—(a—b)*
a) (E-i-b)(a-f- b) > 4; 6) —@=b 5,
Hoxkaxure, yro npu mobeX a, b U c:
Ay + b+ >2a+b+c)-3:

6) (a + b+ c) 2 3ab + ac + bc):
B)(@+b—cl+@—b+eclY+B+c—a)l>ab+ be+ ac.

Hoxaxute, uTo pu @ > 0 u b > (0 BEPHO HEPABEHCTBO:

a) Ja++b > Ja+b; 6)

Hoxkaxwute, uto ecnmu a > 0 u b > 0, TO:

L sda ++b; 6) (a+b)ab >2ab.

J_ =

Ilonb3ysick COOTHOLIEHMEM MEXIY CPEXHMM apu(dMETHYECKHM M CPEIHHM
TEOMETPUYECKUM [BYX IOJIOXHUTETBHBIX YHCEN, NOKAXKHUTE HEPABEHCTBO:

a) (@+ b)b +c)a +c)>8abcipua >0,b>0,c>0;
6) (@a+ )b+ 1) > 4Jab npua >0, b > 0;
B) Vab++bc+Jac <a+b+cmupua>0,b>0,c>0:

r) ,/(a+b)(c+d)g%(a+c)+%(b+d) mpa >0,b6>0,¢>0,d>0.
3uas, uro a > 0, b > 0, a < b, PacnoONOXUTE B IOPSIKE BO3pacTaHus

qucaa:
. . atb, : at+ b, 2ab
a, b; = Jab; =4 =

VYBenuuuTCs WIM YMEHBIIHTCS npo6b g, me a € N, b € N, ecnu k eé

YUCIUTEI0 W 3HaAMEHATeNm0 npubasuTte nmo 172
Ykazanme. Paccmotrpure ciayuam, korna a < b u a > b.




973.

974.

Paccrosinme Mmexmy nyHktaMmu A u B paBHO 54 xM. Mortouukiaucr pac-
CYMTal, C KakKOi CKOPOCTBIO OH HOJDKGH €XaTh M3 IYHKTAa 4 B NMyHKT B
U obpatHo, 4YTOOBI BEPHYTHCA B MYHKT A K HaMe4eHHOMY BpEMEHH.
OpHako w3 IMyHKTa A B TIYHKT B OH eXajl cO CKOPOCTBIO HAa | KM/4 MeHb-
e, a BO3Bpallaics CO CKOPOCTbIO Ha | KM/4 Oonbliei, 4yeM IUIAHUPO-
Ban. JokKaXuTe, 4TO OH HE YCIIeJl BEPHYTbCS B IMYHKT A K HaMe4YeHHOMY
BPEMEHHU.

OpHa rpymnna TYpMCTOB Tpoexana 16 KM 1o o3epy, a apyrasi mpoexana 8 km
1O TEYeHWIO PeKH M 8 KM MpOoTUB TeueHHUs peku. CKOPOCTb TEYEHUS PEKU
2 kM/4. Kakas W3 rpynm 3atpaTwia Ha Becb MyTh OOJbIE BPEMEHH, €CIH
HM3BECTHO, YTO OHM MCIIOJb30BAIM MOTODHBIE JIONKH, MMEIOIIHME OOMHAKO-
BYIO COOCTBEHHYIO CKOPOCTb?

YnpaxHeHus ANA NOBTOPEHWA

975.

976.

9717.

978.

Hajlinure mepeceyeHWe YMUCIOBBIX IIPOMEXYTKOB:
a) (—o0; 4,8) u (—o0; 4); B) (—0; 6,5) u (3; +0);
0) (7,2; o) u (7,7, +0); r) (—o0; =9) u (—8; +0).

Haiinure HauMeHblLIEe HATYPANbHOE YUCIO, KOTOpOe MpH OeleHuu Ha 7
naéT oCcTaToOK 3, a MpU OeJIeHMH Ha 3 — OCTaTok 2.

IMocTpoiite rpaduk QYHKIIUM:
a) y = 0,5x — 3; 6) y = —0,5x + 1

Peunmire ypaBHeHUe:

a) EEDEED e+ 11) = 0.4

(6x — 2)(x +0,5)

0) 3

— e+ i = 0.5) = L

m KoHTponbHble BOMPOChbl U 3apaHus
j &

CpaBHuTe yMcna a u b, ecau pasHocts a — b pasna —27; 3,2; 0. Cdop-
MYJIMpPYWATE OMNpene/ieHue, KOTOpoe ObuUIO MCIOIB30BAHO NPH CPaBHEHWH
YHUCE.

CdopMynupyiiTe TeopeMbl, BhIPaXalOLIME CBOMCTBA YHCIIOBBIX HEPABCHCTB,
¥ JOKAXKUTE UX.

Pa3wpsicHUTE Ha MpUMEpe, KaK OLEHUTh CyMMY, PasHOCTb, NPOM3BEICHHE U
yactHoe unces a u b, ectu 8§ <a < 12m 5 < b <6

Jlokaxure HepaBeHcTBO (4x — 1)(x + 1) > (3x + 6)(x = 1).

PazbsicHUTE, B 4EM COCTOMT NMPUMEHEHHBI BaMi TNPHEM NOKA3aTe/IbCTBa
HEpaBEHCTBA.
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§ 13. PeweHue HepaBeHCTB C OAHOW NepeMeHHOM
M UX CUCTEM

41. PeweHne HepaBeHCTB C OOHOW NnepemMeHHOn

3apaya. TypuCTbl BhliEXanu HA MOTOPHOW NOAKE MO TEYEHUID PEeKU U [A0JIXK-
Hbl BepHyTbCcA 00paTHO kK cTosiHKe. CKOpOCTb NOAKW B CTOsYei BOOe paBHa
15 KM/4, 2 CKOPOCTb TEYeHWA pekn 3 kM/4. Ha Kakoe paccTofaHue MOryT OThb-
exaTb TYpUCThI, 4TOObI NPOrynka npogoskanace meHee 3 47?

MycTb paccTosiHWE, HA KOTOPOE MOryT OTbEXaTb TYPWUCThI, paBHO X KM. Tak
KakK CKOPOCTb JIOAKW MO TeYeHU0 peky paBHa 18 km/4, a CKOPOCTb NOAKW Mpo-
TWUB TEYEeHWUs PeKn paBHa 12 kM/4, TO Ha MNYTb MO TEYEHUID PEKM TYPWUCTHI 3a-

TpaTaT % 4, @ Ha NyTb NPOTUB TEYEHUS — % 4. Becero B nytu TypucTbl ByayTt
HaXOAUTbCS %+1—"2- yacos. Mo yCnoBMIO NPOryaka A0/MKHA NPOAOSIXATLCH Me-
Hee 3 4. 3HauuT,

TRETRE

HepaBeHcTBO %+%<3, COCTABNEHHOE MO YCNOBMIO 3a[a4u, ABNAETCA He-

pPaBEHCTBOM C OAHOW NepeMeHHor. HeTpynoHO NpPOBEpPUTb, 4TO NMPU 3HAYEHUU
nepemMeHHon x, paBsHoM, Hanpumep, 10, 18, 20, 310 HepaBeHCTBO BepHO. [0BO-
pAT, 4YTo Kaxpoe u3 ymucen 10, 18, 20 ABNAETCA peELUEeHWEM HEepaBEeHCTBa.

Onpepenenve. PeweHnem HepaBeHCTBa C OA4HOW NepemMeHHOW Ha3bl-
BaeTcs 3Ha4YeHue nepemMeHHoi, KoTopoe obpaliaeT ero B BEpHOE 4UC-
NnoBoe HepaBeHCTBO.

PelinTe HEPaBEHCTBO — 3HAYMT HANTW MHOXECTBO €ro peLueHWi, uHade
rOBOPS, PELUUTL HEPABEHCTBO — 3HAYWUT HATM BCE Ero PeLueHust UNn 10Kasarh,
YTO UX HET.

Onpenenenne. HepaBeHCTBa, MHOXECTBA peLUeHUii KOTOpPbIX coBnaaa-
10T, Ha3bIBAIOTCA PaBHOCWUIIBHLIMM.

B yacTHOCTW, HEpaBEHCTBA, HE UMEIOLLME PELLUEHWA, ABNAIOTCA PAaBHOCWUIIb-
HbIMW.

Mpn pewweHun HepaBeHCTB CTPEMATCA OAHHOE HEepPaBEeHCTBO 3aMeHUTb Bo-
Jlee MpoCTbiM, PaBHOCWU/IbHbIM €My, A1 KOTOPOro MHOXECTBO peLleHU Nerko
yKasaTb.

Ins Toro 4To6bl CHOPMYNIMPOBATL YCOBUS Nepexona K PaBHOCWUIILHOMY He-
paBeHCTBY, BBeAEM MNoHATME obnacTn onpeneneHus HepaBeHCTBaA.

§ 13. PeweHne HepaBeHCTB C OOHOW NEPEeMEHHOW U UX CUCTEM




Onpenenenve. OGnacTbio onpeaeneHns HepaBeHCTBa C OOHONM nepe-
MEHHOW Ha3bIBAaeTCH MHOXECTBO 3Ha4YEHUA NepeMeHHOM’, NMPu KOTopbIX
ofe 4acTM HepaBeHCTBa MMEIOT CMbICH.

S —1

Hanpumep, obnacTelo onpeaeneHus HepaBeHCTBa >5x +4 aensetcH

6
MHOXECTBO BCEX 4YUCeN, a HepaBeHCTBa *—3 >x+1 — MHOXeCTBO, COCTOsALEee

M3 BCEX 4Yucen, kpome 3.

[na HepaBeHCTB C OOHOW NepeMeHHOW CrnpaBe/ivMBbl CBOWCTBA, aHANormny-
Hbleé CBOWCTBaM ypPaBHEHWIA C OOHOW NEepPEeMEHHOMN.

U3 paHHOro HepaBeHCTBa nony4aeTtcs paBHOCWUNbHOE eMy HEPaABEHCTBO,
ecnu:

1) nepeHecTn cnaraemoe U3 OQHOM 4YacTW HepaBeHCTBa B APYryio, W3-
MEHUB 3HaK 3TOr0 CNaraemoro Ha NpOTUBONOMOXHbIN;

2) obe yacTM HepaBeHCTBa YMHOXWUTb WAW pasfAenuTb Ha OOHO U TO Xe
NONOXUTENbHOE YUCIIO;
o0Ge 4acTU HepaBeHCTBa YMHOXWUTb WX PasfenuTb Ha OAHO MU TO Xe
oTpuuaTenbHOe 4YUCNo, U3MEeHUB 3HaK HepaBeHCTBa Ha NPOTUBOMNO-
NOXHbIA;

3) B Kakoi-nubGo yacTn HepaBeHCTBa unu B 06enx ero 4acTax BbINOA-
HUTb TOXAECTBeHHOe npeobOpa3oBaHue, He MeHswee obnactu
onpeaeneHus HepaBeHCTBa.

lMepBble ABa CBOWCTBA MOXHO O0KA3aTb, UCMNONb3YA CBOWCTBA YMCNOBBIX HE-
paBeHcTB. TpeTbe CBOMCTBO BLITEKAET M3 TOrO, YTO B Pe3ynbrarte TOXOECTBEHHO-
ro npeobpazoBaHuA NoNy4aeTca BbipaXeHue, 3Ha4YyeHue KOTOPOoro coBnagaeTt co
3HaYEeHWEM UCXOOHOr0 BLIPAXKEHMA MPU BCEX O0MNYCTUMbIX 3HA4YEHUAX MepeMeHHbIX.
3ameTuMm, 4To TpeboBaHne coxpaHeHus obnacTu onpeaeneHnua HepaBeHCTBa
1 >—-6

1
SIBNAIETCA CYWECTBEHHbIM. Tak, Hanpumep, ecin B HepaseHcTBe 3x +— — —

i 1 1
3aMEHUTb HYNEM PasHOCTb — - —, TO MONYYMTCA HEepaBeHcTBo 3x > -6, koTopoe

HE PaBHOCWNBLHO AaHHOMy. [eicTBuTenbHo, Yncno 0 ABNAETCH pellueHUeM BTO-
poOro HepaBeHCTBa, HO He SABNSeTCHA pPelleHWeM MnepBoro, Tak kak npu x = 0
neeas 4yacTb NEepBOro HepaBeHCTBA HE MMEeeT cMmbicna.

PaccmoTpumMm npuMepsl pelleHrs HepaBeHCTB. HayHEM C npocTemx He-
paBeHCTB BUpa ax > b n ax < b, roe a n b — HekoTopble yucna. HepaseHcTBa

Takoro BUAa Ha3blBAIOTCA JIMHENHLIMN HEPaBEHCTBAMU C OAHOW NEepemMeHHOH.

Mpumep 1. Pewwnm HepaBeHCTBO:
a) 0,2x > 4; 6) -18x > 5,4.

3aMeHM Kaxaoe w13 HEPaBEHCTB PAaBHOCWNbHBIM €My HepaBeHCTBOM BuAaA
X > awvwin x < a, rie a — HEeKOTOpoe 4ucno.

R faea 5. HepaBeHcTBa



a) Pazgenus o6e yacTu HepaBeHcTBa Ha 0,2, nony4um:
x > 20.

MHOXEeCTBOM PELUEHWI A 3TOr0 HepaBeHCTBA SBISETCA YMCNOBOW MPOMEXY-
ToK (20; +00) (puc. 43). OTBET MOXHO 3anucaTtb Kak B BWAOE MNPOMEXYTKa
(20; +o0), Tak 1 B BMOE HEPABEHCTBA, 334al0LWEero aToT NPOMEXYTOK.

Puc. 43 20 X

6) Paspenum obe yacTu HepaBeHCTBa Ha oTpuuatenbHoe 4Yucno —18, wua-
MEHWB MNpX 3TOM 3HAK HEPaBEHCTBa HA MPOTMBONOMNOXHLIA. [Mony4nm:

x < -0,3.
MHOXeCcTBO peLUeHniA 3TOro HepaBeHCTBa — HMCNOBOW MPOMEXYTOK
(—o0; =0,3) (puc. 44).
LA, g / / .
Puc. 44 -0,3 &

Ocobeiit cnyyain npeactasnaioT coboit HepaeeHcTBa Buaa Ox < b n Ox > b,
roe b — HekoTOpoe 4Mcno. HepaBeHCTBO Takoro Bnaa nnMbo He MMEET peLueHwid,
nubo pelueHMeM HepaBeHcTBa AsnseTca noboe yucno.

Mpumep 2. PewmMm HepaBeHCTBO:

a) Ox < 7; 6) Ox < -3,

a) Tak kak npouseeneHne Ox paBHo 0, TO HEPaBEHCTBO BEPHO Mpu Nobom
3HaYyeHnn x. MHOXECTBOM pELUEeHUA HEpPaBEHCTBA ABNAETCHA MHOXECTBO BCEX
LEeACTBUTENEHBLIX YUCEeN, T. €. MPOMEXYTOK (—00; +00),

0) Tak kak npousseneHve Ox npu mobom x paBHo 0, TO 3apmaHHOe Hepa-
BEHCTBO HE MMEET PELLEHWA,

MNMpu peweHun Gonee CNOXHbIX HEPABEHCTB CTPEMATCS, NPUMEHAS ToxXae-
CTBeHHble Npeobpas3oBaHns U CHOPMYNMPOBAHHbLIE BhilLE CBOWCTBA HEPaBEHCTB
C NepemMeHHbIMU, 3aMeHUTb OaHHOE HEPABEHCTBO NPOCTEMLUMM HepaBeHCTBOM
Buoa ax > b vnm ax < b.

Mpumep 3. PelwwuM HepaBeHCTBO
2x(8x — 3) — (4x — 1)> < 13 — x.
Packpoem ckobku B NeBoli 4acTu HepaBeHCTBa:
16x> - 6x — 16x2 + 8x - 1 < 13 - x.

lNMepeHecém cnaraemble —1 U —x C NMPOTUBOMONOXHBLIMKA 3HAKaMU M3 OOHOWM
4acTW HepaBeHCTBa B APYryl W BbINOAHUM NpuBeAeHue noaoOHbLIX YNEeHOB:

1622 - 6x — 1622 + 8x + x < 13 + 1,
3x < 14.

§ 13. PeweHne HepaBeHCTB C OOHOI NEepPEeMEeHHOMW U UX CUCTEM




Paznenns obe yacTu HepaseHcTBa Ha 3, HaWOEM, YTO

x<4§.

Mbl nocnenosaTtenbHO 3aMeHsiiM OOHO HEePaBEHCTBO APYruM, PaBHOCHIIb-
HbIM emy. B pesynerate nonyunnu HepaseHCTBO x<4§. paBHOCUNBEHOE UCX04-
HOMY. MHOXEeCTBOM peLUEHUIn NONYYEHHOr0 HEPABEHCTBA, a 3HAYUT, U UCXOLHO-
ro HepaBeHCTBa, ABNSETCH YMCNOBOW NMPOMEXYTOK (—00: 4%)

Mpumep 4. BepHémca kK 3agaye, paCCMOTPEHHOM B Hayane nyHkra. Pewwvm
COCTaBfieHHOe HepaBeHCTBO

| =

X
1877

YMHOXMM 00e 4acTh HepaBeHCTBA Ha HauMeHbluMii OBLWMIA 3HaMeHaTenb
ppobeit, T. e. Ha 36. Monyuum:

<8

N

(%5+2)-36 <336,

7536+ 7536 < 108,
2x + 3x < 108.
BouinonHum npuBeneHve nonobHbIX YNEHOoB:
5x < 108.
Pa3zpenue obGe 4acTu HepaBeHCTBA Ha 5, HAWOEM, 4TO
x& 21.6.

Tenepb MOXHO OTBETUTL Ha BOMPOC 3a4ayn: TYPUCTbl MOrYT OTN/bITb Ha
paccTosHue, MeHbluee, 4yem 21,6 km.

YnpaxHeHus
979. SlpnsieTcst MM pelleHWeM HepaBeHcTBa S5x° + 1 < 3x? + x  uMcno:
a) —3; 6) —=2; B) ~1: r) 0; o) 2?
980. Pemure HepaBeHCTBO:
a) —3x > —27; r) 02x > 2 x) Ox < —18;
0) 0,5x < 22; II) —%x <—0,3; 3) (\E = l)x =2;
B) —x = 1; e) Ox > —4; W) (ﬁ—Z)x<2—J§.

fnasa 5. HepaseHcTBa



981.

982.

983.

984.

985.

986.

987.

988.

989.

§ 13. PeweHwe HepaBeHCTB C OOHOW NMEPEMEHHONA M UX CUCTEM

Pemute HEpaBEHCTBO M M300pa3MTe HA KOOPAMHATHOW MPSMOW MHOXECTBO
€ro peleHui:

a) 6 + 2x > 1; o) 0,6x+2>6—x;

6) 2 — 7x <0 e) 0,2x — 11 < 4 + 0,5x;

B) 1 — 0,4x < 1; x) 1,7x + 4 = 2 + 1,5x;

r) 2 — 0,8x > 4; 3) 2—3x< 14— 2x

IMpu kakux 3HaveHMsx x apywieH 0,7x — 7 mpuHWMaET:

a) MOJIOXHUTENbHBIE 3HAYEHMS; B) 3HaueHwusi, Gonpiuue 7;
6) oTpuLaTe/lbHble 3HAYCHMUS; r) 3HavyeHusi, MeHbuiue —17

Dynkuus 3agaHa Gopmynoi y = 0,5x + 1. Tlpy Kakux 3HaAYEHHAX X.
a) y = 0; 6) y > 0 B) y < 0?
IMoctpoiite rpaduk GYHKIMH W TTPOWILTIOCTPUPYIITE CBOM OTBET Ha rpaguke.

®yukuusa 3amaHa dopmynoir y = —0,5x + 2. Tlpy Kakux 3Ha4eHHAX X
thHKHHH MPUHUMAET ITOJIOXKUTEAbHBIC M IIPH KaKHUX — OTPUUATE/IbHBIE 3HA-
yeuua? Haiinure orBeT ABYMS crioco0amu:

a) pelIMB COOTBETCTBYIOIlEe HEPaBEHCTBO;
0) mocTtpouB rpadukK (QYHKLHH.

IMpu kKakux 3HAYEHHSIX p:

a) p| = p; B) [0,8 — 0,3p| = 0,8 — 0,3p;
6)lp—1=1— p; r |1,4 — 6p| = 6p — 1,47

PemmTe HepaBeHCTBO:

a) 23 —x) — (4x — 1) < x + 6; r) 0,82 — x) — 0,6(3 — ) < 4;
6) 42a — 1) — 3(a + 6) > a; o) 0,56 —x) + (1 + 3x) > 0,2;
B) 32y — 5) + 23y — 5) < 6y; e) 0,6(2x + 1) — 0,4(3x + 2) > L
Pelnte HepaBeHCTBO:

a) 3x(2x — 1) — 6 > 2 — x; B) (1 + 3x)(3x — 1) > 6x + 9x%
6) 120 — 3y + 44y > y — 10; r) (4x — 3)(3 + 4x) + x < 16x%

Pemure HEpPaABEHCTBO!:

a) (x — 2 + X6 — x) < 3x — 1)’ — 9x(x + 2);

6) 6(v + DO —y + 1) — 23y — 1) = 50,2y — 1);

B) (2x + 1)° — 4x%(2x + 3) > (0,2 + x)(x — 0,2) — x(x — 2);
N @+ 1+ 22y — 1) — 2p(4” + 3) < 2,52 — 3y).

Hajinure Hanbospllee 1LieI0e YMCIO, YAOBIETBOPSIOIIEE HEPABEHCTRBY:
a) 5,6(3 +y) — 1,6(2 + y) < 0; 6) 8,43 —y) + 1,22y — 1) > 39.




990.

991.

992.

993.

994,

995.

996.

997.

998.

Haiiiure HaumeHbINee 1eJoe YUCIO, YIOBIETBOPAIOIIEE HEPABEHCTBY:

a) 0,3(6 — x) — 0,5(1 — 2x) > 11; 6) 0,8(1 — 4x) + 0,5(2 + 6x) < 26.
[Ipy Kakux 3Ha4eHMsX b PaBHOCHIILHBI HEPABEHCTBA:

5 3. 8 .
a)bx>5ux>?, B)bx>8+3xnx>m,

3 l. . 4 9
6)bx<2Hx>b3, r) 2bx — 4 < 3xm x> 5

IMpn Kakmx 3HAYEHUSIX @ MHOXECTBOM peElIEHUI HEpaBeHCTBA:
a) 0,3x — 6 < g gBIAETCH YMCIOBOW MPOMEXYTOK (—00; 4);
6) 8x > 1,8a + x sBusieTca YMCIOBOI IpoMexyTok (6; +00)?

Peliure OTHOCUTENBHO X HEPABEHCTBO:
a)(m+ Dx—4< (1 —3mx+ 2, ecou m > 0
0) 2+ mx+6<2—-3mx—1, cam m < 0.

Hs3BecTHO, uT0 A — MHOXECTBO pelleHWi HepaBeHcTBa 3x — 1 < a, rae
a — HEKOTOPOE YMCIO0. YKAXKUTE TPHU KaKUX-IHO0O 3HAYEHUs 4, NPHU KOTO-
PBIX YMCIOBOW MPOMEXKYTOK [5; 8] sAB/sieTcs MOIMHOXECTBOM MHOXeCTBa A.

HaBecTtHO, UTO A — MHOXECTBO peIlIeHMI HepaBeHcTBa 2x — 1 < 5,8,
B — MHOXecTBO pelleHHWi HepaBeHCTBA x — 1 < m, TIe m — HEKOTOpOE
YHUCJIO0. Yxa)icme HauvMCEHBIIIEC HATypaJlbHOE 3HA4YCHHUE M1, IIPH KOTOPOM BBI-
TIOJTHSIETCS COOTHOIICHHME.

a) A C B; 6) B C A.
Peminite HepaBeHCTBO:
a) X B) 202 11 1) w;l;
2 7 5
6) 03x |1 5. r) 12-02 . _ 7. & 1-03x 5
= 9 2
IMpu KakuX 3HAYCHUIX X:
a) 3HayeHwue ApobuU 1,6—le;: TIOJIOKUTENBHO;
0) 3”HayeHue Apobu Lo+x OTpULIATENLHO?
Pemidre HepaBeHCTBO:
1 - : y_r 1.
a) 6(0,2.x 4) > 2; r) T
6) 2(0,1x —1)<—0,6; g 2x_Gr=l_. g3
3 4 12
x_x ) Oly 03y+2_ 1
B Z2-5<k3 &) < 2 %
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999.

1000.

1001.

1002.

1003.

1004.

1005.

§ 13. PeweHne HepaBeHCTB C OAHOW MEPEeMEeHHOW U UX CUCTEM

Pemnre HepaBeHCTBO M TOKAXUTE MHOXKECTBO €ro pel.lleHP[ﬁ Ha KOOpAH-

HaTHOMW MPAMOM:
2x -1 LE's ;
) -3
5—3x
6

0) +%£l;

[Ipn kakux 3HAYEHUAX a:
0,3—0,2a

103—2x , x—104
<D
B) — 5+t 3 ’

82—3x 43—x
, = =0
D 8 -

Qla—1,5

a) cymMma gpodei Z

0,6a—1

= MeHBIIIe 5;

340058 6honpme 67

©) pasHOCTb IpoOei 3

Pemute HEPaBEHCTBO!:

6) x>4+
p) 7<x— 20209

PemmTe HepaBeHCTRO:

a) 0,6x+ 3—2x > 1,34‘21,1)6;

6) 0,5);—1

3x
—X<2+=
+2

4

r) 3_2x_6‘;4x

1) I+2(l,5—x)

>0;
—x<0;

e) 07x+%——>1

13x+7 =2,
B) 2 <x—T,

r) 3- "5" L X503

Haiinute BCe Lienble OTpUIIATEEHBIE 3HAYEHHMA X, TIPH KOTOPEIX BEPHO He-

PaBEHCTBO!

a) —2——3x<l

6) %’i—%d.

Haiinure HauGonblllee HaTypajibHOE 3HAYeHME p, MPU KOTOPOM BEPHO He-

PaBEHCTBO!:

a) 0’6p+3_;£<8’64j#;

0,5p + 40,5

0) 2— 3

b _r
i 8,

CKOJIBKO 3JIEMEHTOB CONEPXKHMT MHOXECTBO M, eciu:

a) M={x|xeN, x—1<

0) M={x|xeN, x+1;3—+3x}

=1 . =],
3 +_}3

2

2

B) M={x|er, ¥+l>x—§}?

s



1006.

1007.

1008.

1009.

1010.

1011.

1012,

1013.

1014.

1015.

[Ipy Kakux 3HaYeHHAX NMEPEMEHHONH X MMEeT CMBICI BhIpaKeHHUe:

a) 0,6x—1; B) \2x + (x —1)%;
6) 2—0,8x; r) y2x—(x+1)*?

Haiigure obGnacth IOMyCTMMBIX 3HAYECHUI NEPEMEHHOI B BBIPAKEHUU:

a) sz_?'az. B) 5_2x .
x5 DY
6) x2—4x+3, r) 1—yx—-2
iy 3-x

Hajinute Bce 3HayeHuss p, MpM KOTOPBIX KBaIpaTHOE YpaBHEHUE
W—-2x+p=0
a) He MMeeT KOpHEW;

0) umeeT nBa pa3TUYHBIX KOPHS,
B) MMeeT pelleHHE.

[Ipy Kakux 3HAYEHMSIX TapameTpa a ypaBHeHMe (@ — 2)x* —4x —5=0
He MMeeT KOopHei?

[py Kakux 3HaueHWAX Tapamerpa b ypaBHeHme (b + x* + 2x + 1 =10
MMEET /1BA Pa3JMYHbIX KOpHs?

Peliute OTHOCHTEJILHO X YpaBHEHWE W HalIWTe, NMPH KaKMX 3HAYEHHSX m
KOpPE€Hb YPABHEHHSA SABIACTCA OTPHUATEIBHBIM YMUCIOM!

a) 0,2(x — 3m) + 1,3(x + 2m) = 14;
6) 0,6(3m — 2x) — 0,5(8m + x) = m + 16.

B omun pesepsyap Hamuto 70 a1 Bomel, a B apyroii — 150 1. B mepBwiit
pe3epByap B MUHYTY BAMBAaeTcs Mo 6 JI, a U3 BTOPOr0 B MHUHYTY BbLIMBa-
erca 1o 10 u. B kakue MOMeHTbI BpeMEHH B IIEPBOM pe3epByape Oyner
MEHBIIE BOJBI, Y€M BO BTOpPOM?

U3 nynkta A B myHKT B oTnpaBWiICcs BeIOCHIIEAMCT CO CKOPOCTBIO
15 km/u. Cnycrs 30 MMUH HaBCcTpeuy eMy M3 IMYHKTa B Bwlexan Apyroit
penocunenuct. C Kakoi CKOpPOCTBIO IO/DKEH €XaTh BTOPOIl BEJIOCHUIICIHCT,
yToOBl BCTPETHUTBLCH C IepBbIM 4Yepe3 2 4 30 MUH TOclie CBOEro BHIE3IA
B TOYKE, paclojoXeHHOW OmmKe K MyHKTY A?

3Hag, UTO CyMMa YITIOB BBINYKJIOrO A-yrojibHuKa pasHa 180°(n — 2), Haii-
JUTEe HAMMEHbILIEE YHUCIO CTOPOH, Ha4YWHas ¢ KOTOpPOIro 3ra CymMma fosklie
1000°.

, Haunure

180°(n — 2)
3Hasi, YTO Yol MNPAaBWILHOIO 7-YIONbHWKA DPaBeH —— ——

HaMMeEHbIllee YHCI0 CTOPOH, HaYMHas ¢ KOTOPOro 3TOT yroj Gonbiue 150°.

laea 5. HepaeeHcTBa



1016. OnHa peMoHTHasA Macrepckasi Gepér no 37 p. 3a Kaxaylw OOIMIIOBOYHYIO
mMTKy W emé 1840 p. 3a paGory, a npyras Gepér no 43 p. 3a IUIATKY M
1460 p. 3a paGory. YKaxure HaMMEHBILEE 4YMCIO IUIMTOK, IPH KOTOPOM
BBITOIHEE CHEJATH 3aKa3 B MepBOH MacTepCKOM, ueM BO BTOPOIi.

1017. TIpu KakoM 3HAYEHWH ¢ ypaBHEHUE
4 —4Bc— Dx+ 1 —6¢c=0

HMEET.

a) IBa TOJIOXHUTENBEHBIX KOPHS;
6) nBa OTPHLIATENBHBIX KOPHS;
B) INOJIOKUTEIbHBIA M OTpULIATEIbHBIH KOpHU?

anamneﬂun ana nNoBTOpeHUA

1018. VkaxuTe Bce Leable YWCla, MpHHaAexalime MHoxecTsy A N B, ecau:
a) A = (=29; 1,3), B = (=3,2; +oo);
@) A = (= 0), B =23 +eoy

1019. Vkaxute Bce npobu BHIa % rie n € IV, KOTopele NMpUHALIEXAT TPO-
mexytky [0,1; 0,2].

1020. TTpu geneHvu Ha 7 ONHO 4HMCIO Haé€T ocTaTok 2, a JIPyroe — OCTaTok 6.
Kakoii octaTok monyuyuTcs TpH JeJieHWM Ha 7 TIpOM3BEIeHUs 3THX Jucen?

1021. Haiinure 4YacTHOe M OCTATOK OT [elieHWsl KBAaIpaTHOTO TpEéxuieHa
x* + x — 8 Ha OBywieH x — 5.

42. PeweHne CUCTEM HEPABEHCTB C OAHOW NEepeMeHHOM

lMycte padbl AuHenHsle ©GyHKUMKW, 3apadHHbie Gopmynammn y=%x+1 "

y = —2x + 4, n TpebyeTcsa HaliTM MHOXECTBO 3HAYEHWIA X, MpW KOTOpbIX 06e
GYHKUMM NMPUHUMAIOT NONOXWUTENbHbLIE 3HaveHua. [lns 3Toro Hapo HalMTM MHO-

XeCcTBO 0OWMX pelueHnii HepaBeHCTB %x+1>0 m-2x+4>0.

Ecnu crtaBuTCs 3apava HaMTM MHOXECTBO OOWMX pelueHuid OByX MnuM He-
CKOJIbKMX HEPaBEHCTB, TO FOBOPAT, YTO HAA0 PELNTb CUCTEMY HEPAaBEHCTB.

Onpegenexne. PelleHnem cucTeMbl HEPaABEHCTB C OAHON NepeMeHHOo’
Ha3blBaeTCA 3Ha4YeHue nepemMeHHOW, NPU KOTOPOM BEPHO Kaxpoe wu3
HEpPaBEeHCTB CUCTEMbl.

§ 13. PeweHne HepaBeHCTB C OOHOW NEepeMEHHOM M UX CUCTeM




PewnTb cuCTEMy HEpaBEHCTB — 3HAYUT HaWTW MHOXECTBO €& pelueHWi.
WMHaye roeops, pewnTb CUCTEMY HEPABEHCTB — 3HAYMT HaWTW BCE €€ pelueHus
WAn OoKasaTtb, 4TO MX HeT. MHOXECTBOM PeLUeHWn CUCTeMbl ABASIETCH nepece-
YEHWE MHOXECTB PeLIeHUi HepaBeHCTB, BXOASLUMX B 3TY CUCTEMY.

B sanucu ans oGosHauyeHWss CUCTEMbI HEPABEHCTB WMCMOJMb3YIOT GUIYPHYIO
ckoBKky.

BepHéMcs k 3apade, NOCTaBneHHoOW B Hadane nyHkra. [na Toro 4tobbl OT-
BETUTb Ha BOMPOC 3ajayv, Hago pewwuTbs CUCTEMY HEepPaBeHCTB

%x+1>0,
-2x+4>0.

3ameHss nocnenoBaTensHO Kaxaoe HEPABEHCTBO PABHOCUNBHBIM EMY He-
paBeHCTBOM, MONy4uUMm:

%x >-1, x>=3,
D il X<2,
— « T M30bpa3um Ha KOOpPAWHATHON nps-
-3 2 X MOW pelleHne HepaBeHCTB x > -3 wu

x < 2 (puc. 45). Ha pucyHke BUMAHO, 4TO
obWMMK  peLleHns M 3TUX HEepaBeHCTB
ABNAIOTCA  3HAYEHWA X, 3aKN4YEHHBIE
Mexay smcnamm —3 1 2. 3Ha4nT, MHOXe-
CTBOM pELUEHWIA CUCTEMbI ABNSETCH YUC-
JNIOBOW npomexyTok (-3; 2).

MTakK, Mbl HawnM, 4to obe QYHKLMK

Puc. 45

y:%x-ﬂ ny = -2x + 4 NnpUHUMAIOT No-

NoXuTenbHble 3HaYeHusa npu x € (—3; 2).

leomeTpuyeckas WANKOCTPaUUA Mo-
JIY4EHHOro BbLIBOAA JaHa Ha pucyHke 46,
roe nocTpoeHbl rpadukn aTux OYHKUMUNA.

M3 pucyHka BMAOHO, 4TO MNPOMEXYTOK
(—3; 2) npepcraengeT coboii MHOXECTBO
3HayeHuin x, nNpu KoTopblix 0ba rpaduka
y=2x+4 pPacnonoXeHbl BbILLE OCK X.

[MpyBedéM NpPUMEpPbl pPeLlleHus Ccu-
CTEM HEepaBeHCTB.

Puc. 46

pumep 1. Pelmm cucTemy HEpaBeHCTB 145 _ .

Mepexons OT KaXOOro HEepaBeHCTBA CUCTEMbl K PABHOCUMIIBHOMY €My He-
pPaBeHCTBY, MONY4YUM:
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{Sx > 29, {x >5,8, ’ o x
-x<-3; %23 -

PeweHnnamn cucTembl cnyxart 3HadeHus x, 6onbwue 5,8 (6onbwero u3s yu-
cen 5,8 n 3), T. e. yooeneTeopsiowmMe ycnoBuio x > 5,8. 3HaYNT, MHOXECTBOM
peLleHniA CUCTEMbI ABNAETCA YMCIOBOW NPOMEXYTOK (5,8; +0o0). leomeTpuyeckas
WANCTPauus aTOro BbiBOAA AaHA Ha pPUCYHKe 47,

OTBeT MOXHO 3anucate B BMAE YWMCOBOro npomexyrtka (5,8; +o0) unm B
BWOE HepaBeHCTBa x > 5,8, KOTOpoe 3a4aéT 3TOT NMPOMEXYTOK.

1
—x-2<4,
Mpumep 2. Pewum cucteMy HepaBeHCTB 3*
-0,2x>-1.
Mmeem: _
3% <6, {x<18, 5 18 x
x<5; i Puc. 48

M300pa3uM Ha KOOPAWMHATHOW MPSAMOMA peLeHus HepaBeHCTB x < 18 m
x < 5 (puc. 48). Ha pucyHKe BMOHO, 4TO OOGLLMMKU pelleHUAMU 3TUX HEPaBEHCTB
ABMAAIOTCA 3HAYEHUA X, MeHblume 5 (MeHbwero w3 4ucen 18 m 5), T. e. yooe-
netesopsowme ycnosuio x < 5. 3Ha4YUT, MHOXECTBOM pPEeLUeHUA CUCTEMbl ABMsA-
eTCH YMCNOBOW MPOMEXYTOK (—00; 5).

0,2x-0,6>1,
Mpumep 3. Pewnm cuctemy HepaBeHCTB 5_15x>5
Nmeem: 2 -
02x>16, [x>8, = 2 o
-1,5x > 3; x<-2. Puc. 49

M30bpaaum Ha KOOPAWHATHON NPAMOWM pELUEeHWUss HEepaBeHCTE x > 8 wu
x < -2 (puc. 49). Ha pucyHke BUOHO, 4TO CUCTEMA HE MMEET PELUeHWI, Tak Kak
HE CYLECTBYET 3HayYeHwi X, yOOBNETBOPAKWMX 000MM yCnoBuaM: x > 8 u
x < —2. 3Ha41T, MHOXECTBOM peLUeHuii CUCTEMbI ABNAETCA NYCTOe MHOXECTBO.

Mpumep 4. Pewum OBOMHOE HepaBeHCTBO -5 < 6 — 2x < 7.

[BoitHOE HepaBeHCTBO npeacTaenseT coboi ApYryio 3anucb CUCTEMbl He-
PaBEHCTB!

6-2x<7,
6-2x>-5.

§ 13. PeweHne HEpaBEHCTB C OOHOW MNEPEMEHHON WU UX CUCTEM




Pewas eé, Haipém, yto

x>-0,5,
x<.5,5

-0,5 < x < 5,5.
3anuck peleHns ynobHO BECTU B BMAE LEMNOYKM ABONHLIX HEPABEHCTB:
=5 < 6 = 2% € 7
-11 < =2x < 1,
i . - S

5|5 > X > _0,5.

MHOXEeCTBOM peLleHuit 3a4aHHOr0 ABOMHONO HepaBeHCTBA SIBNASIETCA 4MCNOo-
BOW npomexytok (—0,5; 5,5).

YnpaxHeHus
3—2x <1,
1022. Asnsiercss 1M pelleHHEM CHUCTEMbl HEPABEHCTB {6 + 4y <19 HHCTO:
a) —1; 6) 0; B) 2; r) 3,5; o) 6,257
1023. Pemiure cHCTEMY HEPaBEHCTB:
2) x> 32, ) [0.2x>0, ) [0x>-s,
x>3,2; B 6x <1; A x>6;
6 x<—1,4, 0,3x =5, ) 6x <12,
) \x<—L,5; ) 0.1x<1; Ox < —3.

1024. PeummiTe cucTeMy HEPABEHCTB:

6—11x> x, 2 —3x 2 4x,
) 0,7x < x; ) 3x <0,2x;

3—4x <0, 6x —1<0,
6) 1lx<o: D lys

9 ’ 7 ’

1025. Tlpu kakux 3Ha4YeHHAX x 0be (DyHKIUH

y=—02x+ 1u y=,03x+4

NPpUHHUMAOT OTPHULATCIIbHBIC 3HaYeHUs?

Masa 5. HepaBeHcTBa



1026. Haiinure obnacTth ornpeneneHus QYHKIIHAM:

a) fix)=\3x—42+.3,2-2x;

6) flx)=4/0,4x —1 + ,/0,6x +4;

B gt =IH-LedE,

1027. Peuiure cucTeMy HePaBEHCTB:

5—-2x>3—x,
) 6+4x <8+ x;

6 14 —-3x<1-—x,
) 1+ 7x>2+6x;

6(2—x)—3(4x+1)>0,
) 1-26x—1)>3;

) 1,2(x = 5)— 0,23+ x) > 8,
2,5(4x — 2) — x > 4;
1028. Peuure cucreMy HepaBEHCTB:

9x+3)<5(x+1)+6(x+2),
) 12(x — 18) < Tx —3(2x +3):

6 3x+1)>203 — x) + 4x,
) 6(x—1)+23—x)> x;

) 12(2 — x) + x(4 + x) < x?,
(6x + 7)(7 — 6x) > — (6x — 1)%;

r) gx)=

JX—2+5-x
x—4 !

_ x :
2) kex)= Jod—6x - fix—01

JIL7x +1—,/0,4x +3

e) h(x)= =

0,3x+1<0,4x — 2,
B 1,5%—351,3x —1;

1,9x - 0,4>1,7x - 0,1,
6,8x+2,3<2+6,5x;

(]

)

) 6 —2x > 0;
(x—4)x+6)<x’—2,
16 — x < x.

{IS(x —2)—x(1—x) > x%,
3) {

9 (2x — D(x + 2) > 2x2,
(0,2x — 3)* < (0,1x + 6)(0,4x — 1);

- (2x -1 — 4’ (2x—3) <x+ 2,5,
0,2(x —18) < 0,7x — 0,3(2x + 3);

) (x+6) —x(x+18)>x+2,
0,6(x —1) > 0,5(1 + x).

1029. Pemmre cucteMy HEpaBEHCTB M YKAXHMTE BCE TIENble YMCIA, KOTOpLIE SIB-

JISI0TCH €€ pelIeHUAMM:

0,5(2 — 0,2,

El) {_,3; & 9.’75) g B) {
0,8—3x<1,

%) {—Z(x ~3)>0; r) {

0,7(x—-1)<0,9,
—0,2(x —4)<1,2;

16(1 — 0,25x) < x,
5(1+0,6x) < 21.

§ 13. PelweHne HepaBeHCTB C OAHON NMEPEMEHHON U UX CUCTEM




1030.

1031.

1032.

1033.

1034.

1035.

Haiimure wesbie pelieHuss CUCTEMBI HEPABEHCTB:

2) 10,9 —2x <0, %) (x+3P>x(x+9),
12x — 90 < x; 37 —12x > 0;
5) 1-3x<3, ) (4 —a2F — 2512 — )0,
6—2x30; T— 3% >0,
3aMeHHTe @ KaKMM-JIM00 4MCIOM TakK, YTOOBI MHOXECTBO LIEJIBIX YHCE,

OBJIETBOPSIIO CHUCTEME Le>41,7,
JRERD DHIIIEE o 2x —a<0:

a) COCTOSUIO M3 IIATH 4YMCel;
6) OBUIO IIYCTBIM MHOXECTBOM.

INpy Kakux 3HAYCHUSIX @ He MMEET PELIeHHMH CHCTeMa HEPaBEeHCTR:
0,3x —4,5<0, ) 0,5(x—2)=0,4,
) x—a>0; B) 12x —ax< 0;
6 0,5x —1,5<0, ) 0,2x —4>0,5x — 8,
) 3x —a>0; D Yl6x—1>a+27

HDH KakKuxX 3HAYeHUSIX b MMEET pelICHUs CUCTEMa HEPaBEHCTB!

0,5(x — 2) > 0,4, 6 [12+3x<6+25x,
) 12x — b <0; 4% +2,33b—1,7?

Pemmre cucteMy HepaBeHCTB:
& el x—4
2 3 6 3
) 10—x _ (. B) _x=1_.
2 > } 4 3
242059, 2y—1i—4-<2,
10 3 4
6) 13, r) 3—y
= 1>y, = _y<3y.
4 2
Pemnre cucteMy HepaBeHCTB:
0,2:;+2_0,33;—l<1, 0,3x2+l_x€3,9’
a) 6—5x 1_ B) X—4_1>i.
5 L 6 s’
02x—1_ Olx 5 13-x _ 05x o o
6) 3 4 r) 2 4
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1036.

1037.

1038.

1039.

1040.

1041.

§13.

Haiinure Haubosnbliiee Leloe YMcao (eCM OHO CYILECTBYET), VIOBIETBOPS-
I0lllee CHCTEME HEpPaBEHCTB:

{8(3—x)—2x>0, {—x<2,

a) X x . B) x=3 \
Z—-E‘il, —4_ x>03
X _ 5 e 22l

6) ;—xl>x, r) 3 :
=1l = ]

2

Haiinute HaMMeHBbIee I11€JI0€ YMCIIO, YIOBIETBOPSIONIEE CHCTEME Hepa-
BEHCTB!

5§x_u<0, ";3_x<§(1_x),
a) B)
x 2 x—8 . x+1 1.
Z—3()«:—5)>—6——x, 2x—5>T+§x,
x;S_%(x_1)<0, x_x~5+6_x;1>3x+-2:
&) 3=x _ 025> 8=3. z) s g X8 ?
2 ’ 4 ] 4 ’

IMpu KakuX 3HaYEHMSIX @ pelIeHHe CHCTeMBbl ypaBHEHMIA

Ix+y=a-4,
x—y=a-1

yooBieTBopsieT ycinosuw: x < 0, y > 0?

Ilpu kakux 3HaYeHHAX b pellleHWe CUCTEMbI ypaBHEHHIA

x—2y=2b+1,
6y —x=8b+3

VIOBIETBOPAET ycnoBuw: x > 0, y < 0?

IMpu xakux 3HadeHUs1X a npsimbie y = 0,8x + 2(a —4)uy = 1,6x + 5(a — 1)
repeceKaloTcss B TOYKE, PACIOIOXKEHHOIM:

4) B MEepBOM KOOPAWHATHOM 4YeTBEpTH,

©) BO BTOPOI KOODAMHATHOI yeTBepTH?

Pemure nBoiiHOe HepaBEHCTBO:
a) 11 < 5x + 1 < 16; p) -1 < 1x —2<0;
6)0<2—x<3; r) 4,5 < 0,5 — 2x < 6,9.

PelleHne HepaBeHCTB C OOHOW NEPEMEHHOM WU UX CUCTEM




1042. Pemure nBoiiHOe HEpaBEHCTBO:

a) 11 < 8 + 10x < 26; B) —5< 1+ 3x< -2

16 — x
4

8 —4x

6) —1< -

< 0.

<l r) —1<

1043. Pemmmre OBOMHOE HEPABEHCTBO M YKAXHUTE BCE LieJIble YMC/IA, KOTODBIE SIB-
JISIIOTCSL €r0 pelIcHUSIMH:

a) 1,5<2+Tx<2,5; B) 0<3x;2<1;

6) —1<2;x<o,5; r) 1<4‘32"<2.

1044. a) Ilpu kakux b 3HaAYeHWE OByWIeHa 2b + 2 TNPUHALIEXKUT MPOMEXYTKY
[—6; 6];

6) mpu Kakux y 3HAYeHUs JpodHU 5%2"1 MPUHAJIEKAT [TPOMEXYTKY
(—4; 2)?

1045. HaiinuTte Bce Lielbie YMCIa, YIOBJICTBOPSIIOIIHME CHCTEME!

{—l<lx—2<l, {—3<"_‘—8<1,
B 5

3
8(0,5x —1)>6x —22; 4(x —3,6) > 3(x — 2);

| ! 3x—1
6) 0<3x 3<1, " 3,5< 5 <25,
6(2—0,5x) < x; 33,5—x)>2x+5.

1046. Pemmre cucTeMy HepaBEeHCTB:

x> 28, y<-—4, a>1, b<-2,
a) <x>32, 6) {y<l12, B) 1a>35, r) {b<—4,

x>11; y<0; a<?9; b>0.
1047. Pemure cucTeMy HEpaBEHCTB:

—-x <2, 2—x>0,5, 3x—8>x—4,
a) {4x<0,8, 6) 6 —x>6, B) 43— 2x>4—x,
5x > —1,5; 2x+3>1; 5—x>1-3x.
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1048. Peuute cucreMy HepaBeHCTB:

6—2x>4,502x — 1) +2, (6x — 1)(x +2) — 6x2 <0,
2) {3(x+6)>2x, B) {tx-1<Z,

X_—zﬁ_A >0,5; 5(x —2)>2(3x — 4);

15— 6(3x — 1) > 0,5(4x — 2), e
6) {2 +1)<x, r) 13x>1—0,5(1 — 4x),

3

a+1_x—1 . 1,5Gc—2)> x—1.

i 14 ?

1049. Tlpy KakMX 3HAYEHUAX @ HE HUMEET PEIIEeHH CHCTEMa HEPABEHCTB:

Ix—-1<0, 2x—-1)—3x <0,
a) 10,2x +1>0, B) <6(2—x)— x> 3x,
3x +4 < 3a; 4x —5<3(a—1);
5x+7>0, —0,62—x)+x<-2,
6) 13>2x —4, r) 10,Ix—0,2(2—-x)<0,2,
5(x +3) < 2a; S5x+1)>a+3?

1050. Ecin K HEKOTOPOMY HATYPaJbHOMY YHCIY NpubGaBUTh €ro TMONOBHHY, TO
cymma Oyner Oosbie 29, a eclid M3 3TOTO YHC/A BBIYECThH €r0 TPETh, TO
pa3HoCThL Oyner MmeHbuie 14. HaiinMre 3TO HATypaabHOE YMCIIO.

1051. Tlpencrasere uncno 75 B BUIE CyMMBI IByX HATYpanbHBEIX YHCEN TaK, YTOOBI

MOJIOBMHA IepBOro Obina MeHbllle 29, a Bropoe GBIIO MEHBIIE % MepBOro.

1052. [InuHa OCHOBaHWSI PaBHOOEIPEHHOTO TPEYTrOJbHWKA paBHa 36 cMm, a ero
nepuMerp MeHbie 80 cM. Kakywo UIMHY MOXET UMeTh GOKOBasl CTOPOHA
TpeyroibHUKa?

1053. [lnuna G60KOBO#f CTOPOHBI paBHOGEIPEHHOIO TPEYrojbHMKAa paBHa 18 cm,
a ero nepuMerp Oosnbuie 65 cMm. Kakyw UIMHY MOXET MUMETh OCHOBAHME

TpeyrolbHUKa?

1054. U3 nyHkToB A u B, paccTosiHMe MeXay KOTOpbIMH 384 KM, BBIEXaJM OI-
HOBPEMEHHO HABCTPEYY IpPYr APYry MacCaXWpCKWil M TOBapHBIM Moesna,
NpUYEM CKOPOCTh TOBapHOTO Oba Ha 20 KM/4 MeHBIIIE CKOPOCTH Iacca-
xupckoro. Yepes 3 4 noesna emé He BCTPETHIIMCh, a Yepe3 4 U OKa3aloch,
YTO BCTpeua yxe rnpousouuia u oba nmoesna, MUHOBAaB MECTO BCTPEYH, I1pO-
Do/KaloT aBuxeHue., Kakolt MoxeT ObITh CKOPOCTh TOBapHOIO noezna?

§ 13. PeweHne HepaBeHCTB C OOHOW MEPEMEHHOI U UX CUCTEM —



YnpaxHeHus Ons NOBTOpeHUs

1055. Jokaxure, 4TO:

a) Z_Tx—l<0 npu x > 0;

2 3

1056. ®yuxknua 3agaHa cdopMyinoir y = 0,7x — 1. Havinure 3HadyeHue y Opu X,
pasHoM —1,5; 0; 1,5. Tlpn kakom x 3HayeHue y pasHo 0; 2; 1000?

6) g=2 _f-tug npu a > 4.

1057. Kakue oCTaTKM MOIYT IOJIYYUTHCA TIPH JeIeHMM KBaJpaTra HaTypallbHOIo
yycaa Ha 9?

43. PeweHne COBOKYNHOCTEW HEpPaBEHCTB
C OOHON nepemMeHHOWn

MycTb TpebyeTca HalTU MHOXECTBO 3HA4YEeHWl NEPEMEHHON X, NPU KOTOPbIX
3HayeHue BblpaxeHua (x + 2)(x — 1) nonoxuTtenbHo. Bocnonkayemcsa Tem, 41O
Npou3BeneHne ABYX MHOXNTESIEHA MoOXUTENbHO, eC/IN MHOXNUTE/IN NMEIoT Oau-
HakoBble 3Haku: nubo oBa MHOXWUTens MonoXutensHsl, Nnbo oba — oTpuua-
TenbHbl. HepaseHCTBO (x + 2)(x — 1) > 0 6yaeT BbINONHATLCA, ecnvu OyaeT Bbi-

x+2>0, {x+2<0,

MONHATLCA XOTa O M:
o CA X0 bl 0AHa W3 CuUCTe {x—1>0 x—1<0.

H

G X
Pewas nepsylo CUCTEMY, HAWOEM { oTkyga x > 1. Btopasa cuctema

x>1,

X
nocne ynpoweHWs NpuMeT Bug { oTkyga x < —2.

x <1,

Takum o6pasom, npousseaeHune (x + 2)(x — 1) Byoet NoNoOXWUTENbHbIM, ec-
N BbLINONHAETCH XOTA Obl OAHO U3 HEpaBeHCcTB: x > 1 wam x < -2,

Ecnu cTtaBuTCA 3ajadva HaMTU MHOXECTBO YMCES, KaXO0e U3 KOTOPbIX ABNA-
eTcsl peweHnem xoTa Obl 0OHOr0 M3 ABYX WM HECKONbKUX HEPaBEHCTB, TO ro-

BOPAT, 4TO HA[O0 PEeWWTb COBOKYMNHOCTbL HEPIBEHCTE.

Onpepenenve. PewieHneM COBOKYNMHOCTU HEpPaBEeHCTB C OAHOW nepe-
MEHHOI Ha3blBaeTcs 3HaYeHue NepeMeHHOo, Npu KOTOPOM BepPHO XOTH
Obl OQHO U3 HEepaBeHCTB COBOKYMNHOCTM.

PelwnTb COBOKYNHOCTb HEPABEHCTB — 3HAYUT HAlTW MHOXECTBO €€ pelue-
HWit. JpyrMMn CnoBamu, PelvTb COBOKYMHOCTb HEPaBEHCTB — 3HAYUT HanTU
BCE eé pelleHVWa WM A0KasaTh, YTO UX HeT. MHOXEeCTBOM pelleHWA COBOKYM-
HOCTU SBNSIeTCS OObeaUMHEeHWEe MHOXECTB peLUEeHWi HepaBeHCTB, BXOA[LMX
B 3Ty COBOKYMNHOCTb.
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B 3anucu pna 0603HaYeHWA COBOKYMHOCTM HEPABEHCTB UCMONbL3YIOT KBaj-
paTHylo ckobky. Tak, B pAaCCMOTPEHHOM B Hayane nyHKTa npumepe ana oreeTa
Ha MOCTaBNEHHLIM BOMPOC HYXHO PeLnTb COBOKYMHOCTb HEPABEHCTB

x<=2,
i
PeweHnemM 3TOW COBOKYNHOCTW CHYXWUT  ZLL00% UL
obbeanHeHMe OBYX OTKPbITbIX YWCNOBbLIX Jy- -2 1 x

yen: (—oo; —-2) U (1; +o0), ITOT pesynbTaT
MOXHO HarnsgHo MNPoOUNNIDCTPUPOBaTe C Mo-
MOLLbIO KOOPOUHATHOW npamMoit (puc. 50).

K peléHHoMY NpuMepy HyXHO cAenaTbk HEeCKONbKO AOMONHUTENbHBLIX 3amMe-
YaHuin. Pewas HepasBeHCTBO (x + 2)(x — 1) > 0, Mbl 3aMEHWIM ero paBHOCWIIb-

x+2>0, x+2<0,
x-1>0 x-1<0.

Puc. 50

HOI COBOKYMHOCTBLIO ABYX CUCTEM: { Ctporo roeops,

3TO HYXHO OblIO 3anucaTb Tak:
2250,
{x—1>0,
x+2<0,
{x—1<0.

OpaHako Takasi 3anUCb BbIMAAWT AOBOMIBHO rPOMO3aKO. Mo3ToOMy Mbl valle Byaem
BECTM 3anucb, UCMNOJIb3YA TEPMUH «COBOKYMHOCTL» BMECTO KBaApaTHOW CKOOKW.
3ametum, 41O ecnn a < b, TO PELeHWeM Kaxaoro W3 pPaBHOCUIBbHBIX

x-a.q " x—-b

>0 saBnsieTcA COBOKYMHOCTb
x=-b x—a

HepaseHCcTB (x — a)(x — b) > 0,

X<y,
x> b.

PaccmoTpum ewe oavH npumep. MycTb Tenepb TpebyeTcs HailTM MHOXe-
CTBO 3HAYEHW NEPEeMEHHON X, NPW KOTOPbIX 3HAYEHWME BblpaxeHus x(x — 3)
oTpuuartensHo. Bocnonb3yemcs Tem, 4TO MPOW3BEAEHME [OBYX MHOXWUTEnewn
OTPULIATENBHO, €CNIUM  MHOXWUTEeNW WMEKT pas3fnyHble 3HakWu. HepaseHcTBO

. Jx <0, x>0,
X(x = 3) < 0 paBHOCUNILHO COBOKYMHOCTW OBYX CUCTEM: {x _3s0 WM {x _3<0.

x<0 -
MepBas cucTema CBOOWMTCH K CUCTEME {x .3 KOTOpas He NMeeT PEeLLeHUii.
]

x>0 "
Btopasa cuctema paBHOCW/IbHA cuUcTeMe {x<3 peleHem KOTOpOiA SBNAETCS

uHTepsan (0; 3). Takum 0Bpazom, pelueHnem 0 3
COBOKYNHOCTU OyaeT o6beouHeHMEe nycToro ———o———cs <o =
MHOXecTBa 1 uHrepsana (0; 3), T. e. npomexy- *
Tok (0; 3) (puc. 51). Puc. 51

§ 13. PeweHne HepaBeHCTB C OOHOW MNEepeMeHHOM U MX CUCTEM




3ameTtum, 4to ecnu a < b, TO peweHnemM Kaxaoro U3 paBHOCWIIbHbLIX He-

x—a<0 " x-b
X:—p xX-a

x>a,
x<b,

paBeHCTB (x — a)(x — b) < 0, <0 saBnsercsa cuctema {
paBHOCWUNbHAsA OBOMHOMY HepaBeHCTBY a < x < b.

MNpuBegém npumepbl pelleHus COBOKYMHOCTEN HEpPaBEHCTB W HEPaBEHCTB,
NPUBOOALLMX K CACTEMaM M COBOKYMNHOCTSIM HEpPaBEHCTB.

2-3x>x,
Mpumep 1. Pewmm COBOKYNHOCTbL HEPABEHCTB | 3-2x N
5 I
[Mepexoos OT kaXaooro HepaBeHCTBA K PaBHOCUNBHOMY €My HEpPaBeHCTBY,
Nony4nm:

4x < 2,
2(3 -2x) < 5(1- x),

4x <2,
6 — 4x <5-bx,

X<0.5,
x<-1

PeweHneM COBOKYNHOCTW CNyxaT Te 3Ha-
YyeHus X, KoTopble MeHblie 0,5 (bonblero ns
yucen 0,5 n —1). CnepoBatenpHo, pelieHnem
COBOKYNHOCTK SBNSIETCA OTKPbITLIA YUCNOBOW Puc. 52
nyy (—o0; 0,5) (puc. 52).

0,5

- O
IR

xY

2x-3>1,
Mpumep 2. Pewnm COBOKYNHOCTb 3-2x>2(1-x)
U . |[2x >4, x>2,
MBEM: | 3- Dy 509, |Ors~1

PelleHnemM nepBoro HepaBeHCTBA COBOKYMHOCTW ABNAETCA OTKPbITbIA 4YuUC-
NnoBOW Nyd (2; +0°), BTOpOE HEpPaBEHCTBO CrnpaBeavMBo Ang Mobbix 3Ha4eHWin
x € R. O6beauHAs 3TW peELUeHus, NOJIy4aeM, 4TO peLIeHMEM COBOKYMHOCTH
aenaetca noboe NEeACTBUTENbHOE YUCNO.

Mpexae 4em paccMOTPeTb CNEeayloWmMiA nNpuMep, 3amMeTMM, YTO HecTporoe
HEepaBeHCTBO eCTh COKpAalL@HHas 3anvucb COBOKYMHOCTU CTPOroro HepaBeHCTBa

x< 2
W paBeHcTBa. Hanpumep, HepaBeHCTBO X < 2 eCTb COBOKYMHOCTb [x=2’ Mo-

3TOMY 4aCTO NPU PEeLUeHW HECTPOrMX HEPABEHCTB MOCTYNaloT Cneaylowmm o6-
pa3oM: pelalT CTPoroe HepaBeHCTBO, MOTOM PEeLlaloT ypaBHEHWe U pelueHus
06beauHaAIoT. PaccMoTpUM npumep.
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2x—5g0

Mpumep 3. PelwunM HepaBeHCTBO 52 =

2x-5
flaHHOe HepaBEeHCTBO PaBHOCMNBHO COBOKYNHOCTU HepaseHcTea ¢ <0 u
2x -5 -

5
<
e TR 0, 3ameHuB ero

PaBHOCUNbHBLIM My HepaBeHCTBOM (2x — 5)(5x + 2) < 0. Paspenum obe yactm
9TOro HepaBeHCTBa Ha MONOXUTESNbHbIE YMucna 2 U1 5 1 NONy4YuM PaBHOCUIIBHOE
HepaBeHCcTBO (x — 2,5)(x + 0,4) < 0. PeweHneM 3TOro HEPaBEHCTBA CNYXWT
wHTepsan (-0,4; 2,5).

ypaBHEHUsI =0. Pewum cHavana HepaBeHCTBO

2¢x-5
5x+2
npu x = 2,5, n NpU 3TOM 3HAYEHUWU NMEPEMEHHOW 3HAMEHaTeNlb OT/MYEH OT Hy-
nsa. CnepoBaTenbHO, PELIEHUEM 3TOr0 YPaBHEHUA ABNAETCH umcno 2,5.

Tenepb pewnm ypaBHEeHue =0. Ou4eBuAHO, YUCNMTENb PaBEH HYNIO

WTak, ucxogHoe HEpPaBEHCTBO H <0 paBHOCMNBHO COBOKYMHOCTW
-0,4<x<2,5
b, T. €. PeleHnemM OaHHOr0 HepaBeHCTBA ABSETCA NOJYMHTEpBan
(_0!4; 215]'
YnpaxHeHus
2 —_—
1058. SBnsiercs M pelIeHHMEM COBOKYITHOCTH [chx }ix =i, YUCIIO:
a) —2; B) 2;
6) 0; r) 12?

1059. Pemmre COBOKYIMHOCTb HEPAaBEHCTB:

x<2, x<2,
8} x>-=l; a x> 5;
x <3, x=>—2,
% |:xg—l; 0 [x>l2.

1060. Haiinure peuieHWs] COBOKYITHOCTH HEPaBEHCTB:

) x—-2<0, ) 2x s —1,;
2x = 4 x+1=0;
2x < 4, x<-l1,

6) {2x<x+2; r) [x:»—l.

§ 13. PewleHne HepaBeHCTB C OOHO NEPEMEHHON U UX CUCTEM




1061. Pemnre COBOKYITHOCTH HEPABCHCTB:

I—x 2 -1 2-3x _1—x
1 2R
a)[ g e e B)l: 3 2’

S5x —4<x—1; 2x +1<3x — 4;
x +1 2—x x—2 . 1—5x
6) T_h:T’ r) = - %
—Ix—-2<x-—1; Ix—-1<3— 2.
1062. Haiinute BCEe 3HAYEHWs X, YIOBJIETBOPAIOLIME YCIOBHIO;
—2<3x—-5<19, B2k~ 1%7, {12‘;2;;__11?51’1
a) [3x—1<5, 6) [3x+2<x, B) 10<4x_2<2’6
Ix—-5>x+17; x—-1>2x+2; {3<2x—l<ll.
1063. Peniure HepaBeHCTBO:
a) (x — 3)(x + 5) > 0; B) ﬁ—:i<0;
6) 2 — x)(x + 10) < 0; r = <0.
1064. Haiinure pelineHMe HepaBeHCTBA:
) 2x+HBx -2 <0 B 20
6) (2 — 503 — 2x) = 0; ) 20
1065. Haiinute BCe HATypaibHbIC PEIIEHHS HEPAaBEHCTBA.
a) x> — Tx < 0; B) 7 — x>0
6) X —4x + 3 < 0; rs5+4—x<0.

1066. Haiigure oGmactek onpeneleHus (QyHKUHWM:

a) y=\/x2—7x+10; B) y=2x__12;
\/10+3x—x

3
6) y=\/15+2x—x2; r) y= . I

1067. Ucnonb3ya BBeAeHWE HOBOW TMEpeMEHHOM, pelinTe HEPaBEeHCTBO:!

a) (2 + 2% — HE + %) > O; 6) (* + 3x + 2)(% + 3x) < 0.
1068. [Lis KaxIoro g pelrMTe HepaBeHCTBO:

a) ¥ + ax < 0; B) (x — D(x — a) > 0;

6) x> —ax = 0; r) (x + 2)(x — a) < 0.

Masa 5. HepaseHcTBa




YnpaxHeHua ANA NOBTOPEHMA

1069. M3bapsreck OT MPPALMOHAILHOCTH B 3HAMEHATENe ApOobu:
2-43, 2-43. 23 . 7-443
a) 25 0) A B) T r) =
1070. Peunre ypaBHEHHE:
a) |x — 2| —(x~—27+2=0;
6) |x+ 1|+ (x+1)P*—-2=0.

1071. B Crpane nypakoB ByparuHo y3Hai, yTo B MECTHOM OGMEHHOM ITYHKTE
MOXHO COBEpIIHTb OIHY M3 JABYX OIIE€PALIMii:
1) nuca Anuca 3a 3 3070TBIX MOHETHI OTHaBajia 4 CepeOpPsAHBIX M OOHY
MCIHYIO,
2) 3a 7 cepeOpsAHBIX MOHeT KOT Basunuo masan 4 30/10THIX M OOHY Mel-
Hy10. ¥ BypaTUHO OBLINM TONBKO cepebpsiHble MOHETHI. Tlociie HeCKOb-
KUX (DUHAHCOBBIX ONepaluid, COBEPIIEHHBIX B OOMEHHOM TIYHKTE,
y bypaTuHO He NOSBHAOCE HU OJHOM 30JI0TOH MOHETBI, KOJIMYECTBO
cepeOpSIHBIX MOHET YMEHBIIWJIOCh H MPHOAaBWIOCH 42 MEIHBIX MOHETHL
Ha cxonbko yMEHBIIWIOCH KOJIUYECTBO CEpeOpsHBIX MOHET y Bypatuno?

44. PeweHne HepaBeHCTB, coaepXalwmx NepeMeHHyIo
noa 3HakoOM Moayns

PaccMoTpuM npuémbl pelleHus NpPoCTEWLUMX HEPaBEHCTB C NepeMeHHOoMN
nog, 3HakoM mMoayns.

MpocTeiilune HepaBeHcTBa BUAa |x —a| < bwwm |[x —a| > b, rnean b —
HEeKOTOpbIe YMcna, Npu4ém b > 0, MOXHO peLuaTb, UCMOMbL3Ys reoMeTpUYecKue
npeactasneHns. Kak WM3BECTHO, pacCTOfHME MexXAy TOo4YKamMu KOOPAWHATHOWN
NPAMOIA PaBHO MOAYMIO PasHOCTW KOOPAMHAT 3TUX Tovek. MoaToMy 3apady pe-
WWTb HEPABEHCTBO |x — a| < b mMoxHO CHOPMYNMPOBATL MHAYE: HAWTM KOoOp-
OVHAaTbl TOYeK KOOPAWMHATHOW NpAMoii, pac-

CTOSIHME OT KOTOPbIX [0 TOYKM C KOOPAMHA- b, +b
TOi @ MeHble b (puc. 53) PG .
4 s y e
Mpumep 1. Pewnm HepaBeHCTBO lx—al<b &
[x - 1| < 5.
Ha koopavHAaTHOW MPSIMOA OT TOYKM Puo. 63
C KoopamMHatoh 1 Ha 5 edMHWL yaaneHsb
TONKM C kKoopaMHaTamMu -4 1 6, a MeHee -5, +5
YeM Ha 5 eaMHUL — TOYKM, 3aKIIOYEHHbIE PO S
Mexnay Humu (puc. 54). i g 6 —"'x
CrneposaTensHo, MCKOMOE MHOXECTBO
eCTb uHTepsan (-4; 6). Puc. 54

§ 13. PelweHne HepaBeHCTB C OLHOI NMEPeMEeHHON M WX CUCTEM




Mpumep 2. Pewunm HepaseHcTBO |x + 1| = 3.
3anuwemMm  HepaBeHCTBO B BUAE
[z g |x = (=1)] 2 3 n BHOBb BOCnONb3yemcs re-
—4 -] 2 x OMETPUYECKUM CMbICNIOM MOAyns. Ha koop-
OUHATHOK nNpaAMo oT Todkm -1 Ha 3 eam-
Puc. 55 HULbI yoaneHsl Toukn —4 n 2 (puc. 55).

To4KM KOOPOMHATHOW NPAMOiA, yaanéHHble OT ToYkM —1 Ha paccTosHue, He
MEHblle YeM Ha 3 eAWHWUUbl, NileXaT Ha OOHOM W3 4YMCNOBbIX Nyyei: nnbo Ha
4yucnosom nyde (—co; —-4], nmbo Ha nyye [2; +°°), a pelweHnem HepasBeHCcTBa
CNYyXUT 0ObeOMHEHWE 3TUX YUCNOBLIX NMPOMEXYTKOB: (—o0; —4] U [2; +0).

OCHOBHO MPUEM pPELLEHNs HEPABEHCTB C NEePeMeHHOo Nnog, 3HakoM Moayns
COCTOWUT B TOM, 4TODbI, UCMONb3ys ONpeaeneHue U CBOWCTBA MOLYNsi, 0CcBOGO-
OUTbCH OT 3HaKa Moayns, 3amMeHAs HEPaBEeHCTBO PaBHOCW/IbHBIM €My HepaBeH-
CTBOM, CUCTEMOW HEPaBEHCTB WM COBOKYMHOCTbIO HEpPaBEHCTB.

PaccMoTpuM HepaseHcTBa Buaa | f(x)| < & wam | f(x)| > b, rne b — He-
KOTOpPOE 41Cno.

Ecnu b < 0, To HepaseHCTBO | f(x)| < b HE UMeeT pelueHunid, a HepaBeHCTBO
| f(x)| > b BepHO npw NOGOM 3HAYEHUM X, T. €. ero peleHnem ABNAETCH HKUC-
noBasa npamasa (—oo; +oo),

Ecnm b > 0, To HepaBeHCTBO |f(x)| < b paBHOCUNLHO cUCTEME

fix) < b,
ﬂx)>_b:

T. €. ABOMHOMY HepaBeHcTBy —b < f(x) < b, a HepaseHcTBO |f(x)| > b pasHo-
CWMBbHO COBOKYMHOCTM HepaBeHcTs f(x) < —b wnm f(x) > b. B10 o6GycnosneHo
Tem, 4yto npu b > 0 moaynb MeHblie b MMeloT Yuchna, npuHagnexawue WHTep-
sany (—b; b), a mopyne 6Gonblue b UMEIOT YUCna, HaxoasaWmecs BHe 3TOro npo-
MEXYTKA.

W, HakoHew, ecnn b = 0, To HepaBeHCTBO |f(x)| < b He umeeT pelueHuii,
a HepaBeHCTBO |f(x)| > b BepHo Ans nNoObIX 3HA4YEHWA X, AN KOTOPbIX

flx) # 0.

Npumep 3. Pewwnm HepaseHcTeBO |x* = 5x| > 6.

[JaHHOe HepaBeHCTBO PAaBHOCW/IBHO COBOKYMHOCTM [ABYX HEPaBEHCTB
X2 - Bx < -6 wwm x> - 5x > 6. PeweHneM NepBOro HepasBeHCTBa SBNAETCH
uHTepsan (2; 3), peweHvem BTOPOro — o6beanHeHne ABYX OTKPbITbIX YUCI0BbIX
nydein (-o0; —1) n (6; +o0), a peweHMeM UCXOAHOro HepasBeHCTBa — 0o0beau-
HEeHMe BCex TPEX npomexyTkos: (—o0; —1) U (2; 3) U (6; +o0).

3ameTuM, 4TO NPWU PELUeHMM HEepaBEeHCTB, COOEpPXalux NEepeMeHHylo nog
3HAKOM MoAynsA, uHorga O6biBaeT MonesHbiM BOCMNOJIb30BATbCA HEKOTOPLIMMU
ceoicTBamMu mooynsi. Hanpumep, ona nioboro AecTBUTENBHOTO 3HaYeHns nepe-
MEHHOI a crpaBeanuBo paeeHcTBO |a| = |—al, nockonbky paccTtosHue OT Touy-
KW C KOOPAMHATOW @ Ha KOOPAMHATHOW MPAMOW OO0 Havana KoopAvHaT PaBHO
PaCCTOSIHUMIO OT TOYKWM C KOOPAWHATOW —a A0 Hayana OTCYETa (3TN TOYKW CUM-
MEeTPWYHbI OTHOCUTENbHO Hayana KoopAuHaT U1, CNefoBaTesibHO, PaBHOyAasIeHbl
OT LeHTpa cuMmeTpum). Ma atoro ceoiicTea cneayert, uto |x — a| = [a - x].

Maea 5. HepasencTBa



YnpaxHeHus

1072.

1073.

1074.

1075.

1076.

1077.

1078.

1079.

1080.

1081.

§ 13.

Haiinure, nmpy Kakux 3HaYeHHSAX X PACCTOSHHE MeXIy ToukaMu A(x) u B(8):
a) MeHblIe 4; 0) Gonbiue 3; B) He MeHbIle 1; r) He Oombie 5.
Hcnonb3ys reoMeTpUYeCKHii CMBICH MOMYJS, PEIIHTE HEPaBEHCTBO:

a) |[x — 7| < 4; B) |1 — x| < 23; ) %+ 17| € =2

6) [x + 5] > 6; D |32 — x| & 1; & |17 — %] > —1.

Hajinute MHOXECTBO 3HAueHMH @, NPU KOTOPHIX IS JMIOOBIX 3HAYEHHWH X
BEPHO HEPABEHCTBO:

) |2 —x|>2a-1; 6) 17,2 + x| > 1,5 — 3a.

IMpn KakuX 3HAYECHUSIX a WId JIOOBIX 3HAYEHHWI X HE MMEET pelleHUs He-
PaBEHCTBO:

a)|lx+ 1 <a+ 3 6) |23 — x| < 1,5 — 5a?
Pemure HepaBeHCTBO:

a) |3x — 2| > 3.,4; B) |22 — 3x| < §;

6) 12— 1] » 17 r) 16— Tx] € 32,
Pewiure npoitHoe HepaBeHCTBO:

a)l <|3x—8|<5; B) 1l <|2x — 11| <5
0) 2 <|7— 5| <12 IS — 22 <7

[lpy KakMX 3HAYEHWSIX a BCAKOE pElIeHHE OBOWHOTO HEPaBEHCTBA
3 < |x — 2| < 4 gBnsercs pemeHMeM HepaBeHcTBa x + 2a < (?

Pemre cucremy HepaBeHCTB:

|x—3<2, Ix +4|>2,
a) B)
[3—2x|<1; 3,5—2x|<0,5;
|2x — 5| <5, Bx —1]<7,
%) {|5x+l|<21; n I7-x|<2.
Pemure HepaBeHCTBO:
a) o2 + 1] > 2 B) |x* — 2x| < 6;
6) |x* — 2x| < 3; D|xZ+x-1>1
Haiinure Bce menble penieHWs HepaBEeHCTBA:
a) |x¥* — 3| < 6; B) X’ + 4x| < 5;
6) |x* — 8| <7 ) | — x| <6.

PelleHve HEepaBeHCTB C OOHON NEepeMeHHOW M UX CUCTEM




1082.

PemnTe HepaBeHCTBO, BOCMOJB30BAaBITHCE BBEIEHHMEM HOBOIl MEPEMEHHOM:
D+ x—6<0; 6) x> — 2|x| — 8 > 0.

YnpaxHeHus Onis NOBTOPEHUs

1083.

1084.

1085.

1.

U3 nyHkTta A B nyHKT B, Haxomsmuiicsa Ha paccrosiHMu 110 KM oT IyH-
kta A, Belexan aBTroMoOmiab. Yepes 0,2 4 mocne 3TOro Beied 3a HUM BhI-
exaJl MOTOILMKJIMCT, KOTOpPbIi, [OTHAaB aBTOMOOWIIb, HEMEUIEHHO ITOBEPHYII
obparHo. [lBurasick B 00OpaTHOM HaIpaBIEHWH C TOW XK€ CKOPOCTBIO, MO-
TOLUMKIMCT BO3BPATHIICH B IIYHKT A B TOT MOMEHT, KOIZla aBTOMOOMIIb MPH-
6bl1 B nyHKT B. KakoBa CKOpPOCTh aBTOMOOMIIA, €C/IM CKOPOCTh MOTOIIHMK-
na 6buia papHa 60 km/u?

Kakas u3 nByx gpoOGeil GiuiKe pacliojloXeHa K €IWHHUIE: TpaBUIbHasdA %
WY HeIlpaBWJIbHAs %, e 0 < a < b?

IMpu KakOM 3HAUYeHWHU MapaMerpa ad ypaBHEHMeE at—(a+x+2a—-1=0
HUMEET TOJIBKO OIWH KOPEHbL?

KoHTponbHbie BOMPOCblI U 3apaHus

YTo HA3BIBAETCS pElleHHEM HepaBeHCTBa C OJHOW nepeMeHHOM? SBnser-
csl IM pelieHWeM HepaBeHcTBa 2x — 3 > 4 umcno 5; yuceno 3? Yro 3HAuMT
peluTh HEPaBEHCTBO?

Kakoe HepaBeHCTBO Ha3bIBAETCS IMHENHHBIM HEPABEHCTBOM C OTHOM Tepe-
MenHO#H? Pemurte HepaBeHcTBO: 3x>4; —2x>6; 0 - x>=2; 0 - x<-5.

Kakue HepaBeHCTBa HasblBaloTcs paBHOCHIbHBIMU? CdopMmynupyiite ycio-
BUSL Tepexofia OT NAaHHOIO HEPaBEHCTBAa C OJHOW MEPEeMEHHOH K paBHO-
CHJIbHOMY HepaBeHCTBY. [IpHBenuTe NPUMEPHl PABHOCWIBHBIX HEPABEHCTB.

Uro HA3bIBAETCS PELIEHMEM CHCTEMbl HEPABEHCTB C OMHOM NEPEMEHHON?
Yro 3HAYMAT PELINTH CHCTEMY HEPABEHCTB ¢ onHO# nmepemenHo#? Ha mpu-

—0,8x <—2.4
Ix—4<12
CTeMy JIBYX HEPaBEHCTB C OTHOW IePEeMEHHOM.

MEpPE CHCTEMEBI HEPaBEHCTB { ’ pasbsiCHUTE, KaK pellaloT CH-

Yr1o HasbIBaeTCS PEIIEHMEM COBOKYITHOCTHM HEPAaBEHCTB C OIHOH IEpEMEH-
HO#1? UTO 3HAYMT PELIMTH COBOKYMHOCTb HEPAaBEHCTB C ONHOW TIEPEMEH-

3x <8,
—0,7x > 3,5
KAaK PEelalT COBOKYITHOCTh HEPaBEHCTB C OLHOM TepeMeHHOM!.

Hoit? Ha npuMepe COBOKYIIHOCTH HEPaBEHCTB [ pas3bBACHUTE,

OGbsicHUTe, KaK peliaioTcs HepaseHctsa Buma |f(x)| < b m [f(0)| > b,
e b — TONOXHUTEIbHOE UMCIO; OTPUIIATEbHOE YUCIIO; HYIIb.

faea 5. HepaseHncTBa



- JononHutenbHble yrnpaxXHeHWs K rnase 5

K naparpadgy 12

1086. CpapHuUTe 3HAYECHUSI BBIPAXKCHHUIA:

a) ﬁ n 1+6; 0) —Jg—i—ﬁ u 1+44/30.
1087. CpaBHuTe 3HAYeHUs] BbIpAXKEHWI:

a) V5 +15 u V20; B) V2++7 u J11;

6) V5+V3 n J6+42; n V3+410 u 5.
1088. [lokaxuTte HepaBEeHCTBO:

a) 33 +2/2 <6 +6; B) V6 +2>/3+2V2;

0) 43 +1> 26 +/2; r) 4+2/10 <5 +82.

1089. CpaBuuTe 3HAYEHHS BBIPAXKEHUIA:

a) (8+42+V3 u 1+47; 6) 1/os—\/1+\ﬁ u \5-1.

1090. [Joxaxute, 4To IpU 11060M a > () sBJIsIETCS OTPHMUATENBHBIM YMCIOM 3Ha-

YCHHUE BBIPAXCHHWA.
(a—l_a+1),(a2+1_a2—l)
a+l a-1)"\2_1 &2+1/)

1091. lokaxute, yTO npH M060M @ > 1 SBJIAETCA MOJOXKUTENBHEIM YHCIOM 3HA-
YeHWe BbIPAXKEHMS:

a2+4a+4' 1 + 3
a—3 a=1 a-4)
1092. Hoxkaxwure, yro ecmu 0 < g < 1 u 0 < b < 1, 1O

atb
0<'i—+;5<1.

1093. Jokaxurte HEepaBEHCTBO:
a) 6x(x + 8) — (5x — 27)(x + 17) > 0;
6) (4x — 1)(4x + 1) — 16(x — 8) > 0;
B) X — 6x + 18 > x(x — 2)(x + 1);
r) (¢ — 4) — x}(x + 6)(x — 6) > —68.

JononHUTeNbHbLIE YNpaXHEeHWs

9 Autre6pa. 8 k1.




1094. [lokaxuTte HEpPaBEHCTBO, MCIOJIb3ysl BLIOEJICHUE KBaapara ABY4YJICHa:
a)x* —x+3>0; B) a’ —ab + b* > 0;
6) a® +ab+ b =0 r)» — 0,6y + 0,11 > 0.

1095. [okaxuTe, YTO W3 BCEX MPSIMOYTOILHHMKOB, [EPUMETP KOTOPBIX paBeH
80 cM, HaubonbIIYIO TUIOLIANL MMEET KBalpar.

1096. MoropHas jooKa IMpouLUIa B IEPBbIA JI€Hb HEKOTOPOE PacCTOAHHE IO pe-
Ke M BepHyJachk oOpatHo. Bo BTOpOIi JeHB OHa Ipolla TaKoe Xe pac-
CTOSIHME TIO JPYroii peke W BepHynach obpaTHO. CKOpPOCTh TEUEHHS MeEp-
BOW pEeKH v, KM/4, a BTOPOH — v, KM/4, IIpu4éM v, < v,. B xakoii u3
JHel JI00Ka 3aTpaTuiia Ha Bech IMyTh OOJblle BpeMeHH?

1097. [Isa mneumexoqa OTNPaBHIMCh OTHOBPEMEHHO M3 IyHKTa A B TYHKT B.
OnuH W3 HUX IEN C TOCTOSHHOI CKOPOCTbIO, IPYTOi TOMOBHUHY MYTH LIEN
co ckopocteio Ha (0,5 km/4 Gonblieii, a BTOPYIO MOINOBHMHY — CO CKOpO-
cThio Ha 0,5 KM/4 MeHbIIeil CKOpoCcTH IepBoro. KTo u3 HUX paHblIe IpH-
mén B MyHKT B?

1098. JlokaxuTe HEPaBEHCTBO:
a)a’*+ b >2a+ b — 2

6) a’b® — ab = —%;

B)a’+ b+ = 2ab + c) — dy

@+b? _a+b 1,
F)T;T_E’

n) a — 4a + 12 > 4b — b
1099, [lokaxuTe, YTO NPH IOJOXKUTETLHBIX 3HAYEHHUAX TEPEMEHHBIX BEPHO He-
PaBEHCTBO:

g gt B
a +6ab +b :
) S g i

6) ab(a + b) +ac§:;: c) + be(b + c) >6.

1100. Hokaxwure, yro nipu @ > 0 u b > 0 BepHO HEPABEHCTBO:
a) (l+ l)Jab >2;
a b
atbh ~.'G+\/5.
LB Raa 20

B) aJl;+bJZ<aJ5+le_).

' Tnasa 5. HepaeeHcTBa




1101.

1102.

1103.

1104.

1105.

1106.

,HOKEDKJ’[TB HEPaBEHCTBO!:

a)(@+ 1)@+ 1)c+ 1) = 8Jabc npua >0,b>0,c>0;
6) (a+ )b+ 1)a+ c)c+ b) = 16abcupu a >0,5b>0,c>0.

Hokaxure, utoectu a + b+ c¢c =1, a>0, b>0, ¢ >0, TO

Vaa+1+[ab+1+ fdc+1<5.

naparpadgy 13
Pemre HepaBeHCTBO:
a) —X<302- x)—-—3+Tx
X 2
6) —3(x + 8) — 2(3—1)<0,
B) —(2x + 1)+ 8(x + 1,5) < 0,5x — 2;
x X x+6 .
T} ‘(z+3)>7—1=

1) _x-:OA 03x —0,6:

_3y 3 _
&) (0,2:c4 3 (Olx 1)2(0,2x Dy

Haiinute HanGoJbllee LeT0€ YHUCIO, NPU KOTOPOM BEPHO HEPABEHCTBO:

= - ' _3-
a) 2x + 1 6(3x 5) < 0; B) 5 A 4,
1 _ X . _x= -8 2x — o
6) 5(3x 1) + 5 <x +0,1; T) S 0,5x.

Hailinure HamMeHbllee Lenoe uMcno, NMPH KOTOPOM BEPHO HEPABEHCTBO:

a) 12—%(15—%)<X; B) 20<z(6x—2)-—-;-(2+x);

0) %x—xT_‘t>0; r) 8— (x;1+3)<x

Pemure oTHOCHTENBHO X YPaBHEHHE

3x + 2a = 8(x — 35) + 5a
M HalHUTE, NPH KAKUX 3HAYCHHAX d KOPHEM ypPaBHEHMA SBJSICTCS:
a) TMOJIOXHUTEIbHOE YHCIIO;
0) oTpULATENBHOE YHUCIO.

JononHnTensHble ynpaxHeHus




1107.

1108.

1109.

1110.

1111.

1112,

1113.

1114.

1115.

Haiigute MHOXECTBO DEIICHHII HEepaBeHCTBA:

1,5x +6,25 —
a) 2.”‘—5’-€ 2x — “1518, MpHHANIEXAIIAX MpoMexyTky [—1,5; 1,5];

o) 3- 0’5’:_1 —%é 0,3x, mpunamiexanux npomexytky [—18; 0].

HaiiguTe MHOXECTBO TOJOXMTENbLHBIX PELICHUH CHCTEMbl HEPABEHCTR:

3(2x — 1) — 2(x +1) < 3x, " (6x(x —2)— (2x — H)(3x — 1) < x,
) x?—(x+6)(x—1)<8; ) (e =225 3%,

HaiimiTe MHOXECTBO OTPHMIIATEIbHBIX PELUEHWH CHCTEMBI HEPAaBEHCTB:

{x—O,Z_x+0,4_1<O, {12x2(3x+4)(4x—1)<8,
a

2 4 x—2
(x — 4)(4 + x) — 11x < X + 5x; T X <32—x).

Haiinute MHOXeCTBO 3Haue€HWIl X, NMPH KOTOPLIX:
a) 3Hauenue asydieHa (0,5x — 5 TpHHALIEXHT mpoMmexyTtky [—3; 3];
6) 3HayeHue apywieHa 2 — 0,lx HaxomuTcsa BHE NMpoMexyTka [—4; 4].

[Ipy Kakux 3HaueHWsix x 3HayeHus yHkumuu y = 0,5x — L5

a) MpHHALIEXAT MpoMexyTky [—2,5; 1,5];

©) maxomsarcs BHe mpoMexyrka [—1,5; 3,5]?

W3 gucnosoro mpomexyTtka (—1; 4) BblIeIUTE TTOIMHOXECTBO 3HAYEHMI X,

npu xortopeix asydineH 0,2 + 0,3x npuHuMaer Oonbliee 3HAYCHHE, YeM
moBywieH 1,2 — 0,1x.

W3 uncioBoro npomexyrtka [—2; 5] BhIIeNIUTE MOIMHOXECTBO 3HAYEHHH X,

0,22 +x—1
P KOTOPHIX ApoOB —=—¢—— [pUHMMAeT MeHbluee 3Ha4YeHHe, YeM
0,4x% -3
npobb T
Peuiure cucremy:
j 0<3+2x<l, 6) 0<l—x<3,
6x +11<8; 3—2x > 4x.

Pemure cucTteMy HEpPaBEHCTB:

1
0,3(x +2)—3x<0.8, (3x +1)(2x +6) — 6x> < x +4,
a) 1 —0,1)(x+1,3)—x*>2,27, 6) <5(2x—0,1)—9x <0,

laea 5. HepaeeHcTBa



1116.

1117.

1118.

1119.

1120.

1121.

1122,

1123.

Peunre gBOMHOE HEepPaBEHCTBO:
a) 3 <|x| <4 B) 1 < |1 — 2¥

< 3
0)2<|x=1] % 3; N2=[2—3kx =<

5.
Haiinute Bce liesible yMcaa, YIOBIETBOPSMOIIME IBOWHOMY HEPaBEHCTBY
1,5 < |2x — 1] < 5,2.

IMpu Kakux 3HAYEHUSX @ HE MMEET PElIeHMIl CHCTeMa HEepaBEHCTB:

5(2x —a)<4x + 5, 6) 20x—a)<x—28,
a) 3+4x>x+2a; 3(x—2a)>x—4?

Vkaxurte Kakue-aM60 3HaYeHHS @ ¥ b TIPH KOTOPBIX MHOXECTBOM pellie-
5x —b>4,
ax—2<b
a) MycToe MHOXKECTBO,

0) 4McnoBON MpoMeXyTOK [2; 4];
B) YMCJIOBOH INPOMEXYTOK [3:+00).

HUI CHCTEMBI { SIBJISAETCS:

[lpy xakoM 3HaYEHUM @ PELIEHWEM CHCTEMBI YpaBHEHMI
x+y=a-1,
Ix—y=a

SIBJISICTCA Tapa IONOXMTEIbHBIX 3HAYEHUH X U )?

ITpu Kakux 3HAYEHWSX @ pEelleHHEM CHUCTEMBl YpaBHEHMIA

x—2y=28a,
Ix+y=a+6

ABJACTCA Iapa OTPULATE/ILHBIX 3HAYEHWH x U ?

[Ipy Kakux 3HaYeHMSIX @ He MMEET PEelIeHMil CHCTEMa HepaBEeHCTB:
x 2-x 6x —2 1+2x
e N A e S .
g 5 >1 5 <2 5
1
a) 13-4 <2—1, 6) 10.26c—1)>x -1,

6(2x—1)>3x+a?

0,5(x —4) > x + a;

an KaKHMX 3HAQUEHHUAX g HUMeEeT CMBICI BBIpAaXEHHE:

a) l,20+6; 6) \f—3—2a?

a at+4

HononHutensHele ynpaxHeHus




1124.

1125.

1126.

1127.

1128.

1129.

1130.

1131.

Pemure HEPaBEHCTBO:

- . 3x+3 ’
a) (x + 3)(x —4) <0 B) 2x_4<0,
dx —4
0) (x +3)4 —x) <0 r) 3+ 15x =0
Peninre COBOKYITHOCTh HEPaBEHCTB:
x—1>§; x—121-x
Y %—I<x ®) x—-1g X+

2x—3<—x,

ABJIA-
x—2<a

inI KakKoM 3HA4YeHHH a pPeLIeHHWEM COBOKYITHOCTH [

ercd Jiloboe 4ucio?

VKaxnTe MHOXeCTBO I0ITYCTHMBIX 3HaYeHUH X B BBIPAXEHUMU:
1—|2x —3; B) 15— [3x—6|;
5) Ja4—Px—4 ) J8—7—5x]
x ’ x—=1

Ecnu M3 1MoJJOBUHBI HEKOTOPOIO HaTypajJbHOIO 4YHCjia BBIUECTbH €ro TPETh,

TO pasHOCTb OyneT MeHbIIe 6, a ecliu K % 3TOro 4YMcjia MpubaBUTh é ero

yacth, TO cymMma Oymer Gonbuie 26. Haiinure 3TO HATypalbHOE YHCIIO.

W3 nynkta A Bbimen nemexon. OQIHOBPEMEHHO BCJIEL €My M3 MyHKTa B,
ynanéHHoro or A Ha 45 KM, BbIEXaJ BEJOCHIIEAUCT, CKOPOCTE KOTOPOro B
3,5 pasa Gosblue CKOpocTH memexofa. Yepes 3 4 BEJIOCHIIENHUCT emé He
JOTHAN Meniexona, a uepes 4 4 OKasaioch, YTO OH YXKe INeperHai mneue-
xona. Kakoit Morna 6bITh CKOPOCTB Teliexosa?

Peuinte HEepaBEHCTBO:
1 1
- < 2 S
a)lx=2|<2 B) PrrR
6) 12— x| > 1 =502

=

Haiinure Bce Uenble 4YMCIA, YIOBIETBOPAIOLIME IBOHHOMY HEPaBEHCTBY
2< 2 —-x| <12

lmasa 5. HepaeeHcTBa



C'reneHb C uenbiMm
rnokasartenem

B atoit rnaBe BGyamer OaHO onpegefieHWe CTerneHu C LenbiM nokasaTenem.
370 NO3BONMUT 3aNWCbiBaTh YMCNa B CTAHAAPTHOM BUAE, YTO 4AcTO UCMONb3YeT-
ca B ¢pU3MKe, XMMUM U DPYrUX eCTECTBEHHO-HAaYYHbIX AMCUMNIMHax. Bypet no-
Ka3aHo, 4TO CBOWCTBA CTEMEHU C LenbiM nokasaTenemM COBMafaloT Co CBOWCTBA-
MW CTENEHW C HaTypaNbHbIM MOKa3aTeneMm.

§ 14. CteneHb C UenbIiM nokKasaTtenem U eé cBOWCTBa

45. OnpepeneHne CTeneHn C UENbIM OTPULATENbHbIM
nokasaresiem

Jo cux nop Mbl M3y4anu nNUlb CTEMEHU C LEeNbiM HEeOTPULATEeNbHbIM MOo-
kasatenem. B panbHeiwem Gygem paccMaTpuvBatb M CTEMNEHW, B KOTOPbLIX MO-
Kasareflb MOXeT ObiTb LebiM OTPULIATENbHBIM YACIOM, T. €. PaCLUMPUM MOHATHE
CTeneHn, paccMaTpuBas CTeneHn ¢ obbiM LenbiM nokasaresnem.

BaM 13BECTHO, KaKOl CMbICN UMEET BbipaxeHue a”, Koraa n — HaTypanbHoe
YMCNO WNN HYNb:
ecnm n — HatypanbHoe yucno, Gonbwee 1, 1 a — moboe yucno, To

a’ = aa...a,
n pas
1 n a — nio6oe uuncno, 10
d=a 1o 8 =a
Owna=#=0,rT0
@=1, 8 & =1,
Bam u3BeCTHbl Takxe CBOWCTBA CTENEHW C LenbiM HeoTpuuaTeNnbHbIM Mo-

ecnu n

ecnnm n

I

Kasarenem:
a'a’=a" """, (1)
a’:ad"=ad" " ", tpeaz0um=n, (2)
(aM)n = amn' (3)
(ab)" = a"b". (4)

Ha atu ceBoWcTBa ANA HYNEBOro MNoKasaTens HaknaabBaeTCsl orpaHuyYeHue
Ha OCHOBaHMe cTeneHn a, T. e. a # 0.

§ 14. CteneHb C uUenbiM Nokasatenem u eé CROWCTBA




Kpome TOro, npu nsy4eHun apobein 6bino nOKa3aHO CBOWMCTBO:

a\"_d"
(5 =3 ®)
roe a u b — nobble yucna, npuyém b = 0, n € N.

Beeném Tenepb MOHATUE CTENEeHW C LENbIM OTpUUATEeNbHbIM MOKasaTenem.
MNpn 3TOM HOBOE onpegeneHve OOMKHO ObiTb TakuMm, 4TOObLI CBOWCTBA CTENeHu
C HaTypanbHbIM W HYNEBbIM MOKa3aTeNEM COXPaHWAW CUIY W AJiA CTeneHein C
LUenLiM OTPULATESbHBIM MoKa3aTeNnem.

PaccMoTpum BbipaxeHue 2° : 27,

K 3TOMy 4aCTHOMY Mbl HE MOXEM MPUMEHWUTb NPaBUNO AENieHusi CTeneHen
C OOMHAKOBbIMA OCHOBAaHWAMMW, TaKk Kak 3T0 MPaBUNO COMAacHO CBOWCTBY
a’” . a’ = a" " vmeer mecTo, Korga m 2 H.

Ecnu 31O NpaBuno pacnpocTpaHuTb Ha Cny4aii, korga m < nu, T0, NPUMEHVB
ero k yactHomy 2° : 27, nony4um eoipaxenue 2° : 27 = 2277 = 274 He umelowee
CMbICNa, Tak KaKk CTeneHb onpeaeneHa Noka TONbKO ANA HaTypanbHOro W Hyne-
BOro nokasartens.

OpHako, ecnu vactHoe 2° : 27 npeobpazoBatb OObIYHLIM M3BECTHBEIM Ham
cnocobom:

g7 53788 1 1

3 . T - — S
R A R e T

TO nony4um Apobb, MMEIOLWYIO ONpPenenéHHbIA CMbIC.
= 1
ConocTaenss paeeHctea 2° : 27 =24 2°: 27 = o+ MPUXOAMM K BLIBOAY,
yTO BbipaxeHue 2% uenecoobpa3HO CYATATL YMCNOM, 06PaTHLIM CTENEHW TOro

1
X€e OCHOBaHWA C NPOTMBOMOJIOXKHBIM NMokKasaTtenem, T. €. Apobsio ?-

Takoe onpeneneHne 1 NpUHMMaeTcAa Aa CTenedei ¢ UeNbiMW_ oTpulaTenb-
HbIMW _NoKasaTensaMu u niodbiMKM OCHOBaAHWUAMMWU, OTNIUYHBIMK OT HYNS.

Onpepenenve. Ecnu n — uenoe orpuuatensHoe umcno M a = 0,
TO

Mo onpeneneHnio UMeem:

102=-L =1 -0,01; i S N P
102 100 =l 2* 16
N 1 1 s o\ 1.7
I e e o R o

(‘5) 27 7

3ameTum, 4To BeipaxeHue 07, rae n — Uenoe oTpuuaTenbLHoe 4YWCno, He
UMEEeT CMbICna.

264 Maea 6. CreneHb C LenbiM NoKasarenem



YnpaxHeHus

1132.

1133.

1134.

1135.

1136.

1137.

1138.

1139.

[IpencraBeTe cTeneHbL B BHAE APOGH:

a) 37 B) 77'; n) 277%

6) 573 )9 e) 817

3aMeHHuTe OpOoOb CTENEHBIO C LIEJbIM OTPMLATENbHBIM I1OKA3ATEIEM:
1 1 1

a) =, B) —; et

) P ) 10° ) 125
1 1 1

0) — r) —=; e) —-.

) P ) 9 ) 36*

IIpencraBeTe CTENeHb B BHIE ApOOM:

a) 1373 6) 153 B) 257> r) 37,

IIpenctaBbTe IpoOb B BUIE CTEMEHHM C LEIBIM TOKA3aTENeM:
I I, I .

a) 92’ B) >-8° ) Pl
1. I . 1

6) Fs F) 3_ﬂ’ e) 43.

[lpencraBbTe MOCAEAOBATENBHOCTE YHCEIL:

iy Ls Ls Lo
16> 8 47 2’
BaHWEM 2;

6) 1000; 100; 10; 1; 0,1; 0,01; 0,001; 0,0001 B BHIE IOC/IEIOBATEIBHOCTH
creneHeil ¢ ocHoBaHueM 10,

I; 2; 4; 8; 16 B BUIE MOC/IEI0BATEIBHOCTH CTEMEHel ¢ OCHO-

3ameﬂure YHCIa, BXOIALIME B IMOCI€O0BaATEIbHOCTH
—4 -3 -2 -1 0 -1 -2 2 -3 3 —4
% %, 8% §F Y2, 54274 ¥.F0. B3
NECATAYHBIMMK JIpOOAMHU.

Haiinure 3HaueHue BhIpaXKeHUS:
-4
D75 BES m(Y wEn™ w15
-3
6) 87; r) (-2 % e) (%) : 8} =% ) 257
Boruucnure:
2) ~3% B —(=5% Wi+ m3ts sy
6) =2 ) (<2)3 e) 272 — 372 3) 52 — 472

T A

§ 14. CTeneHb C UenbiM nokasatenem u eé CBOWCTBA [ i RS =



1140. Haiingure 3HaYeHWE BHIDAKEHHS:
a) 7-5%+ 12-107%
6)5:3° - 6-97%

B)7-62%— 4. (%)7';

N2 . 1B
T (7) +(14) :
1141. JloxaxwuTe, 4TO IIPH JIOOOM LIEIOM A
a)ectm a > 0, To " > 0

6) ecnu a < 0, To @" > 0 npu y€tHoMm # U a@" < () MpU HEUYETHOM H;
B) ecii a # 0, To a1 @" — B3aMMHO OOpaTHBIE BBEIPAXKEHMSI.

1142. BepHo 1M HepaBeHCTBO @ > a ", eciM:
a)a>1lunehN,

’

6)0<a<luneN?

1143. IlpencraBsre BBIpaKeHWEe B BUIE ApOOM, HE colepxKallell CTEelleHH C OT-
pULIATENBHBIM TIOKA3aTeseM:

i
a) 2ab™ B) ab’'c7!; ) ab + ¢)'; x) “ ;2, ;

—2 2 -1

6) 3x7y% ey B oy Exal - R e
y (x+»)

1144. Wcnionb3ys OTpULIATENBHBINA MOKA3aTelb, NMpeNcTaBsTe ApoOb B BHUAE TPO-

H3BCOCHUSA:
2 2 3
X, S5a. (a+2). Sa :
a) =; B) —; : x) ——;
) y? ) b 2l b-2) ) (a—13(@a+1)
2 2
1 6x 7b
6) L. r) —s; g) ——s 3) ———.
) W ) ©y Y=y ) (B+2(b—2)

1145. Ilpencrasbre B BUOE ApoOuU:

aya'+ b N ed — ¢ d
6).x* = 3% n) xy? + x7y;
B) ab™' + a’'b; e) a’b™ — a v’

m fhe Maea 6. CteneHs ¢ uUensiM nNokKazarenem



YnpaxHeHus Ansi NOBTOPEHUs

1146. Haiinure 3HaYeHHWE BBIPAXKEHUS:

a +b2+a2_ a |\._ b
a+b p_g2 b—a) a+5

npu a = 0,18, b = 0,37.

X wu

1147. TlocTpoiiTe B OOHOI cucTeMe KOOpIMHAT rpauku (GyHKUMH y
y = 1. Haiimure KOOpAMHATHI TOYEK TepeceyeHMs 3TUX TrpadukoB.

1148. OgHa cTopoHa MpsSIMOYTOJBHMKA Ha 6 cM Gonbllle APYroil ero CTOPOHBL.
Eciu 60/bluyl0 CTOPOHY YMEHBIIMTh B 2 pa3a, a MEHbLIYIO YBEJIMYUTb Ha
2 cM, TO NepHUMeTp NPsSMOYrolbHHUKA yMeHbIuuTcs Ha 6 cMm. Haiinure cro-
POHBI JAHHOTO TNPSIMOYTOJIbHMKA.

46. CBoWcTBa CTEMNEHU C LefnbiM nokasatenem

Coopmynmpyem 1 gokaxem CBOWCTBA CTENEHW C LEnbiM nokasaTesieMm.

Ana no6oro a # 0 M Uenbix m W n BbINONHAIOTCA TOXAECTBa:
oat = g™, (1)
a":a"=a"" ", (2)
(a™y" = a™. (3)
Ons moGbix @ = 0 u b = 0 n Mo6Goro LUenoro n BLINONHAIOTCH TOXAECTBA:
(ab)" = a"b", (4)
o =5 ®

Wx pokaszatenbCTBO ONMPAETCs Ha OnpedesieHne CTEMNeHW C LUenkiM oTpuua-
TeNbHbLIM MokasaTesieM, Ha CBOWCTBaA CTENEeHW C HaTypaibHbIM M HyNeBbiM Mo-
Kasarenem, Ha npasuna yMHOXeHWss U aeneHus apobeit U1 OCHOBHOE CBOWMCTBO
npobn.

Y106l nokasaTh, Hanpumep, CBOMCTBO (1), HYXXHO paccMOTpPeTb TPW Chay4as:

1Y)m=20wun > 0; 2)m=0wun<0; 3y m<0wun<D0.
Joka3atensCTBO, COOTBETCTBYIOLLEE NEPBOMY Cny4aio, Obio OaHO B Kypce
anrebpbl 7 knacca.

MNposeném OokasaTensCTBO Ais BTOPOro M TPETLEro Cly-4aes.
CHavana cnocob pokasaTtensCTBa NPoOUINIOCTPUPYEM Ha YacTHOM Npumepe.
Nyctb a # 0, m = 4, n = —6. Mmeem:

4 -6 4 1 _a 1 1 —(6-4)

datz=qd' =L =" =—_=qg T )

§ 14. CteneHb C UENbIM rnokasatenem W e€ ceBONCTEa




MNyctb @ # 0, m = -3, n = -5.

Torpa
a a ada a
3ametum, ytoecnu m =0, n=-5 10 a’a®=1-a°=a%=a""

M

a

Tenepb NpoBenEmM Ooka3aTensCcTBO CBoKWcTea (1) B obwem Buge.
Myctb a # 0, m 2 0, n < 0. MNycTb Takxke n = —k, roe k € N.
Ecnu m > |n|, TO nmeem:

1 m

= a - i
a'a"=d"at=a" =5 ==a":d"=a"F=a""P=g""".

a Gk

Ecnm m < |n|, TO umeem:

m

- 1
aman = ama K= a -
a a
1 m—k m+ (k) _

=_=a—(k—m)=a =d
K—m

Myctba =0, m <0, n <O0.
YuutbiBas, 4TO B aToM chayyae —-m > 0 u —n > 0, noay4um:

m.on o _ 1 . 1 _ 1 _ 1 g™t
aa = a™m g amgn -a—(m+n)_

Takum 06pa3oM, CBOWCTBO a” - a" = a™'" pokasaHo ans nobbix Uenbix no-
Kasarenem m v n.

MpoBepéM O0Ka3aTeNbLCTBO CBOWCTBA (2).
MNycte @ # 0, m n n — nobble uensie yucna. O6o3Hauum a”: a” = a*. To-
roa no onpegeneHunio YacTHOro

a*-a = a".

CornacHo ToxgectBy (1) nmeem:

x+tn — m

a a .

Otciopa npu a = 1 cneoyet, 4T0 x + v = m, X = m — 1. 3Ha4uT,

Ecnm a

a:a =a"
1, TO nNpu nobbiX 3HAYEHUAX Mnokasartenen creneHeil CBOWCTBO

. a" = a" " BepHo.

Hokaxem CBOWCTBO (4).
Myctb @ = 0, b # 0 1 n — uUenoe OTPULATENIbHOE YUCNO. 3HaYUT, —n —
Luenoe nonoXxutenoHoe 4yucno. meem:

(abyrs—1 =L .. L,

1
(@by™ " o B"

=a"b".

AHANOrM4YHO MOXHO AoKasaTtb csoicTBa (3) m (5).

faea 6. CrteneHs C UensiM NokKa3aTenem



Takmm obpaszom, OENCTBUSA Han CTeneHaMu C UenbiMWu NnokasaTensMu Bbl-
MONHSIIOTCA MO TEM Xe npasunam, 4To M OENCTBUA Han CTeneHAMU C HaTypanb-
HbIMK nokasaTtenamu. MNpu 3TOM Npyu AeneHur cTeneHei CHUMaeTcsa orpaHu4e-
HWe, COMMacHO KOTOPOMY MoKasaTenb CTeNeHW AeNMMoro AosxkeH OblTb He MEeHb-
e nokasarena cTeneHu aenutens (T. e. Tenepb NokasaTenu CTeneHen nenu-
MOro u genutena moryt ObiTe N0ObIMK LENbIMA YMcnamm).

Mpumep 1. MNpeactasum B BuaE CTENEHW BbipaxeHwe x °x'°,
MpumennB ceoicTeo (1), nonyyum:

00 = 0T 2 0,

~3
Mpumep 2. Haoém 3HavyeHwe BbipaxeHus (5 b 6:(%)
MpumeHns CBOMCTBO (3) 1 onpeneneHwe CTeneHu C oTpuuaTteNbHbIM Mnoka-
3arenem, nony4yvm:

(57y°: (%)3 =5%:(5")°=5%:5°=5°=125.
-43 1518
Mpumep 3. [loKaxeM, 4TO 3HayeHue BuipaxeHua (—8a™%) :(—Ea“)

npu NoboM a, OTNIMYHOM OT HYNS, SIBASETCS OTPUUATESNIbHBbIM YMUCNOM.
[pyMeHsasa CBOWCTBA CTEMNEHU, MNONMyYUM:

[=Ba™: (—%aa)_s =(-2%a7*:(-27%°% ° =

= 99,712 . (212a—1a) = —03,8 = —%ae.
CreneHb a°® npu nobom a # 0 — nonoxutensHoe yucno. CneposaTtensHo,
4820
8 ;

YnpaxHeHus
1149. TlpencraBsTe B BUIOE CTENEHH:

a) a’a’; ) & 1 =) @)%

6) b''b 7 mn Yy 3) ()%

B) c’c’; OF Sl ¥ & u) (¢
1150. Haiigute 3HaueHWe BLIPAXKEHHS:

a) 27 - 2% vy 5% ¢ &% x) (3774

6) 3% 3% o 67%: 674 3) (557"

B) 72-7% e) 10° : 107"; n) (107373,

§ 14. CteneHb C LENbIM nokasaTeneM U eé CBOWCTBa ety



1151. Berumcnure:

Y
6) (4-27)°" n (-4 o (73"

1152. Jloxkaxure Toxmectso, rme a # 0 u b # 0:
o) =2 o) = mencz

1153. Cpasuure @ u a ', eciu:
a) a > 1; B) —1 < a < 0;

6) 0 <ac<l; r)a <=l

1154. IlpencraBeTe BBIpaXEHWE B BHAE CTENEHW C OCHOBaHHEM 2:

a) 16-47"; B) 872-4% (32T
1 .42 2y-3.
6 gt r (16)7%
1155. [lpencraBrTe BHIpaXXeHWE B BUIE CTEIIEHHM C OCHOBAHHMEM 3:
8) 9-3Y% B) (3% (97}
6) (817)7'- 277 r) (@74 81

1156. Tpencrasbre uncio 3*° B BuIe cTemeHW ¢ OCHOBAHHEM:

a) 9; B) 81; 2 L

5:
6) 27; r i & o,
3 27
1157. Haiigute 3HaueHWe m, 3Hasi, YTO BEPHO PaBEHCTBO:
a) sm-5m* 1 = 125; ) 5. e+l = gl
6) - 571 = 50 x) 575+ L= a5t
B} 5™ 50Tl = gt ¢) 1257-57* 3 .= 1058

1158. Haiinure 3HAYeHHE BHIPAXKEHUS:
a) 9727 B) (27*- 4% m (12*-157Y%
6) 8°- 647 N (257257, e) (357%-49%)7",
1159. TlpencraBsre B BHAE NEeCATHUYHON IpPOOH:
a) 1072 B) 24-107%;
6) 107% r) 3,5-1075

@90 [naea 6. CteneHs C UenbiM Nokasarenem



1160. YnpocTuaTe BhIpaXKEHHE:

-213 o 3p—2. 1 gon—spin+1 8 a"top'
a) 2,5a ‘b’ -8a’bh r) 74 b 217 b
34 1 3 2~ ny 2n+3 2n+2 4- Zn
6) 2,4p q - 6pq ) 9 -0,32x
3 —9 . Sn+2 8—n 7 74n n—8
B) Zmn -13mn, e) 4,86c""d 1243 d" ",
1161. IlpencrasbTe B BUIEC INMPOU3BEACHMUS:
a) &Y ) ) 3660 x) "0
6) ¥y 7% m (—0,5¢7°h7 3) (v a )™,
—4
B OIS o (2eW?) n) (¢ d"),
1162. IlpencraBere TPOU3BENCHWE B BHUIE CTENEHM:
a) 64a 3 r) 10073x"%y 24,
6) 0,00015%; m 15d
1 1421, “9nyp 12n
B) i dE e) 12,167a "b™".

1163. IlpencraBere B BUOe Opobu, He colepXKalllei CTENeHH C OTPULATEIbHBIM

IIoKa3aTejieM:
a) (@ b)) (a'b7)} B) (0,01xy )2 (5x7%) 7
6) (@’ (a™b’)’; ) @xTY ) (SaxhyhH)

YnpaxHeHus ANA NMOBTOpPeHuUs

1164. YnpoctuTte BRIpaXkeHHUE

1 ).(3g_92
(3a+1 1—3aJ'[3a 30_1].

1165. Ipunamiexur mu rpaduky dyakumuu y = (x + 5) — (x — 5)? Touka:
a) A(0,005; 1): 6) B(—Z; ) B) C[—%; - )?

1166. Pemure ypaBHEeHHE:
a) ox '+ 9x ' =5

0) ——-——2(x—1)_

§ 14. CreneHb C uUenbiM nokasaTenemM M eé€ CBOWCTBA




|z] KoHTponbHble BOMpOCbI U 3agaHus

1 JlaiiTe ompene/neHHe CTENeHH C LEIsIM MokasateneM. IlpencraBbre BbIpa-
xeHue 77" B BUIE CTENEHU C IOJOXHTEILHBIM MOKA3aTeleM.

2. Cdopmynupyiite cBoiicTBa MPOM3BENEHUs CTEIEHEN, YaCTHOrO CTENeHel U
crenieHu creneHu. [lpoBeawWTe NOKAa3aTeNnbCTBO CBoiicTBa @™  a”"=a™ ' "
g coydass m = —5, n = 7.

3. ChopmynupyiiTe CcBOWCTBA CTENEHH IPOM3BENeHWA M CTEIECHW Ipodu.
HIJOBC,[LPITB 10Ka3aTeIbCTBO OMHOIO H3 3THX CBOWCTB IJIS ciy4dasa n = —6.

§ 15. BbipaxeHus, cogepixawue CTeneHu
C UefibIMU rnoKasaTensaMmm

47. lNpeobpa3zoBaHne BbIPaXEHUA, COAEPXaLLUUX
CTeneHn C uenbiMy nokasarensamum

B cBA3W C BBEAEHWMEM CTEMNEeHeln C uenbiMu OoTpUuaTe/bHbIMKU NokKasarenaMmm
pPaclUMpUM MOHATUE PaLMOHANILHONO BbipaXeHWs. PauvoHanbHbIM BblpaskeHUem
Oynem Tenepb Ha3biBaTb BCAKOE BbipaXeHWe, KOTOPOE COCTABMEHO M3 YWCEN M
NepemMeHHbIX C MOMOLULID OACTBUA CIOXEHMS, BbIMUTAHWUA, YMHOXEHWs, oene-
HUA W BO3BEOEHUSA B LIENYI0 CTENEHb.

Takve BblpaxeHws, kak x ', (@ + b)%, OTHOCATCA K Knaccy APOGHLIX paumno-
. 2
(@ + by

PaccMoTpum npumepsl Npeobpaz0BaHniA pauyoHasbHbIX BblPpaXXeHWA, KOTO-
pble cogepxart CTEeNneHu C LenbiMK NnokKasaTensaMu.

y ¥ 1 —
HasbHbIX BbIPAXEHWUIA, Tak KaK x ' = - (a+b) 2=

Mpumep 1. YNpoCcTUM BhIpaXeHMe:

-1, -1\ -2
a +b ) 6 a“+a
a) (————~a+b ; ) —
Nmeem
-1
-1, -1
a) a'+b — fi+b71:a+b:a+b:ab.
a+b al+p' 1,1 bta
a b ab

6) BoiHecem 3a CkOBKM MHOXWUTENb @ ° B YucauTene apoou.

Nmeem:
a?+a = a_s(a +ah)

-5 = =a+a’.
a a
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Mpumep 2. lNpencraBuM BbipaXkeHWe
(@b + ab)a '+ b")"
B BUOE pauuoHanbHoi apobu.

Nmeem:
-1 3,43 -1
2l R g ‘1“=(i _13_)_(1+1) _4a +b (M) _
(ab a“b)a 57) b2+a2 a b a?h? ab
__(a+b)(a"2—abﬂ';vz)-ab_4:1v2—11b+b2
= = = =5 &
a*ba+b)

Mpumep 3. Ynpoctym BbipaxeHwe
(F + -+ PRI T A T

BbliHeceM 3a ckoBku x°y? B MHOrouneHe x° + xy + »* 1 NpoaomkumM npeot-
pa3oBaHue:

OF + xpy + Y)Z + X7y + YRy =
= x2y2(y*2 o x*ly*1 g x‘2)(x'2 4 x‘Iy‘1 4 y'2)-1 —
= x2y2(y—2 KR x‘1y“1 + x—2)0 - x2y2'

Mpumep 4. Haigém 3HavyeHMe BobIpaXXeHUs

(2a-b+1)2+2(4a® - (b- 1"+ (2a+b-1)2
(2a-b+1P2+2(4a” - (b-1)) +(2a+b-1)

=1 i
npn a=- u b= 5t

CHauana ynpocTuM BblpaxeHue. [lna aToro BBeAEM NOACTaHOBKY: 2a - b+ 1=x,
2a+ b-1=y. Torpa paHHoe BbipaxeHwe NpuMeT BUA:

x 2420 4y
P 2xy + y2
BeinonHum npeobpa3oBaHust 3TOr0 BbIPaXEHUS:

x 2420y 4 72 _ o+ yP _ (x-1+ y-1J2 :[x*1-y_1(y+ "‘)T )

x2+2,xy+y2 (Jc+y)2 xX+y x+y

-2 - 1
= x%2= 1

P o
Mpounsseném 06paTHYD 3aMeHy W BbIMOMHUM BbIHUCEHUS:
1 1 1 1

waz:uza-(b—1m2a+<b—1m2:<4a2-(b—1>2)2_( 1 [1 1]2)2=

1 1

=Y

§ 15. BoipaxeHun, cogepxaline CTeneHn ¢ LenbiMK nokazaTenamm




YnpaxHeHus

1167.

1168.

1169.

1170.

1171.

1172.

1173.

1174.

IpencraBere BhIpaxeHWe B BHAE PAllMOHAIBLHON APOGH:

a) ab™ + a'b; r) ba? — b,
6) (ab)' + (ab)’; n) (@' + b 'Ya + b)Y
B) a (a’® + b e) (@' + b)a — b7).
Jlokaxure TOXIECTBO:

-1, poh2 _ (a+b), ol o g by .
a) (al+bl)2= (la-lz-bz : B) (al+bl)3=(aa‘;'b3),

— B2 g

6) (@' —bP =S g @ - =l

Apnsiercss MM TOXIECTBOM PaBEHCTBO:
8)(@+ B =g+ 20"+ 5%
6)a’—b’=(a'+b'Ya' - b)Y

[IpencraBbre B BUIE pallMOHAIBHON Ipo6M:

)@+ - @ -pY; m@ b)Y - @ - e
6) (a-l 5 b—l)l e (a—l _ b*l)2; 1_) (aﬁl + b—1)3 i (a—l ey b—l)S‘
VIIpocTUTE BhIpaXKeHHE:

x+1 . y_'—l. a* + b
a ] B 3 1. 1.7

) x4 ) y—1 ) ab ' +a b

6) X—x+1 . # y it y_2 ’ g at+ bt +2a %2

X Py by Y4y’ a*+ b*+24°°

aIB2 — a2y
JloKaxuTe, 4TO 3HAYCHHUE BHIPAXKEHMS ~—3— 5 fBIAETCA HeoTpHIia-
a3

TENBHBIM YHMCJIOM TNPH BCEX JOIYCTUMbIX 3HAYEHHSIX d W b.
Jokaxure, yTo ecnti @ + a ' = b, 10 a’ + a® = p* —3b.

YrpocTtuTe BBIpaXeHHE:

@—by2+2a> -6y "' +(a+b)2, 1+(@+b)" (a+b+1)2,
a) ) 7 12 7 B) = =1
(a+ by + 2a® — b)) + (a— b) l1—(a+b)"' (@a+b-1)

) x+Px—» " +x—px+ -2, ) (a—b)(1—(a+b)" .
x+Px—» ' —x— W+ y)! (1=2a)a® -5 +1’
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(@a+b—-1) 2+(a b+1)‘ 1 .
n = _2+——-_ = |
(a+b)a*—(b—1)H2 (b-1)

Dr+1)y2— 2n(n D) '+ - 1)‘2

(n—
. Sn(n -1)

1175. [doxaxuTe, 4TO NMPH BCEX NOMYCTHMBIX 3HAYEHWAX TMEPEMEHHbIX 3HAYEHHE
BBIpaKEHUSI HE 3aBUCHUT OT 3HA4YEHUN ¢ U X:

c=x=(—x2 . 2 A +ex+ ) = (2 —ex+x)7!
9) (e— Jc)2 -1 =2 6) (c— x)z(c4 + 2P+ ;vc"')_I

YnpaxHeHuss AnNA NOBTOpPeHUs

1176. Joxkaxwure, 4TO NPH JIOOOM LieJIOM 3HAYEHHHM 7 BEPHO PaBEHCTBO:
gy 2 PP il o e

1177. Toctpoiite Tpaduk GYHKUMM y = X° M MEPEYHCIMTE CBOWCTBA 3TOM
yHKUIMH.

1178. HMsBectHO, 4TO TouYKa B(6; 2) nmpuHALIEKUT rpaduky GyHKuuu y = kx + L.
Haiigure k.

1179. U3 dopmynsl L % el BEIPA3MTE:
a c
a) a 4yepe3 b u c; 6) b uepes a u c.

48. CraHpapTHbIA BUA yucna

B ¢u3mke, acCTPOHOMUM, TEXHWKE 4ACTO MPUXOOUTCH UMETb OeN0 C Benu4u-
HaMu, 3HA4YeHUs KOTOPbLIX BbIPAXATCA O4eHb OONbLWMMKW MAWM O4EeHb ManbiMu
4yMcnamu.

Hanpumep, macca 3emnu paeHa 5 970 000 000 000 000 000 000 T, a macca
opHOro atoma xenesa pasHa 0,0000000000000000000000927 r. Takue uucna
He TONbKO TPYAHO YMTaTb, HO O HMX Oaxe TPYAHO MONy4YuTb SICHOE NpencTas-
NEHUe, C HUMK HeynoGHO BLINONHATL BblMUcNeHusA. Moatomy oyveHb Gonblune u
O4YeHb Manble YMcna NpPUHATO 3anucbiBate B Buage u a- 107, roe a — 4ucno,
3aknioyéHHoe mexay 1 v 10, a n — uenoe uucno. Takyld 3anncb HasbiBaIOT
CTaHOapTHLIM BUAOM 4ucna.

Onpepenenuve. CTaHpapTHBIM BUAOM 4YMCNa X Ha3bIBAlOT 3anNMcCbh 3TOrO
yucna B Bupge a-10", rge 1 < a < 10 u n € Z. Yucno a Ha3bIBAIOT
3HaYawenl 4acTbi0 YMCNna X, a LUenoe YMCNo n Ha3biBAIOT MNOPAAKOM
aToro yucna.

§ 15. BuipaxeHus, coaepXalume cTeneHn ¢ UenbiMy nokasarensMmm




Macca 3emnu B cTaHgapTHOM Bupae 3anuvwetcs Tak: 5,98 - 10" 1, a macca
OAHOro atoma xenesa — B suae 9,27 - 1072 r,

Mopanok 4ncna no3BONSET OUEHWTb, HACKONLKO BEMWKO WKW Mano YUCno.
OH paéTt BO3MOXHOCTL CpaBHWMBaTb GONbLUME UMW Manble Yucna.

Hanpwmep, uasecTHo, 4to macca lOnutepa pasHa 1,90 - 10 1. CpaBHuBas
eé ¢ maccoin 3emnn, Mbl MOXEM CKasdaTb, YTO OHa Ha 3 nopagka Gonblue

maccel 3emnu. ATO 03HayaeT, 4To macca tOnutepa npubnuautensHo B 10°, T. e.
g 1000 pas, 6onble mMacchbl 3emnu.
HeTpyaoHO NOHATb, KakoW M3 3aTUX «WymMoB» Bonee BpeneH O4NA YenoBeka.

B akycTvke cuny 3Byka uaMepsioT B eamHuuax Bt/cm?. CpaBHUM LLIOPOX NMCTLEB
B Nnecy B Tuxylo norogy (oH oueHusaetcs kak 1-107'° Bt/cM?) v wym Ha OXuB-
néuHon ropopckoit ynuue (1-107° Br/cm?). M3 aToro cpaBHeHWUs BUOHO, YTO
WYM Ha ropoackoi ynuue Ha 5 nopsakos, T. e. B 100 000 pas, rpomye Lopoxa
nucteeB B necy. Kakoih u3 atux «wymoB» GnaronpusTHEE AnS 4enoBeka, He-
TPYAHO caenatb BbIBOA. 3aMeTuM, 4To cuna 3syka, pasHas 1-107° BT/cM?, Bbi-
3blBaeT y Yenoseka GoNeBOe OLLyLLEHUE.
PaccmoTpum npumepsl 3anucy Yyucna B CTaHOAPTHOM BUOE.

Mpumep 1. lMNpeacrasum B cTaHgapTHOM Buae yucno x = 63 800 000.

Yucno x gonxHo umeTk Bug 6,38 - 10”7, MocTaBue B 4Mcne x 3anaTyl nocne
nepeoit undpel 6 (6,3800000), Mbl TEM CaMbiM OTAENWUAW 3aNATOR 7 UMpP cnpa-

Ba, T. €. yMeHblMnK Ynucno x B 107 pa3. Moatomy x Gonblie 6,38 B 107 paa.

3HauurT,
x = 6,38-10".

Npumep 2. 3anuwem B ctaHgapTHoM Bupge 4mcno x = 0,0000327.
Yucno x pomkHo umets Bug 3,27 - 107, T. e. B 3Ha4aller 4acTu Y1cna SOJXK-
Ha 6biITb ogHa undpa, oTnMYHas OT Hyns. lepecTtaBuMB 3anATYD HA 5 3HaKOB
BNpaBo, Mbl yBenu4Mnu yncno B 10° pas. Moatomy 4Mcno x meHslwe uucna 3,27
B8 10° pa3. 3Hauur,
x'=.8,27 + 109 =.8,27+10™"

Npumep 3. Mpeactasum npouasenerue (9,5-10%)-(1,38-107%) B craH-

OapTHOM BuAe 4ucna.

Nmeem:
(9,5-10%-(1,38-102) = (9,5-1,38) - (10%- 107?) =

= 13,11+10° = 1,311-10".

Npuwmep 4. Paspenum 1,767 - 10° Ha 4,63 - 107°.

Nmeem:
(1,767 - 10°%) : (4,63-107°) =

.10° 5
= LTO7T A0 L7687 10 . 0,3816...- 10° = 3,82 107.
46310 463 10
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YnpaxHeHus

1180.

1181.

1182.

1183.

1184.

1185.

1186.

1187.

§ 15. BbipaxeHus, coaepxalme cTeneHn ¢ LenbiMy nokasaTensmm

YkaxuTe 3HAYAIIYI0 YacTh M ITOPSAJIOK YMCIId, 3allMCaHHOTO B CTaHAAPTHOM
BUIIE:

a) 3,7 10% r) 5,46-107%
6) 6,42 - 10 n) 8,37-10;
B) 9,1-1077; e) 1,23-107.

3anuIunUTe B CTAHIAPTHOM BMIE YHCIO M YKaXXMTe 3HAYallylo 4acTb M I10-
PSIIOK 4MCIIa:

a) 76 000 000; r) 0,00384,;
©) 138 000 000 000; 1) 0,0000000027;
B) 20 300, e) 0,0307.

Ha3zoBuTe TOpPSOOK 4YMCIA X, €CIIH:
a) 100 < x < 1000; B) 0,01 < x < 0,1;
6) 10000 < x < 100 000; r) 0,0001 < x < 0,001

Yucna X M ¥y MOXHO 3anMcaTh B CTAHIAPTHOM BHMIe Kak X = a- 10" u

= p-10" " Bo ckonbKO pa3 4yMCIO X OOJbIEe WIH MEHbIIE YHCIA 5
P
CCIIH:

a) n = 2; B) h = —2;

6) n = 5; r) n = —6?

Bripasure:

a) 4,2+ 10> T B rpamMmax; r) 1,28 107 kr B ToHHax;
6) 6,3 10° kr B rpammax; n) 2-10° r B TOHHaX;

B) 3,6 1072 r B KWJIOTrpaMMax; e) 4,2- 107" T B LeHTHepax.

BripazuTe Bpemsi B CEKYHIAX W 3alHULUUTE [OJIyYEHHOE YWCIO B CTaHAApT-
HOM BHMIE:

a) 1 yac; B) 30 cyTokK;

6) 1 cyTku; r) 1 romd.

BrinomHuTe YMHOXCEHHE!

a) (6,25 10°)(2,6 - 10%; B) (7,2-107%)(1,4 - 107%);
6) (1,44-10°)(2,5-107%); r) (8,3-1077)(2,4 - 10%).

BeinmonHuTe OeneHue:
a) (6,24 - 102) T 3518 10%);
6) (1,92-107%) : (2,6 -107%).




1188. Macca 3emmu 5,98 - 10" 1, a Macca Bo3myxa, OKpyXaiomero 3emio, pasHa
5-10° 1. Ha ckombko NOpAAKOB Macca 3emuu Gonblle Macchl OKpyXa-
Io1ero eé Bosmyxa?

1189. Paccrosuue or Connua no 3emmu 1,49 - 10* km. CxopocTs cBeTa paBHa
3+ 10° km/c. 3a kakoe Bpemsi cBeT HoxomuT oT CONHUA A0 3emiu?

YnpaxHeHusi Ana noBTOPEeHUst .

1190. IlpencraBeTe B BHIE PAaLMOHANLHON OPOGH BBIPAXEHHE:
a) (@' — b)) : (ab' — a'b);

= —2y2

0

1191. Tocrpoiite rpadpuk dbyHkmuu y = x°. Haiigure:
a) 3HaYeHWe (PYHKIMM, COOTBETCTBYIOLIEE 3HAUYCHMIO apryMEHTa X, PaBHO-

MY: %, 1,5; 2.5;

6) MHOXECTBO 3HAYEHWH X, TIPH KOTOPBIX 3HaueHHe (YHKIIMU MeHbIIe 1,

1 1
HO Oomnbiie —1; MeHblle 3’ HO Oonble -3

1192. Pemmre cucteMy HepaBeHCTB:
3—-2(3—x)>6-2,5x,
2 14> 2x—0,2;

34—-3—x)<2x -1,
6 5<—3—x—l.

1193. Haitnute obnacte onpeneneHWs BhIPAXKECHHS:
a) V22X —6+ 18— x
J2-12x

6) J342-338x
Jx—-4-2"

IZI KoHTponbHbie BONMPOCbI U 3afaHus

[Jaiite ompeneneHWe CTAHIAPTHOIO BHIA YMCIIA.

3anuiuuTe B cTaHZapTHOM Buiae yucno 0,00027, ykaxuTe 3HAYallyl 4acThb
U NOPANOK 4HCiAa.

N~

278 lmaBa 6. CteneHb ¢ LeNbIM NokasaTenem



[ononHuTenbHble ynpaXxHeHWs K rnase 6

K naparpacy 14

1194. /lana mocnenoBaTelbHOCTD:
4. 2 1 L 1 1 1 1 1 1 1 1
oS T 9 47 8 167 327 647 1287 2567 5127
3anMIuuTe 3Ty MOCAENOBATEIBHOCTb, TIPEICTABUB KaXblil €€ wieH B BUIE
CTEIIEHH C OCHOBaHHEM 2.

1195. [lokaxuTte, YTO 3HAYEHUs BHIPAXEHHMH SBISIOTCA B3aUMHO OOpaTHBIMH

YUCIAMH:

3 —4
a) (g) u (0,8)7 B 3,5 u (2

-5
6) 100072 u (0,001)7% r) (6%) u (0,16)°°.
1196. Ucnonb3ys MPUKHUIKY Pe3ylbTaTOB IEHCTBHIL, CPABHUTE C HYIEM 3HayeHMeE

BbIpaXeHWA:
a) 7-1-}—35-5"; B) (1,5 107%)(2,1 - 106) — 3;
6) 12:(—%)-»876-2-3; r) 35 — (6,8 107)(4,2- 1075).

1197. IlpencraBbTe B BHIE CTENEHHM C OCHOBaHMEM 3 BEIpaXEHHE, B KOTOPOM
n — Lejoe 4YMCIOo:

a) 337 0 (395
6) (3772 3%, ) 9771, (_;_)";
B) 37 *2 . 3+, e) (ﬁ)"_243n+2‘

1198. IIpencraBbTe B BHAE CTCIIEHHM C OCHOBAaHMEM 5 BbIpaXeHHE, B KOTOPOM
n — LEJI0C 4YHCJIO:

a) (01" 2%
0 1574
B) 10". (ﬁ)ﬂ

JononHuTeneHbie ynpaXXHeHus




1199. Bruucnure:

Ay 7.5 2 (5 # 3 ) 7% AP 20 = 3T

B I — 3, B (127 + 8% e (127 — 18,
1200. BepHo i1 HepaBEeHCTBO:

a) 0,9 — 1,1-1,3 < 0,014; B) (1,4-107°) - (1,6 - 10%) < 4;

6) 168 - (=5)"" < 168 - (—6)"; r) (1,5-107%-(2,1-10% > 30?

1201. Peuwwrte ypaBHeHMe:
a)3x— |x— 3] —1=0; B) (x> — 1> — 18(x* — 1) + 45 = 0;
6) x2—3x'—-2=0; D+ 1)—-1062+1)+9=0.

K naparpacdy 15

1202. TlpencraBsre B BHAE PAIHOHAJBHON IPOOU:

S T — Iy al+pt ¥

a)(x—xDH:062—-x"; B) (ab"—ba")’
~ - ab'+q”! »
e N T b =2k

1203. Haiinute 3HauYeHHE BBIPAXCHHSI
(@+x) 2+ (a—x)2
(=) 2= (a+a) 2

a
3Has1, YTO ;:2,5.

1204. Cokpatute npobb, 3HAsi, 4TO # — IEIN0E YHCIIO:

n+1 _ gn n n+1
gy EHA, g ZEES
4 THETN
H __ Al n n+1 +2
6) 8n 2; 1) a +al_ +a"2 .
4" —1 a’"+a "+a "
FE3" Y Y
g) L2 . on S
9" +1 b pT

1205. JlokaxuTe, YyTO TMPH TIOOBIX 3HAYEHUAX M W K 3HAYEHWE BBIPAXKEHWUS —
OIHO M TO X€ YHCJIO;

2m.3n-l_2mﬁ1,3n_ 6) §m, g4n
P 3 5m—2_22n+5m_22n—l'

a)
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1206.

1207.

1208.

1209.

1210.

1211.

1212.

YopocTture BbIpaXeHUE:

a) [ Bt S B el @ 1 .
al+p! g'=pV) e -al

2
6) X + l_) x—ly—l ] _ l .
x Tt y x y

I[OKH)KHTC, 4YTO 3HaA4YE€HHWE BBIpa’XKCHWUA HE 3aBUCHT OT 1 (n — Lenoe ‘{HCJIO)I

5n+l _2n—2+5n"2.2n—l .
2) 10”2 ’

Pl

0)

3n—ll7n+l+3n_7n‘

Yrpoctute BbIpakeHHe

(@b ' +a 'b+1)-(@a ' -b7H
b +a B —(ab ' +a ')

VrpocTHTe BBIpaxkeHUE

1+ (@+x)" _(1 _ 1—(a2+x2))
a—(a+x)‘l

2ax

M HaWOWTe ero 3HaYeHue Mpu X =

a—1"

IMpencraBeTe B BUIE pallMOHANBHOU APOOM BBIpAXKEHHE:!
a) (@b : (ab)%
6) b %+ bcHbB"' + )

Macca Connua pasua 1,98 - 10 xr, macca Benepst — 4,9 - 10* kr, Mac-

ca Mapca — 6,510 kr, macca Jlyasi — 7,4 102 xr. Bo ckonbko pa3s
macca CosiHia GoJblle Macchr:

a) BeHepsr; B) Mapca;
6) 3emunu; r) Jlyaer?
BrimonHuTe NeHCTBUS Hal 4HUCIaMM, 3alMCAHHBIMU B CTAHIApPTHOM BUIE:

a) (5,610 (1,4-1077);

6) (1,44-107%) : (1,2-107");
B) 5,9-10* + 3,8-10%

r) 7,12-10° — 4,28 - 10°.

LononHuTenbHbIe ynpaXxHeHWA




1213.

1214.

1215.

IMopsimok yucna x paseH 12. Ompenenure MOpANOK 4ucia:
a) 100x; B) 10%;
6) 0,0001x; r) 107%x.

INopsanox uncna x paseH 20, a nopsnok uucia y pased 13. Kakum moxer
ObITh MOPAOOK YHMCIA:

a) xy; 6) 3?

B atoMHO# (H3MKe 33 eNHHMILY MAacChl IIPUHATA aTOMHAsl €IMHMIA MACChl
(obo3Havaercs a. e. M.).
la e M =166-10%r
BeipasuTe B rpaMmax Maccy OOHOIO aToMa BOOOpONa, Telusl, aTIOMHHHS
M CBHUHLA, 3Hasi, 4YTO:
Mmacca atoMa Bomopoma paHa 1,008 a. e. M.,
Macca aroma renusi pasHa 3,016 a. e. M.,
Macca aToMa aTIOMHHHMSA paBHa 29,99 a. e. Mm.,
Macca atoMa cBuHIa paBHa 205,97 a. e. M.

Masa 6. CteneHb C UenbLIM nokKasarenem



B aToin mase Gonee nogpoBHO paccMaTpuBalOTCS Takue MOHATUA, Kak 06-
nacte onpeneneHus M obnacTtb 3HaYeHWi QYHKUWMM, HAYMHAETCA U3y4eHue npe-
obpasoBaHuii rpadunkoB QyHKUMIA — pacTaXeHus (CxaTwsa) v napannenbHoro
nepeHoca. B rnaee paccmartpuealoTcs CBOWCTBA U rpaduKni CTENEHHbIX QYHKLWIA
BUOAa ¥y = X' M y = X 2, a TaKke 06paTHON NPOMOPUMOHANEHOCTU U APOBHO-
NUHERHOW dyHKUMN.

§ 16. MNpeo6pa3zoBaHus rpactpmkoB yHKLUNA

49. OyHkumsa, obnactb onpegeneHns n obnactb
3Ha4YeHUN QYHKUNN

B kypce anrebpbl 7 knacca Bbl NMO3HAaKOMUIUCL C MNOHATUEM YHKLMK, CO
cBOMCTBAMU U rpaduKaMin HEKOTOPLIX GYHKUMIA U cnocobamn 3agaHnsa QyHKLNIA.

HanomHuMm, 4TO0 QyHKUMEHA Ha3bIBAETCA COOTBETCTBME MEXAY MHOXECTBa-
M X 1 Y, Nnpu KOTOPOM KaXXOOMY 3/IEMEHTY MHOXecTBa X COOTBETCTBYET eOuH-
CTBEHHbI 3NEMEHT MHOXecTBa Y.

0603Ha4MM ByKBOI X MEPEMEHHYI0, 3HA4YEeHUsIMWU KOTOPOI SBNAIOTCH ane-
MeHTbl MHOXecTBa X, a BykBOW y — MEepeMeHHYI0, 3HaYeHUMU KOTOPOW ABNS-
I0TCA 3nemMeHTbl MHoXecTBa Y. Torma KaxOomy 3Ha4eHWI0 NepemMeHHON X COOoT-
BETCTBYET €AMHCTBEHHOE 3HAa4YeHWe NepemMeHHON y. NepeMeHHyI0 X, kaKk U3BecT-
HO, Ha3blBAOT HE3ABUCUMOI NEPEMEHHON UM apryMEHTOM, a NEPEMEHHYIO y —
3aBMCUMO nepemMeHHOol. [oBopAT Takke, 4To ¥ ABnAeTcHa PpyHKUMEen OT X.

Ecnn nepemeHHas y sBnaeTca ¢yHKUMENR OT NMepemMeHHOr X, TO UCMOoNb3y-
ercA 3anuck y = f(x) (uataetca: «y paseH f oT x»).

Ecnu dyHkums 3apaHa BblpaxeHWem C NepemMeHHor x, TO CUMBONOM f(x)
0603Ha4YaeTcs BblpaXeHWe, KOTOpbiM 3adaéTtca ata yHKUMSA.

Mycts, Hanpumep, S (ﬂ:% 1 Tpebyetca HaWTU 3HaveHwe PyHkumn f

npu x = 4, Torga f(4) — ato 3HaveHne GyHKUMM Npu x =4, 1. e. f(4)= 34+t

4-2

3-(—3)4-1=_B_=1 6

_13_ —3)=
=5 =6,5. Ananormno f(-3)="3=5-=¢

§ 16. MNMpeobpasoBaHna rpauKos QyHKLWA




Ecnm ogHOBpEeMeHHO paccMaTpuBalOTCA HECKONbKO YHKUMIA, TO OIS MX
0603Ha4YeHns MCnonb3ylTcs Apyrve ByKebl NaTWHCKOrO MAWM rpeyeckoro anda-
BuTa. Hanpumep, 6ykebl g, A, ¢.

MHOXECTBO 3HauYeHuWit aprymMeHTa HasblBalOT 06.1aCTbi0 onpeaeneHus QyHK-
unn.

Ecnn 3apaércst dyHKUMS, TO yka3biBaeTcs NPaBuiO COOTBETCTBUA M obnacTb
eé onpepenenvs. Hanpumep, ana dyHkumm f(x) = X%, roe -3 < x < 3, o6nacTbio
onpeaeneHa ABNAETCA npomexyTok [-3; 3].

Ecnu dyHkuma 3apana gopmynoi y = f(x) u obnacte eé onpeneneHus He
yKkasaHa, To obnacTbio onpegeneHns aToi GyHKUMKM ABNAETCA MHOXECTBO O0-
NyCTUMBIX 3HaYeHWA NepemMeHHOW x Ans BeipaxeHusa f(x). Hanpumep, ecnu

3
byHKUMA 3apaHa dopmynoin y =%. TO 0OnacTbio onpeneneHnsa aTo GyHKuMn

ABNSAETCA MHOXECTBO OEWCTBUTENbHLIX YUCEN, Kpome yucna 1.

O6nacte onpegeneHus GyHkUMKM ¥ = f(x) npuHaTo 0603Ha4aTe CMMBOJIOM
D(f) (umtaetcs: «D oT f») unm D(y) (yutaertcs: «D oT y»).

Wcnone3ya aTM 0603HaveHus, obnacTb onpeneneHnsi B paCCMOTPEHHbIX Bbl-
e npuMepax MoxHo 3anucatb Tak: D(f) = [-3; 3], D(y) = (-o0; 1) U (1; +o0),

Bce 3HauyeHus, KOTOpbie NpUHUMaeT QYHKUUSA, Ha3blBalT 06/1aCTbi0 3Haye-
HUA QyHKUNA.

[Ons obnact 3HaYeHnin GyHkuMN ¥y = f(x) npuHato oboaHaveHne E () (4u-
Taetca: «F or f») unu E(y) (umutaetca: «E oT y»).

Hanpumep, ans dyHkumm f(x) = X%, roe -8 < x < 3, 06nacTbio 3HAYEHWIA
cnyxut npomexyTtok [0; 9], 7. e. E(f) = [0; 9].

3HayeHUsi aprymeHTa, npu KoTopbix QyHKUMS ¥ = f(x) obpallaeTcs B Hyfb,
HasblBAOT HYIIMU QyHKUMK. TIPOMEXYTKM, B KOTOPbIX (YHKUMSA MApUHUMEET
TONBKO MONOXWUTENbHBIE WM TONLKO OT-
puuaTenbHble 3HAa4YeHWs, Ha3bIBAIOT IPOo-

u MEXYTKamMu_3HaKOMNOCTOAHCTBA.
44+

| lMpumep 1. Myctb dyHKUMA 3apaHa
81 dopmynoit g(x) = 2x - 3, rae D(g) = [-1: 4].
2+ Haipém obnacte 3HaYeHWin QyHKUMKN g.
1+ Mo ycnoeuiw -1 < x < 4. MNpumeHasa

CBOWCTBA 4YWCNOBLIX HEpaBeHCTB, oOue-
—t HUM 3Ha4yeHue BblpaxeHus 2x — 3.

Nmeem:

4

4’\//\

8
< 5.

r.o;y\//\

=2
-5 < 2x

3Hauut, FElg) = [-5; 5]. 910 nerko
yBMOeTb, ecnu obpaTuTbCsa K rpadwuky
Puc. 56 dbyHKuMKM g (puc. 56).

m % MMaea 7. @yHkuuu v rpadpuku



Mpumep 2. Hahpém 006- 1 ) Y O I
NnacTb 3HaYeHUin GyHKUMK, 3a- ¥
JaHHON dopmynoin f(x) = |x|. 3117

OueBngHO, 4TO 06NaCTbLIO = il T
onpepenenna ¢yHkuMn f NB- I / \
NAeTcd  MHOXECTBO [eNCTBuU-
TenbHbIX YMucen, T. e. D(f) = R, —— +——t f —t }
a 06NacTbio 3HAYEHWI DYHKLMK —5][43 —2 —1_?__ 1 2\_/” !
ABNIAETCA MHOXECTBO HeoTpuua- — .
TENbHLIX YMCEN, TaK Kak MOAy/b -2+ '
OEeNCTBUTENbHOrO  4ucna (no

c; -
Ry

onpeneneHuio Mopyns) MoXeT —37
ObiTb NUWb HeoTpUUATENbHbIM
yucnom. 3Hauut, £ (f) = [0; +c0). Puc. 57

Mpumep 3. Halpém HyIM M NPOMEXYTKM 3HAKOMOCTOAHCTBA QYHKLMM
y = g(x), roe x € [-5; 6], 3apaHHOIh rpadUKOM Ha pUCYHKe 57.

Hynamu dyHkumn g cnyxart uucna: -3, 2 n 5;
g(x) > 0 npu x € (-3; 2) U (5; 6];
g(x) < 0 npu x € [-5; -3) U (2; 5).

Mpumep 4. Nyctb GyHKUMA 3anaHa oBymMa GopMynamu:
_|-x-2,ecnn -6<x<0,
= 3x+1,ecnm 0< x< 3.

Hainpgém obnactb 3Ha4YeHUIA QyHKLUN,
Ecrm 6 < x<0,T00<—~x<6n-2<-x-2¢< 4
Ecrm0<sx<3,100<3x<9um1<3x+1<10.
3HauwuT,

Eg) = (~2,.4] v [1; 10] = {~2; 10].

Mpumep 5. Oyukumua s3apaHa popmynoit f(x) = x° — 5x. Hailném Takoe
3HayeHue a, npu kKotopoM fla) = fla + 2). Umeem:

fla) = a* - 5a,
fla+2)=(a+2)?-5a+?2)=
=a’+4a+4-5a-10 =
=a° - a - 6.
Y1o6bl HAMTK 3HAYEHWE a, Ha[O PEeLnTb YPaBHEeHue
a’ - 5a =a* - a - 6.
Pewws ero, Haligém, 4To
a=1,5.

§ 16. Mpeobpaszosarua rpadukos QYHKLWMA




YnpaxHeHusa

1216.

1217.

1218.

1219.

1220.

1221.

1222.

@yukuus 3agaHa dopmynoi f(x) = 5x — 3. Haiioure:

a) f(2), f(0), £(0,5);

6) 3HaueHHe apryMeHTa X, IpH KoTopoM f(x) = 12, f(x) = 0, f(x) = —38.
3nas, 4to g(x) = X’ — 6x + 8, Haiimure:

a) g(1); B) 2(3); ) g(0);

0) g(2); r) g(—2); e) g(—35).

Haitnure Hynu dyuxuuu y = fx), ecnm:

a) . fix) = & — 2; ) fix) = x + 4

6). 1) = — 9 o) O = 26 — 5 + %

B) f(x) = X — 4x; e) f(x) = x* + x* — 2.

Pemmmre ypaBHeHMe f(x) = g(x), ecnm:

a) f(x) = 2x — 1 n g(x) = 3x — 5;

6) f(x) =x*— 10 u g(x) = 2x — 10;

B)f(x) =22 +5x+Tungkx)=x+x+ 4

D fO) =2 — 4 u go)=2t2==T

x+1
Haiinute obnacth omnpeneneHuss (PyHKIAM, €CIH:

a) g(x) = 2x — 1; r) g(x)=];1ﬁ;

6) 8()=—= m) g(x) = —2)0x +3);

B) g(x)=m}_—x; e) g(x)=j_xzi3__
X +Xx

Haiinure Hynu (QYHKIMM, TPOMEXYTKH 3HAKOMOCTOSIHCTBA M 06JIacTh 3HA-
YyeHHil (PYHKLMH, €CIu:

a) fix) = 5x — 1, tme D(Sf) = [-2; 2];
6) f(x) = —3x + 2, tne D(f) = [—4; 7;
B) flx) = 2x — 1;

r) f(x) = X

®yukuus 3azana dopmynoit A(x) = x* — 8x. Haiigure Takoe uucio a,
IPU KOTOPOM:

a) h(a) = h(a + 3);
6) h(a) = h(a — 5).

Maea 7. ®yHKUUM U rpadukm



1223. Ykaxwure obnacth onpenejieHus GyHKIIMM U HaiauTte e€ obiacTb 3Haye-
HUH, eciu:
—0,5x—1,5, ecnmn =7 < x <1,
a) &X)=1x’ ecrm —1< x <1,
—0,5x+1,5, ecmu 1< x < 7;

—4, ecin —6 < x < —2,
—x% ecmu —2< x <0,
x’ ecmn 0< x <2,

4, ecnm 2< x < 8.

6) f(x)=

1224. Haiinure obnacth onpeneiaeHuss U 061acTh 3HaAYEHMI (QYHKIMH
X —4x
x*-4

y=

U nocrpoiite rpaduk 3TO (QPYyHKIIMH.

1225. INokaxwure, yto TOouKa A(2; —35) NMpUHALNEXUT rpaduKky GYHKLIHH
y=x <S4t L

YnpaxHeHusa ANs NOBTOPeHus

1226. Haiimute Bce liefible pPELIEHMHA CHCTEMBI HEPABEHCTB:

) [4ex -1 <21,
3 12x — 0,6 > 1,4(x — 2);

6) 6y(y +1) <3y(2y — 1),
0,14 + 0,04y < 0,74 + 0,1y.

1227. JokaxuTe, YTO 3HAYEHWE BBIPAXKCHHS:
a) 6" + 36 menurcs mHa 37;
6) 125 — 25" + 5% nemurcsa wa 11.

1228. IlpencraBbre BhHIpaXeHWE B BHOE CTENEHH C OCHOBAHMEM 3 W HaiguTe ero

3HA4YCHHE:
a) 9. (2_'7)"' . 729;
6 81 (4. L.

§ 16. lNpeobpazoBaHna rpadukos GyHKLWA m



50. PactaxeHue n cxatne rpadukos ¢yHKUnMiA

BbiicHAM, kakas CBA3b CYLLECTBYeT Mexay rpadukamun pyHKumin y = f(x)
ny = kf(x), roe kK — 4icno, He pasHOE HyNI0.

Mycte rpacdmnkom dyHkumn v = f(x), obnacte onpegeneHys KOTOPO# — Mpo-
mexyTok [0; 8], aBnseTtcsa kpusasi, N306paxEHHasA Ha pUCYHKe 58 YEPHBLIM LBETOM.

6«

Puc. 58
y
6_._
5.._
4__
y=1(x)
oT c
2l D
y=31®
E
1T 4 B. C: D, 2
AT N T
of 123456\ /8"
] F
+-2
Puc. 59

PaccmoTpuM cHavana cny4ai, korga
k>1.

MocTpoum rpadpuk pyHKUMK y = k f(x),
roe kK = 2.

Ina aTOoro paccrosiHMe KaXKnow Tou-
kM rpaduka gyHkumm y = f(x) ot ocm x
yBENMYMM B 2 pasa, T. €. YMHOXUM Ha 2
e€ opauHary.

lMocTpoeHue BLIMOMHUM Tak: NpoBe-
OEém, Hanpumep, B Todkax och x ¢ abc-
umccamu 1, 2, 3, 4, 5 n 7 nepneHguky-
NApLl K OCWM X W OJNHbI OTPE3KOB, 3a-
K/MOYEHHBIX MEXZy OCblD X W COOTBET-
CTBYIOWLMMK TOYKaMu rpaduka [aHHOW
dyHkumn (4, B, C, D, E, F), ysennymm
B 2 pasa. Monyuum Toukn A4,, B,, C,, D,,
E,, F,. Yepe3 3Tn TO4KM NPOBEeOEM nu-
HUIO, Y4UTBIBAs NPW 3TOM, YTO Kaxpas
Touka rpaduka GyHkumm y = 2 f(x) ponx-
Ha HaXOOMTbLCS OT OCM X Ha PaCCTOSHUK
B 2 pasa GONblIEM, YEM COOTBETCTBYIO-
waa Toyka rpadpuka GyHkumm y = f(x).
3ameTum, 4TO TO4kM ¢ abcumccamm 0; 6
1 8, npuvHagnexawme ocu X, OCTaHyTcs
HaA MecTe, TaK Kak WX OpAvHaTbl PaBHbI
Hynio (02 = 0). Nonyumm rpacdpuk PyHk-
umm v = 2 f(x) (cm. puc. 58).

PaccmoTpuMm Tenepb cny4aid, korga
0< k<1, Hanpumep k:%, M MOCTPOUM

rpapuk byHkummn y = kf(x) npn k =%.

B atom cnyyae Ham npuagtca pac-
CTOAHWE KaXOOW TOYKW rpadpuka QyHKUMN
y =f(x) oT ocM X yMeHbWWTb B 2 pas3a,

T. €. YMHOXUTb €€ opauHaTy Ha %

Ha pucyHke 59 nokasaHo, Kak BbINOJHEHO NOCTPOEHWEe B 3TOM ciyqae. Tou-
kn A, B, C, D, E v F nepewnun B To4kn A,, B,, C,, D,, E;, n F,.

Maea 7. @yHkuuu n rpadunkmn



[oBopAT, 4TO
rpadmuk ¢yHkuum y = kf(x) npm kK>1 MOXHO nonyuute M3 rpaduka
byHKuMK y = f(x) pacTaxeHnem OT OCM X MCXoaHOro rpadpuka B k pas,

anpu 0 < k<1 — cxatuem K ocu x rpadpuka GyHKumMm y = f(x) B % pas.

HakoHeu, paccmoTpum cny4aid, korga £ < 0. Mbl orpaHu4Mmcs 3Ha4eHuem
k = -1, T. e. BbIICHAM, KaK MOXHO NOCTPOUTbL rpadunk gyHKuMM y = —f(x), 3Han
rpapuk yHKUuMKM ¥ = f(x).

Mpwn NOBOM 3HAYEHMWU AaPryMEHTa X 3HA4YeHus 3TUX QYHKLWIA ABNAIOTCH Npo-
TUBOMOSIOXHBLIMWA HUCNAMWU. 3HAYEHWUIO X = X, COOTBETCTBYIOT B3aMMHO NPOTMBO-
nonoxHole ynucna: f(x,) n —f(x,).

3Ha4MT, COOTBETCTBYIOLUME TOYKM rpadmkoB QYHKUMA y = f(x) n y = —f(x)
CUMMETPUYHbI OTHOCUTENBHO OCU X.

MHave roeops,

rpadpuk oyHkuMmM y = —f(x) MOXHO nony4utb U3 rpacdpmuka GyHKUUK
¥ = f(x) ¢ noMOoWbIO CUMMETPUU OTHOCUTENBHO OCMU X.

Ha pucyHke 60 B OogHON M TOW Xe

CUCTEME KOOPAWHAT MOCTPOEHbl rpaduK Yl
GyHKUMKN ¥y = f(x) v rpaduk yHKUMK g1 L
¥y = ~f(x) C PNy =1(x
Otciopa cneayert, 4To rpadukmn hyHkK- 2T 2 7
uin vy = kf(x) n y = —kf(x) npu nio- 1+ /4 !
6om k # 0 CMMMETpPUYHBI OTHOCUTESIBHO FPERENERER | -
oo x. N1 5 5 4 5 A1 /87
3HaunT, 410bbl MNOCTpPOUTL rpadpuk  —1+
dyHkumMn y = kf(x), rae k < 0, MmoxHO | A) _ E, i
CHayana nocTpoute rpaduk QyHKLUK y=—f(x)
y = —kf(x), rae -k > 0, a 3arem oTo- 31 B, 1
6pas3nTb ero CUMMETPUYHO OTHOCUTENLHO ¢
ocu x.
Puc. 60
YnpaxHeHusa
1229. dyukuus g 3amaHa  rpadukoM _ éy__

(puc. 61). OGmacte ompenencHHs
hyHkuMM g — npomexyTok [—5; 3]. 2+
IMocTpoiite rpaduk OyHKUIUM:

a) y = 2,5g(x); \

6) ¥=18(). —4 13\ 2 -1 0/11 PPN
1230. Iloctpoiite rpadmk  GyHKUMH
f(x) = 0,5x. B oroii ke cucreme T2
KOOPIHMHAT TOCTpOoiTe rpadux: 13
a) y = L5f(x);
6) y = —1,5f(x). Puc. 61
§ 16. MpeobpasosaHns rpadukoB GyHKUMA [ m '
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1231. H3zo0pazurte cxematuuyecku rpaduk (pyHKIUM:

a) y = 2¢; B
6) y=3x" my = -2
B) y = —x% . e) y=%x3.

1232. B omHoi#i cuUcTeMe KOOpIMHAT TOCTpoiTe Tpadukd OYyHKITHM:
a)y = |x| ny = 2|
6) y = —|x| u y = —0,5x|;
B)y = Jx uy= 05/x;

Ny=—-Jx uy= —-24x.

1233. Pemurte rpacmyecku ypaBHEHHE:
a) 2Vx =x+ 1; B) 0,5x| = 3 — x;
6) 3 —x = —0,5Jx; r) —|x| =x— 2

1234. UzeectHo, uytOo rpadmky yHkumH y = f(x) npuHamwiexut touka A(a; b).
[Mpunamiexur au rpaduky QyHKUMH Y = %f (x) Touka B(a; 0,2b)? Otser
obocHyiiTe.

YnpaXXHeHus Ons NOBTOPEHUs

1235. Haiinure Bce Lesible 3HAYEHMS] apryMEHTa, TMPH KOTOPBIX (DyHKLMS
2x+5
x = —
&(x) .
NMPpUHWUMAET LIENBIE 3HAYCHHS.

1236. Pemure HepaBEHCTBO:
a) 2(3 — 2x) + 3(2 — x) < 40;
6) 42 + 3x) + 3(7 — 4x) < 5.

1237. YmpocTtute BhIpaXkeHHe:

a) (-;-amzf‘)_2 14a°8;
6) Qab=>"y?. (%a"]_l.

Maesa 7. PyHKUMM U rpaPpurkm




51. MapannenbHbil nepeHoc rpadukoB GyHKLUA

BbiicHUM, Kak CBA3aHbl Mexay coboit rpa- yh ERR

bukn GyHKUWIA y = f(x) n y = f(x) + n, e n — b
.. M, (x,3 Y, + 2)

NPOU3BONIbHOE 4MUCNO. PaccyxneHus npoBeaéMm  y, +2+-------
ona n = 2. T '

Mokaxem, 4To rpadpuk GyHkumm y = f(x) +2 11 |
MOXHO nony4uTb U3 rpaduka dyHkuum y = f(x), Yot-|-+-- -4 M(x,; y,)
BbINONHWB NapannenbHblii NEPeHoC Ha 2 eduHU- 1 - -
ubl B HanpaeneHUM OCH ). '

O4eBMOHO, 4TO MpW 3TOM nNapaniensHOM ‘
nepeHoce BcAkasa Touka M(x,; y,) KOOpAUHATHOM t
NNoCKOCTK nepenaér B Touky M, (x, ¥, + 2)
(puc. 62).

Ecnun Touka M(x,; y,) npuHapnexut rpaduxy Puc. 62
dYHKUMK y = f(x), TO BEPHO PaBeHCTBO ¥, = f(x,).
Ho Torpa sBNAeTcsi BEPHLIM U PaBEHCTBO y, + 2 = f(x,) + 2. A 9TO O3Ha4aer,
4To TOYKa M, (X, ¥, + 2) NnpuHaanexut rpaduky GyHkumm y = f(x) + 2.

CnepoBartensHo, npu napannensHoM NepeHoce Ha 2 eduMHWUbLl B Hanpaene-
HUM OCK y Kaxpas Touka rpadwuka pyHkuMM y = f(x) nepexoout B TO4YKY rpa-
Ppuka dyHkumm y = f(x) + 2. MNMpu atom Ha rpacduke GYHKUMK y = f(x) + 2
HE OKaxeTcs «nuLHMX» Todek. B camom pene, ecnm Todka K, (x,; ¥,) npuHag-
nexut rpaduky GyHkumn y = f(x) + 2, TO BEPHO pasBeHcTBO ¥, = fix,) + 2. OT-
ciofa noJjiy4aetcd, 4To BEPHbIM ABNAETCA Takxke pasBeHCcTBO y, — 2 = f(x,). A aTo
o3HavaeTt, 4to Todka K(x,; y, — 2) npuHagnexut rpaduky GyHkuMK ¥ = f(x).
Takum obpasom, Touka K,(x;; y,) aBnserca obpasom Touku K(x,; y,—2) npu

paccMaTpyMBaeMOM napannenbHoM NepeHoce.
PaccyxpeHve, KOTOpoe Mbl MpoBenn Aans
n =2, coxpaHsetr cuny u gns moboro n # 0.

b, S N PR S P
RY |

=
-

MoatomMy MOXHO caenatb BbIBOA: yl
rpacduk dbyHKUMM y = f(x) + n MOXHO nony- L1 [ s i
4YuTb M3 rpadpuka GpyHkuum y = f(x) ¢ no- 3+
MOLLLIO CABUIra BAONbL OCU y Ha |n| eauHuy 9l

BBepx, ecnu n > 0, wnu BHK3, ecnm n < 0.
Ha pucyHke 63 nzobpaxeHsl rpapukn gyHK-
iy =x*uy =x>- 4. Napabona y = x> - 4
nonyseHa m3 napabonsl y = x° B pesynbrarte
copura eé Ha 4 edWHULUbl BHU3.

BbISICHMM Tenepb, Kak CBA3aHbl MEXAy Co-
6oii rpacdukmn byHkumin y = f(x) u y = f(x — m),
roe m — Mpou3BOJSIbLHOE YMCNO.

Myctb m = 3. C NOMOLWBIO pPacCyXOEHWA,
aHanornyHbiXx TeMm, KOTOpble Mbl NPOBENM Bbi-
e, MOXHO nokasaTtb, 4TO rpaduk QYHKLAN




y v = f(x = 3) nony4aetcs 3 rpagpuka GyHKUMK

v = f(x) npn napannensHOM nepeHoce BAOMb

ocu X Ha 3 eouHMUbl Bnpaso. JTO cneaoyer w3

: TM(xg y)) M,(x,+35¥,)  7oro, 4To Npu ykazaHHOM napannensHom nepe-

21 Hoce kaxpas Touka M(x,; y,) nepexoaut B TOY-
Ky M,(x,+3; ¥,) (puc. 64).

Boobue

(xS Pl SN ) S
L

i e deabafad e
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=

1T rpadpuk PyHkuum y = f(x — m) MOXHO no-
' ; - ny4utb M3 rpadpuka ¢pyHkumm y = f(x) c no-
012, . MOLLbIO CABWra BOONb OCU X Ha |m| eawn-
HUL Bnpaso, ecnu m > 0, unu BNEeBo, ecnum

Puc. 64 m < 0.

Ha pucyHke 65 naobpaxeHsl rpadnkn yHk-
y umin y = x> ny = (x + 2)% Napabona y = (x + 2)2
nonydeHa u3 napabonbl y = x°> B pesynsrare eé
coBura Ha 2 eauHWUbLl BNeBo.

M3 kypca anrebpbl 7 Knacca M3BECTHO, YTO
napabona — rpaduk GyHKUMM y = X° — uMeeT
0Cb CUMMETPUWN, KOTOPOW SIBNSIETCA OCb V. To4-
Ky nepecedeHua napabonbl ¢ eé OoCbld CUMMMe-
TPUW Ha3bIBAOT BepLMHOK napabonel. Y napa-
6onbl ¥ = x° + 2 0Cbl0 CUMMETPUM ABNSAETCA Ta
Xe ocb y, a y napabonbl y = (x — 3)> — npsamas
x=3

Ecnu BbINOAHWTE NOCnegoBaTenbHO [ABa
napannenbHbiX NEpeHoca: 0AuH B HanpasneHnn
Puc. 65 ocu y Ha 2 eOuHWLbl BBepX, a APYroi B Ha-
npasfieHMn ocu X Ha 3 eoumHWUbl BNpaso, TO

¥ nony4um napabony ¢ BepluMHOWN B To4ke A(3; 2)
(puc. 66).
6T Mpadpuk dyHKuMM BUOa y = (x — m)®> + n
5+ ecTb napabona C BEpLIMHOK B Touke A(m; n).
N3 paccmoTpeHHbix Bblille npeobpasosaHni
i | rpaduKoB MOXHO caenatb BbiBOA, YTO
3T rpaduk GyHKuMM y = f(x — m)+n MoxXeT
24 ObiTh nonyyeH w3 rpadpumka GyHKUMKM
y = f(x) B pesynsrate nocnefoBaTenbHO
1T BbINONIHEHHBLIX ABYX NapannenbHbIX nepe-
EERREREREFEY HOCOB: CABUra BAOJIb OCHU X Ha m eAvuHUL
O1-+2+3 4+5 6% u caeura rpadmka GyHkumm y = (x — m)?
BOOMb OCU y HAa n eAVHUL.
Puc. 66

= Lo L masa 7. @yHkuum 1 rpadpumkm



YnpaxHeHus

1238.

1239.

1240.

1241.

1242.

1243,

1244.

1245.

JloKaxuTe, 4TO €caM Touka B(x,, ¥,) TPUHALIEKUT Ipaduky (QyHKUHH
y = f(x), To Touka B,(x); ¥, + 5) npuHamiexuT rpapuky (yHKUUK
y=fx) +5.

Jokaxure, yto ecnd Touka C(xy; ¥,) NpUHALIEXUT rpaduky QyHKIHHA
y = g(x), To Touka C,(x, + 3; y,) npuHamiexut rpaduxy GyHKINH
y =gk — 3).

Ipadpux dynkumu y = g(x) — nsomanas ABC, rne A(—4; —-2), B(2; 4),
C(4; 2). Tocrpoiite rpaduk GyHKuuH y = g(x) ¥ rpapuk GyHKUMH:
a)y =gkx + 2 B) y = glx — 4);

6) y = glx) — 2 ny=gkx+I).

M306pa3ure cxeMaTH4eCKU Ipad@HK (YHKLMH

a)y=x+1, B)y = (x — 20

6) y=x—1; Dy=(+1)>.

IMoctpoiite rpacdmk QYHKUIUK:

a)y = |x| + 1 r)y = |x— 3

6) y = |x| — 2 my=|x+2[-1

By = |x+ 1; e)y=|x—-1]+1L

H3o06pasute cxematdecky rpaduk (QYHKUIMHM; HAUIUTE HYIH (QYHKUHH U
TIPOMEXYTKH 3HAaKOIMOCTOAHCTBA.

ay=x -1 By=@&+2°—1

6) y = (x + 1)} Nny=(@x-237°+1L

IMoctpoiite rpaduk GYHKIMH; HaiauTe HYIM QYHKUMM U IIPOMEXYTKH
3HAKOTMOCTOSHCTBA:!

a)y = —x + I B) ¥=lx—3k

G)y=—-x—1; )y =2|x| — 3.

H306pasure cxemMaTHdeckKu rpaduk GYHKIWMW W YKAXKWTE, B KaKHMX KOOp-
MUHATHBIX YETBEPTSIX HET HH ONHOM TOYKM rpaduka:

a) y=+/x +12; B) y=yx—-4+2;
6) y=4x—11; r) y=4x—5+8.

§ 16. MNpeobpazosaHua rpadpukos OYHKUWIA




1246. W306pasute cxematHuecku rpadvk GyHKUMU M yKaxuTe 06acTh orpene-
JIeHUs1 ¥ 06nacTh 3HAYeHUW 3TON (QYHKUUU:

a) y=4x-—28; B) Y =+/x—T7+10;
6) ¥=+x +6; ) y=x+4+2.

1247. Ha pucynke 67 mocrpoeHsl rpaduku (byHKLuii:
y=+x +3; y=yx—-2; y=4x+2; Y=4x+2+3.

Hnsi kaxnoro rpaduka yKaxkuTe COOTBETCTBYIOLLYIO dopmyiy.

Puc. 67

1248. gocrpoﬁ're rpaduk pynkumu f(x) = —(x — 2)> + 4 u waiinure no rpa-
HKY:

a) £(0), f(1), f(3);

0) 3HayeHusa X, NpuU KOTopeX f(x) = 3, f(x) = 0, f(x) = =5
B) TIPOMEXYTKM, B KOTOpBIX f(x) < 0, f(x) > 0;

r) obnacth 3Ha4eHWil byHKIMH [,

1249. Vkaxute KOOpAMHATHI BEPUIMHBI MApaGOIIEI:
a) y = (x — 10y + 8; By =——AF+ K
B)y=(x+9?>-5; Ny=—-x+77%-09.

Maea 7. PyHkuumn u rpadpukn



1250. JTansl pyHKIIWH:
fA=x=2-1 g=x-1 ox)=-x+3.
Hcnonb3ys rpaduku, pelruTe ypaBHEHHE:
a) fx) = g(x);
0) f(x) = ¢(x);
B) g(x) = ¢(x).

1251. Tlocrpoiite rpadmK (PyHKUINH

_|-x*+4,ecmn x 20,
f(x)_{|x—4 ,ecimn x <0.
Pemite ypaBHEeHHE:
a) f(x) = —5; r) f(x) = 4
6) f(x) = 0; m) flx) = 6.
B) f(x) = 3; e) f(x) = -1

1252. HU3o6pasute cxematudecku rpaduk yHkuuu glx) = (x — 2)* u, ucnonb-
3ys €ro, peluTe HEepaBeHCTBO:

a) gx) < —1;
0) g(x) = 0;
B) g(x) > L
1253. TIpu kakux 3HadeHHsX # rpaduk GyHKUMH Yy = x* + n mepecekaeTr ocbh X
B TOYKAX, abDCIIMCChl KOTOPEIX PABHbL
a) —1wul; ) =2 n 2% B) —5 u 5?7
1254. Tpu xakux 3Ha4YeHWsiXx m rpaduk GYHKIMH y = (X — m)’ nepecekaer
OCh y B TOYKE, OpAMHATa KOTOPOH paBHa:
a) 1; 0) 4; B) 97

VYnpaxHeHuss ANa NOBTOPEHUs

1255. BbisicHWTE, NMpM KaKMX LebIX 3HaueHusix a, rae a < 10, ypaBHeHuWe
x+a—2+(x—a+2?=2a+38
uMeeT 1eneie KopHu. Haiimure 3TH KOPHH.

1256. VkKaxuTe Bce HECOKpaTHMEIE Ipobu co 3HameHateneM 30, KoTopeie Mpu-

HaUIEXAaT MMPOMEXYTKY (é, %)

§ 16. MNpeobpasoeanun rpadukoB QYHKLMA



1257. TlpeactaBete B BHIE PAllMOHAILHON NpOOH BHIpAXKEHUE
1 1 1
—+—+
x 2y x+2y _ 1
i SO S+ 1 2
Xy wy+4t ey x

T
+ =
¥

1258. VxaxuTte [Ba NOCIENOBATENBHBIX IENBIX YHC/IA, MEXIY KOTOPHIMU 3aKITiO-
YEHO 3HAUYCHUC BbIPAXEHUS:

a) 2-3%-3. (%)_];
o (Z) +8: ()

E] KoHTponbHbie BONPOCHI M 3afaHus

1 Yrto HasbiBaoT obnacTeio 3HaveHuit dynkuuu? Haitnure E(f) mns yHk-
wu f(x) = X, e D(f) = [~1; 2].

2. Kak u3 rpaduka dyHkumu y = f(x) MoXHO moayduth rpadux GyHKIMH
¥ = kf(x) B ciyyae, Korma:
ayk > 1 6) 0 < k<1 B) kK < 0?

3. Kak u3 rpaduka dyHkuum y = f(x) noayunts rpaduk QyHKIMH:
a) y =f(x) + n o) ¥ =fix — m); B) 3= Jix ~ #t) & n?

§ 17. [lpo6HO-NuHeNHas PyHKUUA

-2

52. ®dyvkumm y = x ' n y = x2 1 ux rpadvku

B kypce anrebpel 7 knacca Bbl NO3HAKOMWIMCL CO CTEMEHHON yHKUMEN,
T. . ¢yHkumen, 3apasaeMoin GHopmynoi Buaa y = X', roe n — HaTypanbHoe
4Mcno.

B atom naparpade Mbl pacCMOTPUM MPUMEpbl CTENEHHLIX (PYHKUMIA C Le-
NbiM OTpULATENIbHBIM MOKa3aTeneMm.

OTmeTum cpasdy, 4To obnacTb OnpeneneHus nmoboi ¢yHKUMK, 3a0aHHOMN
dopmynon Buaa y = x", rae n — UENoe OTPpULATENbHOE YMCNO, ECTb MHOXECTEO
BCEX YWCEN, OTAMUYHBIX OT HYNA. DTO BbITEKAET M3 TOro, 4TO BhIpaXeHwe x”, roe
neZwnn<0, nMeeT cMbICA Npu NOBLIX X, KPOME HYNS.

CHayana paccMOTPUM CTEMEHHYI0 GYHKUMIO y = X . BbISICHUM HekoTopbie
eé cBoWcTBa U OCODEHHOCTU rpaduka.

m § \" nasa 7. ®yukunn n rpadpukm



1. Mpu MO6GOM NONOXMUTENLHOM 3HAaYeHUM X (PYHKUWA NPUHMMaEeT no-
NOXWTENbHOE 3Ha4YeHue, a npu noboM OTPULATENbHOM 3HAYeHMn x —
oTpMvuaTensHoe 3HaveHue.

DNeiicteutensHo, ecim x > 0, Tox ' > 0; ecrm x < 0, To x ' < 0.

3HauuT, rpaduk GYHKLUMM pacnonoxXeH B NepBOM WU TPETbEW KOOPAWHATHBIX
yeTBepTaX. 3amMeTum, 4To Tak kak ¢yHkums npu x = 0 He onpegeneHa, TO Ha
OCU ¥ HET HU OOHOM TOYKW, NpuHagnexawen rpadpuky atoin GyHKUMK, T. €. rpa-
$UK He nepecekaeT OCb Y. 3HauuT, rpaduk QYHKUUKM COCTOUT U3 ABYX OTAE/b-
HbIX YacTen.

2. NIiobbiM NPOTUBONOJIOXHBIM 3HAYEHWAM aprymMeHTa COOTBETCTBYIOT
NPOTUBOMNONOXHbIE 3HAYEHNA (DYHKLUUM.

;
Hanpumep, ecnu x = 3, T0 y:%. ecnm x = =3, 10 y=-3.

Boo6le, ecniu X = a, TOy = a ', ecnm x = —a, 70 y = (—a) '. 3HauuT, ecnu

a # 0, TO KaXO00W Touke (a; i) COOTBETCTBYET TO4YKa (—a; —%), CUMMETpPUYHasn
OTHOCUTENbHO Havyana KoopAauHat, u HaobopoT. MHaye roBops, TOYkW rpaduka,
MMeloLMe NpPOoTMBOMNONOXHbIE abcumcchl, PAcrnonoXeHsl CUMMETPUYHO OTHOCWU-
TENBLHO Hayana KoopauHart, T. e. rpadmk GYHKUMM ¥ = X ' CUMMETPUYEH OTHO-
CUTENbHO Ha4yana KoopauHar.

Mpexae yem choOpMyNMPoOBaThL TPEThE CBOWCTBO GYHKUMM ¥ = X |, pacCMOT-
PUM HEKOTOPbLIE 3aKOHOMEPHOCTU NOBEAEHUS DYHKUWKA NPWU BO3pacTaHuy 1 y6bi-
BaHWW aprymeHTa x 1 BBeAEM HeobxoguMble 0603HAYEHWS.

lMycTb 3Ha4YeHus aprymeHTa X, OCTaBadACb MNONOXUTE/IbHbIMU, CTaHOBATCA
BCE MEHbLUE M MeHblle, Hanpumep, x NpuHMMaeTt 3Hadenusi: 1, 2, 5, 100, 1000
“ T. 4. Toraa COOTBETCTBYIOLMMM 3HAYEHUAMM BYHKUMKM ¥ = X | ABASIIOTCA YuUC-
1.9 1 1

na: 13 2 750’ 7000

M T AO., T. e 3HadyeHus y npubnumxkarTca K Hyno. B Takux
cnydasx nuwyT: ecnm x > 0 n x — +00 (YMTaIOT: «MKC CTpemMuTCs K nntoc 6ec-
KOHEYHOCTW»), TO ¥y — 0 («urpek CTpeMUuTCa K HyNo»).
MycTb 3HAYEHUA aprymeHTa X, 0cTaBasiCb NMONOXUTENBHLIMW, HEOrPaHUYEHHO
T 1
2’10’ 100’ 1000
COOTBETCTBYIOLMMMN 3HAYEHUAMM DYHKUMKM ¥y = X | aBasioTca uvcna: 1, 2, 10,
100, 1000 v 1. 4. BTO MOXHO 3anucaTtb Tak: ecnm x > 0m x — 0, TOo y — +0oo,
AHanormnyHo obctouT peno, korpa x < 0.
Ecnu 3Ha4YeHuss x, OCTaBasiCb OTPULATENBHLIMW, HEOrpPaHWYEHHO YOLIBAIOT,
T. e.ecnm x < 0 M x — —00 (YNTAKOT: «MKC CTPEMUTCH K MUHYC GECKOHEYHOCTU>),
T0y — 0.
Echmx<0wumx—0, To x — —c0,
Hanpumep: ecnn x = -1, -2, -5, =100, -1000 u 1. 4., TO ¥y = —1,
1 1 1 1 1 1
~100’ —Tbaa nT A Ecnm x = —1, "5, ——5', —m, —Tdaa

-5, =100, -1000 v 1. AO.

y6bIBaIOT, HanpuMep, X MPUHUMAaeT 3HadeHus: 1 m T o Toroa

. |
2! 5!
MT A4, TOYy = -1, =2,

§ 17. OpobHo-nuHenHaa QyHKUMS



Takum 06pa3om, Mbl YCTAHOBUNWN €LUE OAHO CBOMCTBO (YHKUMM y = X'

3.Ecom x > Omx —> +°, Toy — 0; ecrm x > 0 unux — 0, To
y—=>+0,. Ecntmx < 0ux — -0, 7oy~ 0;ecimx<0ux—0, to
B

M3 aTtoro cBOWCTBa BbITEKAET, 4TO TOYKM rpaduka, yganasck OT OCW y Bripa-
BO WU BNEBO, HEOrPaHM4EHHO NpUBNKMXaKTCA K OCWM X, a yaanssacb OT OCH X
BBEPX WM BHWU3, HEOrPaAHWUYEHHO anﬁﬂM)KaIOTCFl K OCh Y.

Tenepb NOCTPOMM rpaduk GYHKUMK 3 = X'

YuutelBaa CBOWCTBO 2, COCTaBuM Tabnuuy nNullb ANS NONOXWUTENbHLIX 3Ha-
4yeHuii aprymeHTa (Toukm rpaduka ¢ oTpuuatenbHbiMM abcuuccaMmm CUMMETPUY-
Hbl OTHOCWUTENIbHO Hayana KoopauHaT Toykam rpaduka C npoTUMBOMONOXHLIMK
NnonoXuTeNbHbIMU abcuuccamm).

OTMETMM Ha KOOPAMHATHOI MAOCKOCTM TOYKM, KOOPAMHATbI KOTOPLIX AaHbl
B Tabnuue, U TOYKN C NPOTUBOMNOJIOXHBIMKU KoopauHaTtamu (puc. 68).

Bla

L4
3

i)
2

¥

3

2

=

W=

Bl

YuntbiBas CBORACTBA QyHKUUK, NMPOBEAEM Yepe3 OTMEYEHHbIE TOYKM B nep-
BOW W TPeTbel KOOPAWMHATHLIX Y4eTBEpPTAX MJaBHbIE JIMHUM.

Mony4nm rpaduk dyHkumm y = x ' (puc. 69). Kpusyio Takoro Buaa HasbiBa-
10T runepbosoi. OHa COCTOMT U3 OBYX BETBEA.

Puc. 68

Maea 7. ®yHkuuu u rpacduku




OCb X ¥ OCb ¥, K KOTOPbIM KaK yrogHo 6511M3k0 npubanxaloTcs TO4KW runep-
60nLI NPY yAaneHnn ux B GECKOHEYHOCTb, Ha3blBAIOT acCMMNTOTamu runepbonbl.

BoobLue acuMNToTOl KPMBOK Ha3bIBAETCH NPSMAasi, K KOTOPO# npubamnxarnT-
ca KaKk yroaHo 6aM3KO TOYKM KPWUBOW Mpw yAaneHwn nx B O@CKOHe4HOCTb.

TepMuH «acuMmnToTa» NPOMCXOOMT OT rpeveckoro ciosa asymptotos, 4TO
03Ha4yaeT HecoBnagaloLLMiA.

BbISICHUM Tenepb CBOMCTBA (GyHKUMM y = X > U 0COBEHHOCTW eé rpadmka.
1. Mpwn NIOGOM OTAMMHOM OT HYNS 3HAYEHUM aprymeHTa QyHKUMs npu-
HUMaeT MNOoJIOXKUTENbHbIE 3Ha4YeHus.

370 cnenyet W3 Toro, 4to ecnm x = 0, To x* > 0, u notomy x 2 > 0.

3HauuT, BCce ToukM rpaduka dyHKUMW pacrnofioXeHbl Bbillle 0CU X.

2. JloGbiM NPOTUBOMNONOXHLIM 3HAYEHWAM aprymeHTa COOTBETCTBYeT
OOHO WU TO Xe 3HavYeHne GYHKUWUN.
JeicTBUTENBHO, MPK NIOBOM X, OTAMYHOM OT HYN4,

3 - . 1
x2=(—x)?% Tak KAk X° = —
X

m(H?= et

CnenosatenbHO, TO4KM rpaduka C MpOTUBOMONOXHLIMM abcuuMccaMmu CuM-
METPUYHBI OTHOCUTENLHO OCK Y, T. e. rpaduk ¢yHKLUWN CUMMETPUYEH OTHOCK-
TENbHO OCH Y.

3. Ecnu x — +%© uam x — —0, to y — 0; ecnn x — 0 (6yayun nonoxu-
TenbHLIM WX OTPULATeNbHBIM), TO y — +00,

JeicTBUTeNbHO, €CN |X| HeorpaHW4eHHO BO3pacTaer, TO |x2| craHoBuTCS
BCE MEHbLIE W MeHblle, OCTAaBasCh MONOXUTENBHLIM YuCAOM, T. €. x> — 0.
Ecnm |x| ctaHosuTCH BCE MeHblue U MeHblue, T. €. |x| — 0, To X% HeorpaHu-
YeHHO BO3pacTaeT, T. e. x - — +0o,

[eOMeTPMYECKM 3TO 03HAYaeT, YTO OCb X W OCb Y ABNAIOTCH acuMNToTamm
rpaduka pyHKUUN.

Tenepb NocTpouM rpaduk GyHKUMM ¥ = X °.

Cocrtasum Tabnuuy nvilb U1 NONIOXUTENbHBLIX 3HAYEHUI apryMeHTa, Y4uTbi-
Basi, 4TO MO CBOWMCTBY 2 MPWU MPOTUBOMNONOXHbLIX 3HAYEHUAX X DYHKUMS NPUHA-
MaeT O[IMHaKOBble 3HAYEHUS:

1 1
e 3 > 1 2 3
1 1
y 9 4 1 5 =

§ 17. OpobHo-nuHeinHas yHKLUWSA




OTMeTMM Ha KOOPAMHATHOW MNNIOCKOCTU TOYKWU, KOOPAMHATHI KOTOPbIX
3aHeceHbl B Tabnuuy, ¥ TOYKM C NPOTMBOMNONOXHLIMKM abcuuccamu
(puc. 70). Yepes oTMeyeHHble TOYKM MPOBEAEM B MEPBOW M BO BTOPOW KOOP-
AVMHATHbIX 4ETBEPTAX MnaBHbie NuHWK. [lonydnM rpaduk yHKUMKM y = x 2
(puc. 71).

3aMeTuM, 410 PYHKUMA ¥ = X" Npu HEYETHOM OTPULATENLHOM 7 (T. e. npw
n = -3; -5 u T A) obnagaeT TakKUMU Xe CBOINCTBAMM, KaK W YHKLMS
y = x', a npu 4THOM OTPULATENLHOM 1 (T. €. pu 1 = —4; -6 U T. A4.) —
TaKUMKU Xe CBOWCTBAMU, kak U dyHKUMS y = x 2 Tpaduk dyHkummn y = x”,
rae n — uenoe oTpuuaTtenbHoe 4YUCNO, COCTOUT M3 ABYX BETBEW; MPU HeuyéT-
HOM 7 OH PACnoniOXeH B NepBOW M TPeTbel KOOPAWHATHLIX YETBEPTHAX, a npwu
HETHOM 7 — B NEPBOI U BTOPOIN KOOPAWHATHBIX Y4eTBEPTAX. OCb X U OChb ¥y fB-
NA0TCA acuMnToTamu ana rpaduka aton GyHKUMN.

v
7__
6__
.5__
4.--0
3 e
9L
o 1+ o
AEaREN SESENT ame -
-4-3-2-10 1 2 3 4 <% X
Puc. 70 Puc. 71
YnpaxHeHus

1259. Tlocrpoiite rpadpuk dyukumn y = x ', me x > 0. Hcrione3yst ceoiicTBa
rpacuka GYHKUMH W BHIYUCIEHUS, HAIuTe:

a) sHadeHue y npu x = 0,1; 0,2; 6; 20;
0) 3HaueHue x, mpu Kotopom y = 0,01; 0,4; 8; 20;

B) MHOXECTBO 3HAYeHWH apryMeHTa X, MPH KOTOPLIX y <0,1; y < 0,01;
y <0,001; y > 20; y > 100.

1260. CpaBHute uymcaa:
a) 0,577 m 0,757%; B) 2,387 u 2,19°";
6) 0,927' u I; r) 1,047 u 1.

300 = TnaBa 7. ®yHkummn u rpadukm



1261.

1262.

1263.

1264.

1265.

1266.

1267.

1268.

1

IMpunamiexur au rpaduky GyHKUMH y = X = TOYKa:

a) A(3; %) 6) B(—%; —7); B) C(25; 0,04); r) D(—0,5; 2)?

IMocTpoiiTe B OIHOW CHCTEMe KOOPIMHAT Tpaduku GYHKIMA ¥y = X H

¥ = x . OtBeTbTe Ha BOTPOCHI:

a) IIpY KAaKWX TIONOXHUTEIbHBIX 3HAYEHUSIX apryMeHTa BEepHbI PaBeHCTBO
x ' = x u HepaBeHcTBa X ' < X, X ' > X;

©) IMpH KakKMX OTPHLIATE/IbHBIX 3HAYEHMHAX aprymMeHTa BEPHBI PaBEHCTBO
x ' = x u HepaBeHcTBa X | < X, x> x?

JokaxkuTe, uTo eciu Todka A(a; b) npuHammexut rpaguky GyHKUMHU
y = x !, To Touka B(b; a) Takxke NpUHALIEKUT rpaduKy 3TOH (QYHKIMU.

x ' eem 0<x<l,

IMocrpoiite rpaduk QyHKUMK Y = {x, (T
Haiinure:
a) 3HaueHue dynkumu npu x = 0,25; 0,5; 1; 2; 6;

6) 3HAUEHHs apryMeHTa x, Npu KoTtopsix y = L,5; 3; 4.

x', ecnn x >

?

B | =

IMoctpoiite rpaduk GyHKIMM g(X) = I
x+1,5, ecim x<5.

Haitinure:

2) g(-2), 20), 8(1}, &), &(-2,5);

6) 3HaueHHWs X, TpU Kotophix g(x) = 0; g(x) = —2; g(x) = 0,5.
Ucnonbays rpabuk dyHKumMu y = x ° (cM. puc. 71), Haiimure:
a) 3Hauenue y npu x = 0,6; —0,6; 1,2; —1,2;

6) 3HaueHus x, npu Kotopeix y = 0,7; 1; 3;
B) MHOXECTBO 3HAaY€HWil apryMeHTa X, Mpu KoTopeix y < I; y > L.

CpagHuTE 4ucCla:
a) 0,852 u 0,637 B) (—0,365)% u (0,365)%
6) 5,717 u 6,237% r) (—1,25)72 u (2,25) %

TMpuHamiexkuT 1 rpaduky GyHKUMH y = x? Touka:
. XY, i ) 0 &
D K& L) o L(-2-5  wp(-%9f o054

§ 17. OpobHo-nuHelHasn QyHKLUA




1269. Iloctpoiite B onHOM cucteme KoopauMHAT rpaduku ¢yHKumit y = x ' u
= x % e x > 0. IMons3ysice rpahMKaMH, CpaBHUTE:
a) 0,3752 u 0,3757";
6) 2,457 u 2,47\,

1270. PacnionoxuTte B MOpsaKe BO3PACTAHHMS 4YMCIIA:
5T% 687 577 57 &8% &g

1271. IMoctpoiite rpaduk GyHKIIN

x2, ecim x?%;

y=14, ecin —%<x<l;

- 1
x 2, ecim x<—3.

Haiimure:
a) 3HayeHWe GYHKUMH NpHU x=—%; 0; %; =15 2;
0) 3HayeHMs apryMeHTa, MpH KOTOPBIX y=7l-; 1; 4.

YnpaxHeHus Ans NOBTOPeHUs
1272. 3anuuuvTe B CTAHZAPTHOM BHWIE YMCIO M YKAXHMTE 3HAYAIIYIO YAaCTh W TMO-
PSIOK 4mCIia:

a) 230 000; B) 0,000285;
6) 40 900; r) 0,00705.

1273. B onHoit cucteme KoopauHat TOCTpoiTe rpaduku (GYHKUHA y = X,

y=x,y=x,tex > 0. [Mone3ysick rpacdmkamMu, pacrnonoXuTe B IO-
pAIKe BO3pacTaHWsl YUCIA:

a) 0,75; 0,75% 0,75%
by 1.32% 1,32 132

1274. JlokaxuTe, 4TO NpU JTOGBIX JOMYCTUMBIX 3HAYEHMSIX TIEPEMEHHBIX a U b
3Ha4YeHHWe JpOOM He 3aBUCHT OT 3HAUCHMWH ITHX IEPEMEHHBIX:

10(a — by’ , 6) 2x—3)+24xy
(5a —5b)*° (x +1,5)
2 2
1275. Haiinjite 3Hauenue apobu W, 3Hast, yto x — 1,5y = 50.
- 27y
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53. O6parHasi NPOnNopPUNOHaNbHOCTL U eé rpaduk

Bbl 3HaeTe, 4TO NpAMas NPONOPLMOHANBHOCTE — 3TO (QYHKUMS, KOTOPYIO
MOXHO 3aaaTh hopMynon y = kx, rge kK — He paBHOE HYINo HY1Cno.

MpY NONOXWUTENbHBIX 3HA4eHUsX aprymeHTa u k > 0 ata dyHkums obnapaet
CBOWCTBOM: MNPV YBENWYEHUM 3HAYEHWA X B HECKOJNbKO pa3 COOTBETCTBYHOLIME
3HAYeHUs y YBENUUYMBAIOTCA BO CTOJNLKO Xe pasd. B Takux cny4asx roBopsT, 4TO
3HAYeHUA X NPAMO MPOoNopLUKMOHabHbel COOTBETCTBYIOLWWM 3HAYEHUAM ¥, a nepe-
MEHHAA y rporopumoHaibHa x.

Paccmotpum ¢yHKumMio y =k % npu k > 0, roe He3aBUCHMasa NepemMeH-

Hasi X NPUHUMAET MONOXWUTESbHbIE 3HAYEHWS.
CornacHo dopmyne y =k % 3HAYeHWs ¥ NPAMO MPOMNOPUMOHANBHBI YUCNaM,

06paTHbIM 3HAYeHWaM x. ITO 3HAYUT, 4YTO C YyBEeNM4eHWeM 3Ha4YeHun x
B HECKONLKO pPa3 COOTBETCTBYIOLLME 3HAYEHWS y YMEHbLUAIOTCA BO CTONbKO
Xe pas.

B Takux cnyyasx rOBOpPAT, YTO NepemMeHHas y 00parHO nponopunoHallb-
Ha nepemMeHHoi x, a camy GYHKUMIO Ha3biBaloT 0OpaTHOM MPOropuuoHarb-
HOCTbIO.

Tak xe kak v npamMas nponopuMoHaneEHOCTL, 0BpaTHas NponopuuoHanb-
HOCTb HaxoOWT LWMPOKOE MPUMEHEHWE Ha MNpPakTUKe.

Hanpumep:

— Bpems, 3aTPaYeHHOE Ha MPOXOXAEHWE OJHOro W TOro Xe nyTu, obpaTtHo
NPONOPLUOHANILHO CKOPOCTU ABUXEHWS,;

— KOonu4ecTBO ToBapa o6paTHO NpOnopUMOHaNbHO LEHEe 3TOro ToBapa npw
OOHOW W TOI Xe CyMMe [OeHer, 3aTpa4yeHHbIX Ha ero rokynky;

— nnuHa a (B ©M) CTOPOHbLI NpsIMOYroibHWka obpaTHO nponopuuoHaibHa

ero wupuHe b (B CM) Npy MOCTOSIHHOW nnowaan S (B CM?) MpsMOYronbHUKa.
B panbHediwem dyHKUMIO y=§ Mbl Bygem paccmartpuBaTe npu nbom

k # 0 1 noBbIX NONOXUTENbHBLIX U OTPULIATENbHbIX 3HAYEHUSX apryMeHTa.

Onpepenenve. OGpaTHOW NPONOPLUOHANBHOCTLIO Ha3biBaeTcA (QYHK-
uMs, KOTOPYIO MOXHO 3aaartb popmynon y = %, roe x — HesaBMcumas

nepemeHHas M kK — He paBHOE HYNIO YUCNO.

Yucno k HasblBaOT KO3 PUUMEHTOM 06parHoi NponopPUNOHaIbLHOCTH.

ObnacTbio onpeneneHnsa GOYHKUWW, 3a0aHHOW (hopMynoi y=§. ABNAETCA

MHOXECTBO OENCTBUTESNbHbLIX YUCEN, OT/INYHbLIX OT HYNA, TakK Kak BblpaXXeHue %

MMeeT cMbich nNpu nobbix x, roe x # 0.

§ 17. OpobHo-nuHeinHaa dyHKUMS




Tenepb BbIICHUM, 4TO npeacraenset coboi rpaduk 06paTHON NPONoOpLMO-
HaNLHOCTW.

BaM wu3BecTHO, 4TO rpadmkoM ¢yHKUMKM y = x ', T. €. DYHKUMM y=l,
X

sBnseTcs runepbona, W Bbl 3HAETE, KaK MOXHO MOCTPOUTb rpaduk dyHKUMK
y = kf(x), ecnn naBecteH rpadpmk dyHkumMmn y = f(x). Onupasack Ha 3Tn ceege-

HWS, Nerko NOCTpPoOUTL rpaduk mobon GYHKUMK y=§, 3Has rpaduk byHKLUK
_1
B=—
k
Mpwn k > 0 rpaduk GpyHKUMKN Y = < nony4aetcs u3 rpadumka byHkumm y =%
NyTEM ero pacTsaXeHus OT ocu x B k pas, ecnm k > 1, unn ero cxaTusa K ocu x

B ;:— pa3, ecnm 0< k< 1.

Mpu k < 0 rpadwmk dyHKUMK Y = % nony4aerca u3 rpaduka GyHkumn y = %

(3peck —k — nonoxuTenbHoOE 4YMCNo) B pesynbrate CUMMETPUX OTHOCUTENLHO
ocK X.

Mapuk PpyHKUMK y=% — runepbona. Mpadpuk dyHKUMK yzg Takxe Ha-
3bIBAKOT rMnepbo1oM.

O6nacte onpegeneHua QyHKUUK ¥ =§ — MHOXECTBO OeACTBUTESNbHbLIX Yn-
cen, kpome yucna 0.

Mepeuncnum cHavana ceoicTBa QYHKUMKM y=§. rae kK > 0, v oTmMeTMM

ocobeHHOCTU eé rpadwuka.

1. Mpu NOGLIX NONOXUTENBHLIX 3HAYEHUSAX aprymeHTa GyHKUUS NPUHKU-
MaeT MNonoXuUTeNbHblie 3HAYEHUS; NPU NIOObLIX OTPULATENbHBLIX 3HAYEHUAX
aprymeHTa — OTpuuaTesibHbie 3Ha4YeHus.
N3 atoro ceoicTBa cnegyet, 4To rpaduk GyHKUMKW PacrnonoxXeH B NepsBoin
U B TpeTbel KOoOpAMHATHbIX YeTBepTax. [paduk COCTOUT M3 ABYX OTAENbHLIX
BETBEW.

2. JlioGbIM NPOTUBOMONOXHLIM 3HAYEHUSAM apryMeHTa COOTBETCTBYIOT
NPOTMUBOMNONOXHBbIE 3HA4YeHUs GYHKLMM.
3HauuT, To4KK rpaduka, UMeloLwme NPOTUBOMNOSIOXHbIE abcumcehbl, pacnono-
XEHbl CUMMETPUYHO OTHOCWUTENBLHO Havana KoopamHar, T. e. rpaduk dyHKumn
CMMMETPUYEH OTHOCUTENBLHO Hauyana KOOpAVHAT.

3.Echum x>0  x — +0, 10 y > 0; ecm x>0 m x — 0, TO
y—~> 40, Ecnm x <0mx — -0, Toy >~ 0; ecru x<0unx—0, 1o
y—v—m_

Mz3 atoro cnegyeT, 4TO OCb X U OCb Yy ABNAKOTCH acuMmnTtoTamMum FME‘IQPGOJ‘IH.
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4. O6nactb 3Ha4YeHW DYHKUMM €CTb MHOXECTBO AEeWCTBUTENIbHbIX 4u-
cen, OTNINYHBIX OT HYNA.

B kavecTtBe npumepa QYHKUUK y = % roe k£ > 0, noctpoum rpaduk yHK-
_ 6
U y = e
MepeyncneHHble BbilLe CBOMCTBA NOKa3bIBAIOT, Kakum aonxeH ObiTb BuA rpa-
duka dyHKLMK y:%, roe k > 0.

[fs NoCTPOEHWs KOHKpeTHoro rpadwuka (npu k& = 6) cneanyeT BbIMMCIWUTB
KOOPOMHATLI HECKOJIbKMX TOYEeK rpaduka, nocTpouTb MX W Hepes3 HUX NPOBECTH
MAaBHbLIE NMHUKA (B MEPBOA U B TPETHEIA KOOPAWHATHLIX YEeTBEepTX).

CoctaBum Tabnuuy A8 HEKOTOPLIX MONOXWTENbHbIX 3HAYeHWIA aprymeHTa.

x 1 2 3 4 5 6

¥y 6 3 2 1,5 1:2 1

OTMETUM Ha KOOPAMHATHOM MJIOCKOCTM TOYKWM, KOOPAMHATBEI KOTOPbIX 3a-
nucaHbl B Tabnuue, U TOY4KM C NPOTUBOMNONOXHBEIMWA KOOPAWHATAMU, T. €. TOYKW

(_11 _6)| (-21 _3)s (_31 _2)’ (—41 —135)) (_5; —1’2)i (_6: =1 )
Yepes HUx nposBeaém setsu runepbonsl. Monyunm rpadpuk pyHkuMmn y =%
(puc. 72).

Puc. 72

§ 17. OpobHo-nuHenHaa dyHKuuUs




Mepeuncnum Tenepb CBOMCTBA QYHKUMM Y = %, rae k < 0, 1 oTMeTMM 0co-

6eHHOCTU €€ rpadwmka.

1. Mpu MoGLIX NONOXKMTENbHBLIX 3HAYEHMAX APryMEeHTa GDYHKUMA NPUHK-
MaeT oTpuuaTenbHbie 3Ha4YeHUA; NPy NiobbiX OTpUUATENbHBIX 3HAYEHUNAX
aprymeHTa QyHKUMSA NPUHUMAET MOJIOXUTENbHbIE 3HAYEeHUS.

Mpaduk PyHKUMM pacnonoxeH B YETBEPTO U BTOPOI KOOPAMHATHLIX YeT-
BEPTAX WU COCTOUT U3 ABYX OTAENLHLIX BETBEN.

2. Jio6biM NPOTMBONONOXHLIM 3HAYEHWSIM apryMeHTa COOTBETCTBYIOT
NPOTUBONONOXHBbIE 3HAYEHUS] DYHKLUUM.

Mpaduk GyHKUMM CUMMETPUYEH OTHOCUTENbHO Hayana KOOPAMHAT.

3.Ecnrm x > 0 mx - +0, Toy -~ 0; ecu x >0 unux — 0, T0
¥y — ~oo,

Ecnux<0ux—v-—00,Tquo;ecnux<0ux—>0,*ro
I+ WO,

Otciopa cnegyet, 4To OCb X U OCb Y ABMAIOTCA acuMNToTaMmu runepbonsbl.

4. OGnacTh 3HaYeHWit DYHKUMM €CTb MHOXECTBO AEHCTBUTESIbHBIX YM-
cen, OTAWUYHbIX OT HYnNS.

B kayecTtse npumepa ¢yHkumm y =%, roe k£ < 0, noctpoum rpadmk dyHk-
=_12
U y = =

CoctaBum Tabnuuy Ans HEKOTOPLIX OTPULATENbHBIX 3HAYEHWIA apryMeHTa.

x =1 -6 -4 -3 -2 =i

y 1 2 3 4 6 12

OTMeTMM Ha KOOPAMHATHOM MAOCKOCTM TOYKM, KOOPAMHATHI KOTOpPLIX 3a-
nucaHbl B Tabnuue, U TOYKU C NPOTMBOMONIOXHLIMU KOOPAMHATAMM: (12; -1),
(6; -2), (45 -3), (3; -4), (2; -6), (1; -12).

“Yepes aTm To4kM nposBeném BeTBW runep6onbl. Mony4um rpadvik GyHKLMM

Y= —% (puc. 73).

: m : } faea 7. OyHkumumn U rpadukm



Puc. 73

YnpaxHeHus

1276.

1277.

1278.

1279.

Hcnons3ys rpaduk GyHKUMH y=—g (cMm. puc. 72), HaiiguTe:

a) 3HAYEHME Y, COOTBETCTBYlOlee 3HAa4YeHWI0 X, pasHomy 1,5; 2,5; —L,5;
6) ;:a’li:snm X, KOTOPOMY COOTBETCTBYET 3Ha4YeHWe y, paBHoe 2,5; 5; —1,5;
B) ;gfmexcy'rku, B koTophix ¥ > 0 ¥ B Kotopeix y < 0.

Hcnonp3ysa rpaduk GyHKIMHA y=—% (cMm. puc. 73), Haloure:

a) 3HAYEHWE Y, COOTBETCTBYIOIIEe 3HAYECHHMIO X, paBHOMY L,5; 8; —1,5; —2.5;

©) 3HaueHME X, KOTOPOMY COOTBETCTBYET 3HauYeHHe y, paBHoe 2,5; 8; —4.5;
—2 5

B) NMPOMEXYTKH, B KOTOpeIX ¥ > 0 ¥ B Kotopeix y < 0.

IMocrpoiite rpabuk dyHkimu f(x) = %. Haiinure:

a) f(2,5); S5 S(—L2)y; J(—5);

6) 3HaueHMe apryMeHTa X, IpH KOTOpoM f(x) = 6; f(x) = —2,5.

IMpunamiexut ad rpaduxky GyHKUMH Y = % TOYKA:

a) A(20; 0,5); B) C(—4; 2,5);

6) B(—-30; —g); r) DQ5; 0,4)?

§ 17. OpoBHO-NnHenHasa gyHKUuA




1280.

1281.

1282.

1283.

1284.

1285.

@yHKLMS 3amaHa (HOPMYION g(x)=2§:—0. Haiinure pacctostHue [0 TOY-

Ku M, npuHamiexaiuei rpacbuxky GyHKINAM g:

a) OT ocH X, ecnu abcumcca Touku M pasua 10; —100; 200; —4000; 10 000;

6) or ocu y, ecnu opnuHata Touku M pasua 5; 80; —400; 20 000;
—100 000.

Haiinure xoadduiment & o6paTHO MPOMOPHHOHANBHOCTH, 3Hasl, 4TO ef
rpa@MKy NPUHALIEKHUT TOYKA:

a) A(3,5; 8); 6) B(—4,5; —4); B) C(0,0016; —625).
3apaiite dopMynoii 00paTHYH MPONOPIHOHAIBHOCTD, €CIIM W3BECTHO, YTO
e€ rpaMK TIPOXOIMT 4Yepe3 TOYKY:

a) K(3; 4); B) P(—3.5] 2);

6) L(~2,5: —2): r) Q(t%; —4).

Paccrosanmne mexny ropomamu 4000 KM camonéT, ABMrasch cO CKOPOCTbIO
v KM/4, mposeraer 3a ¢ 4. Beipasute (GopMysIOil 3aBUCUMOCTD:

a) f ot v;
6) vort

ITnomans NpsIMOYTrONBHOTO TPEYTONbHHMKA paBHa 2,5 cM’. OOMH ero karer
paBeH X cM, JIpyroii y cM. Bruipasute dgopmynoii 3aBUcHMOCTh ¥ oT Xx. [lo-
cTpoite rpad@uK 3TOM 3aBUCHMOCTH.

Ha pucynke 74 nocrtpoeH rpaduk
(yHKIIMM, BHIpAXAIOIIEH 3aBHCH-
MOCTb BPEMEHHW [BIDKCHMS aBTOMO-
Owisi, KOTOpoe OH TPaTUT HA IIYTh
OT IIyHKTa A no myHkTa B, oT ero
ckopocTH. Mcnonbiys rpaduk, or-
BETBTE Ha CJEAYIOIIME BOIIPOCHI:

1. KakoBo paccrosinue oT myHKTa A
0 myHKTa B?

2. CKoNBKO BpeMeHH IoTpebyercs
aBTOMOOWMIIMCTY HA ITyTh OT IIyH-
KTa A 1o myHKTa B, eciad oH Oy-
JET IOBHUIaTbCs CO CKOpPOCTBIO
30 km/g; 60 km/4a; 120 km/y? IR EENE

3. C Kako# CKOpPOCTBIO HAIO JBMIATh- 0f 3060 90120150180 v,
cs aBTOMOGWIIO, 4YTOObI IPOEXaTh KM/

MyTh OT TYHKTa A 10 INyHKTa B
3a 2 4; 3a 1,5 u; 3a 2 u 24 mun? Puc. 74
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1286. Tloctpoiite Tpaduk GyHKLHM:
4

6
a) ¥=——%5> B) Y=—717

x=2"

6 4
6) y=_—L r) y=3—-.

ynpa)KHEHHﬂ ANndg NOBTOPeHWsA
1287. UssecTHO, uto f(x) = x* + 1. Haiigure:
a) f(0) + f(1) + f(—1); 6) f(2) + 2f(3) + 3f(4).

xX+2x—4

1288. HaiinuTe BCe Leible 3HAYEHUs X, NPH KOTOPHIX IPoObL =

npHU-
HUMAEeT Ie/ble 3HaYEeHUSs.

1289. U306pasuTe cxeMaTudecku rpaduk (yHKIMU:

a) y=3(x—2 6)y=—x+1

m+1 m—1\.(m*+1 m’=1
1290. YnpocTUTe BBIpAXEHHE (m_l - m+1) (m2—1 — m'2+1)'

54. [Jpo6Ho-nunHeinHaa dyHKuma n eé rpapuk

_3x-5 _ 8 _Tx-1
PaccmoTpum yHKUMK, 3aAaHHble popMynamm ¥ = 5ia' Y " Ex_86' Y=—5

Mpasbie YacTu aTUX GOPMYN UMEIOT BUA paumMoHantHom Apobu, y KOTOPO Ync-
NATENb — OBYYNEH NepBol CTEMEHW WAW HYWUCNO, OT/IMHHOE OT HyNd, a 3HaMeHa-
Tenb — ABY4NEH NEepBOW CTENneHW.

M3 ¢yHKUMIA TaKOro BUAA MCKIOYMM (YHKUMK, Y KOTOPBIX npasas 4actb —

cokpaTtumasi Apobb, kak, Hanpumep, y QyHkum y=6;x__1f. Torpa nony4um ce-

MEWCTBO (YHKUMIA, KOTOPOE Ha3biBalOT APOOHO-TAHEHAHBIMA PYHKLMSAMA.

Onpepnenenve. DYHKUNS, KOTOPYIO MOXHO 3apaTk (opmynoi Bupa

y=z:g, rope 6ykBoii x o0o3HayeHa He3aBUCUMasl NepemMeHHas, a
6ykeammn a, b, ¢ v d — nNpou3BonbHbIE 4UCAa, npuuém ¢ = 0 n

ad — bc # 0, Ha3biBaeTCA APOOHO-NMHEHHOW GyHKUUEe.

§ 17. OpobHo-nuHenHas dyHKUWA




OrpaHuyenuns ¢ # 0 u ad - bc # 0 cywecTBeHHbl. Ecnu ¢ = 0, To mbl nony-
Yyaem NUHENHYI0 GyHKUMIO, a npy ad — be = 0 — cokpatumylo apobb, 3HaYeHue
KOTOPOW paBHO %’ T. €. KOHCTaHTy. [leiCTBnUTeNbHO, BbIPa3ue KoahdUUMEHT ¢

i d
“3 paseHCTBa ad — bc = 0 yepes a, b u d, Hapém, uto c=a—b—. Moncrasume

ax+b

3Ha4eHve ¢ B dopmyny y = e

, Mony4um:

axtb _ ax+b _ (ax+b)b _
ex+d a:x+d d(ax + b)

L
=

Mokaxem, 4To rpadmkom APOBGHO-NMHERHOI dyHKuMK aBnsetcs runepbona.
PaccmMoTpum npumepsi.

Mpumep 1. Noctpoum rpaduk dyHkuMmM y=%.

Belnenum 13 apobu i—t; Luenyw 4acTte. Mmeem:

x+4 x—-2+6 _x-2 6 _ 6
x—2 @ x—2 _x-2+x—2_1+x—2'

Mpacduk dyHkumM ¥ = }2_2 +1 MOXHO nony4uTb M3 rpadmka GyHKLUMKU Y =g

C MOMOLIBIO [BYX napannesfbHbiX MEepeHOCOB: CABUra Ha 2 eauHWLbl Bnpa-
BO BAONL OCM x W cAagura Ha 1 eQuHWUy BBEpPX B HanpasneHum ocu y. MMpu

6
3TUX CABUrax MepemMecTaTCca acuMnToThl runep6onsi y==1 npamas x = 0

(. e. ocb ¥) — Ha 2 eguHWUbI BNpaBo, a npamas y = 0 (T. e. ocb x) —
Ha 1 eguHMUY BBepX.

Mpexae yem cTpouTe rpaduk, npoBeAéM Ha KOOPAMHATHON MAOCKOCTM
NYHKTUPOM acUMNTOThbI: MpsAMbIE X = 2 KU y = 1,

YunTbiBaa, 410 runepbona CoOCTOUT U3 OBYX BeTBEW, OnA MNOCTPoeHus
KaXOoh W3 HWX cOCTaBUM faBe Tabnvubl: OfHY Ana x > 2, a papyryio ons
X< 2,

x 1 0 ~1 -2 -4 -10
y -5 -2 -1 -0,5 0 0,5
x 3 4 5 6 8 12
y 7 4 3 2,5 2 1,6




1=N
t
L O [ O [ N I e I e T

Puc. 75

OTMETUM B KOOPAMHATHOM MNOCKOCTU TOYKW, KOOPAMHATHI KOTOPLIX 3anvca-
Hbl B nepBoi Tabnuue, U COEAVHUM WX MNNABHOW HEenpepLIBHOW NUHUE.
Monyuyum oaHy BeTBb rMnep6onbl. AHANorM4HO, BOCNONbL30BABLUNCH BTOPON Tab-
nWUeit, NonyYum BTOPYID BeTBb runepbonbl. [py NOCTPOEHUM HYXHO Y4UThI-

BaTb CBOWCTBA (YHKLMMK y=% (rpacduk  PyHKUMN y=%+1 0OMKeH Bbl-

MageTb Tak Xe, Kak v rpadpuk GyHKuUn y=%. ecnu Obl OCSAAMM KOOPAWHAT
xt+4

Goim npsimble x = 2 U y = 1). Mpadpuk PyHkumm y=—-—7 n306paxeéH Ha
pucyHke 75.
Mpumep 2. Moctpoum rpaduk GyHKUWK y=—2;:130.

Boigenum 13 opobu zzigo uenyio 4actb. Monysnm:
2c+10 _2(x+3)+4 _o_ 4
x+3  x+3 x+3

Otciopa Yy = —% -2.

§ 17. OpobHo-nuHenHas QYHKLUS




2x+10
x+3

3ameTuM, 4TO BbiAENEHWE Lenioin 4acTn u3 apobu MOXHO BbIMONHUTL

uHave. Paspenum asyyned 2x + 10 Ha ABy4neH x + 3:

_2x+10 | x+3
2x+6 (2
4

2410 _, 4
+3 x+

3 CnepoBartenbHo, y=— 8 =

3Hauur, e

Mpaduk dyHkumn y=-xjs =2 MOXHO nony4uTe U3 rpaduka GyHKLMKM

4
Y= T C nomMouwbio ABYX napannefbHbiX NepeHoCoB: casura Ha 3 e0unHWLbl Bne-

BO M COBUra Ha 2 eguHUULl BHU3. y
AcumnToTel runepbonbl — npamble x = -3 © y = -2
Cocrasum e Tabnuubl ans x < -3 u gns x > -3.

X -2 -1 1 2 7

y -6 -4 -3 _218 _214
x -4 -5 X, -8 =19
y 2 0 -1 -1,2 -1,5

MoCTpoMB TO4kM B KOOPAMHATHOWM MIOCKOCTM W NPOBEAs YEPes HUX BeTBu

2x +10
x—:S_ (puc. 76).

Hokaxem Teneps, 4To rpadukom NGO APOGHO-NMHERHO dbyHkUMKM aBns-

runepbonbl, NOAYYUM rpaduk dyHKUMK Y = —

k
erca runepbona, koTopas Mnosly4aeTcs U3 rpaduka GyHKLUMM Y= C nomowpio
napanenkbHbIX NePeHoCoB BAONL OCei KOOpPAMHAT. [lNs 3TOro HyXHO NoKasaTb,

yTo dopmyny

MOXHO MPeACTaBuThL B Buae

roe k, m v n — 4ucna, onpefensiemMble 3HAYEHUSMU K03pdULUMEHTOB a, b, c u
d, npuyém k # 0.

s

Masa 7. PyHkuMn u rpaduku



Puc. 76
LieNnyio 4acTb, y4nTbiBas, 4to ¢ = 0 u ad — be # 0.

ax+b
Buipenum 13 apobu S
[lns 3TOro pasgenum ABy4NeH ax + b Ha ABy4neH cx + d:

+
ax+b cxtd
- g
ax+94 l¢
[ 5
_ad
b [+
p-4

ax+tb _a c
3HauuT, T P
Paspenve 4ucnuTenb W 3HaMeEHaTenb nocneaHein Opobu Ha ¢, Noay4YuMm

bc — ad
2

ax+thb _a
ex+d ¢ [d)
|

c

Mycrs 2=n, 2% - y -L=m.
c C

ax+b k
=H =
Torna ex+d * x-m
3HaAuUT, NPON3BOSLHYIO APOBGHO-NMHENHYI0 (PYHKUMIO MOXHO 3aJaTb GOpPMYOoN

+n, troe k # 0.

y: X—-m
§ 17. OpobHo-nuHelHas QyHKUMSA




PaHee Gbino nokasaHo, 4TO rpaduk GyHKUMKM ¥ = f(x — m) + 1 MOXHO Mo-
nysnTb U3 rpaduka GyHKkUMKM y = f(x) C NOMOLLIO ABYX napanienbHbix nepe-
HOCOB: CABUra BAOMb OCK X Ha |m | eavHuy, Bnpaso, ecniu m > 0, unu Ha |m|
enuHvl Bneso, ecn m < 0, u caBura BOONb OCU y HA 1 €OWHWL, BBEPX, ECNK
n >0, unn Ha |n| eanHuy BHU3, ecin 7 < 0. CnenosaTensHo, rpadvk GyHKLUMM

k
y= ﬁ +7 MOXHO MONy4uTb U3 rpaduka GyHKUMM Y = C MOMOLLbIO ABYX CO-

OTBETCTBYIOLLMX NapaiyiefibHbiX nepeHocos.

Mpaduk yHKUMM y=§ — runepbona, 3HaunT, U rpaduk yHKUUU
P k_ +n takke ABnseTca runepbonon, oS KOTOPO NPAMbLIE X = M U Yy = n
ABAAIOTCA aCMMNTOTaMM.
d a ax+b
Tak kak m=—"7 W n=—, T0 AN runep6ons Y =74 acumnrotamu sBns-

I0TCA NpsIMble:
= =4
X= T M = =

MpW NOCTPOEHWMM KOHKPETHOro rpaduka APoBHO-NUHENHOW DYHKLMK HY>XHO

dopmyny y =27

cx+d

k
NpeacTaenTs B BAAE Y =———+n. [pu 3TOM K TaKomy

BUOY MOXHO NpUBOAUTL Apobb 2:: 7 Kak NyTéM BbloeneHus n3 Heé Lenoin va-
CTU (Kak 310 6biNO MokaszaHo B Npumepax 1 U 2), Tak U C NOMOLLBIO dopMyn:
k=bc;,ad, m=—% ] n=%. Mepsblii cnocob B GonbWKWHCTBE cny4vaes Bonee
nNpeanoyTUTENEH.
YnpaxsHenus
1291. ITocrpoiite rpaduk YHKUUU:
6 . _ _—8 :
a) y—m+2, B) y-—x_2+l,
=_=6 _ . =
6) V=553 % r) Y= e )

1292. Haiinute obnacTs onpeneneHusi ¥ 061acTh 3HAUYEHHH (GYHKUUH f, eciu:
— 3 .
a) fR)=——=+2

6) f(¥)=—— —4.

x+6

Maea 7. ®yHkuumu u rpadpukmn



1293.

1294.

1295.

1296.

1297.

1298.

1299.

1300.

VKaxute acUMMTOTbI rurepbossl — rpaduka QyHKIUH:
19 12

a) y"—.’— > l') y=-—+—6—10
_ 2 5 - X=5,

6) y= x+8+5 n y= Ix+6°

B) y=—;—(1—4+9; e) y_z"C —

Jlokaxute, uTo rpadukoM (QYHKIMM g SBISETCS MpsAMas ¢ «HCKII0YEHHOM
TOYKOW», W HaWIUTEe KOOPAWHATHlI ITOW TOYUKH, €CJIU:

8x — 40 6x +42
a) g(x)=3—s 6) g(x)=——otis,
15 12x + 84

[Moctpovite rpaduk GYHKIMH:

3x—2,

a) Jm——s 0) o

x=3
Haﬁnme HYIA QYHKIMM M NPOMEXYTKH, B KoTopeix y < 0 u y > 0.

Hokaxute, uro rpadukoM (QyHKUUH

e 3x° +6x
X —0x?4+2x—18
SABJISAETCS TUTIEpOona.

2x 8
ecm < x<4,
Iocrpoiite rpaduk byHkuuH g(X)= x+2°
x—4,ecmmd<x<T.

Pewure ypaBHEHME:
a) g(x) = 4; 6) glx) = 3; B) g(x) = 1; r) g(x) =

Pemmre rpauueckd ypasHEHHUE:

[R—
a) 3 P

6) 2+x=—1-=.

Haiigure Bce TOYKM rpaduka QyHKIHHA Y = 8;‘:

1
1 C UeJIibIMU KOOpOMHATaAMH.

2x* - 8x
x—Tx+12
C «HCKJIIOYEHHON TouyKo#». Haiin¥re KOOpOWMHATHI 3TOH TOYKH.

Jokaxwure, 4To rpadukoM QyHKIUH Y = sBNIseTca runepbdoia

§ 17. OApobHo-nuHenhHas (pyHKUUA




1301. Vkaxurte, rpaduKOM Kakoil U3 DYHKUMH SBISIETCS runepbona;
5 _x-7 X35

Y=%+a YT 73 0 YT i

T _9x—24
x+8 YT a7

y=(2x+ 503x — 97\

YnpaxHeHus ans noBToOpeHus

1302. YnpocTtuTe BBIpaXeHHe:

B2 g . x4y—2 - x 2t
a) T3 -7 6) 2.1, 221"
a“+b xy “Faxyt+1

1303. JlokaxuTe, YTO MPH MHOOBIX 3HAYEHMSIX IIEPEMEHHBIX BEPHO HEPAaBEHCTBO:
a) x>+ + 22> 2x+ y):
6) a® + B + ¢ > 2ac + bc — ab).

1304. Haiinure oGnacts ompeneneHuss U 06JacTh 3HAYECHHI byHKIHHT:

a) f(x)=’3‘;__891; 6) glx)=2=2,

2_
x+5

1305. I'paduk dynxkumu y =§ NIPOXOAUT 4epe3 Touky (—2; 4). Haiimure 3nave-
HHE K M TIOCTpOiiTe 3TOT rpaduk.

!z] KoHTponbHble BOnpochbl ¥ 3agaHus

i Cdopmynupyiite ceoicra byHKIHA y = x ' u Y = X %, oTMeTETe 0COBeH-
HOCTH WX TpadHKOB.
2. YTo HaspIBaeTCST acMMITTOTOM KpUBOIH?
3. Kakas dynxums HasbiBaeTcss 06paTHOIN MPONOPLHMOHATBLHOCTHIO?
k
4. Hauyeprure cxemarudecku rpadumk dbyHKunH Y= npu k > 0 u mepe-

YHUCJIUTE CBOMCTBA 3TON (DYHKIIMH.
5: Haveprure cxematudecku rpaduk QyHKIHH y=§ npu k < 0 u nepe-
YUCIUTE CBOMCTBA 3TOH (hyHKIMH.

6. Kakas ¢yHkumsa HaspiBaetcsi ApOGHO-IMHEHHON GyHKLMeH? IMpusenure
NpUMEPHl TaKUX (DYHKIIHIA,

7. Kak ctposaT rpadmku npo6HO-THHERHBIX BDYHKIHIT?

MMaea 7. @yHKUuMKM U rpapmkmn




1306.

1307.

1308.

1309.

1310.

1311.

1312.

JononHutenbHbie ynpaXHeHWa K rnase 7

naparpady 16

3Has, yto f(x) = X* + x + 2, HaiauTe:

a) f(3) + f(1); B) f(=3) + f(3);

6) f(=3) + f(2); r) fla) + f(—a), tie a € R.

@yukuus g(x) = x* — x — 6 3a1aHa HAa MHOXECTBE LETbIX YMCeNl, [PU-

HaIUIEXKAIINX TTPOMEXYTKY [ 3: 4]. Haiioute 0o6JacTe 3HaAYeHUH (bynxulm

U3secTHO, uTo @ (x) = 2x — 5. [Ipn Kakux 3HAYEHHUSIX X BEPHO PaBEHCTBO:
a) p(x + 3) = <p(3x); B) 20(x) = —¢x — 1);
6) o(—x) = ¢(4x + 1); r) 3e(x — 1) = 4p(x + 2)?

x+4, ecnin—6< x <—1,
Mycte f(X)=9—x+2,ecnu—1<x<1,
x,ecnul < x <5.

Haiinure:
a) obnacte onpeneneHus Gyuxkuun D(f);

6) snauenue dynxkunu f(—5), f(1), f(4);

B) obnacTh 3HaueHuit yukuuu E(f);

r) 3HAaueHHMs apryMeHTa X, nmpv KoTopsX f(x) = 0, f(x) = 2, flx) =
Sflx) = 4.

@yukuMs 3amaHa hopMmysioi g(x) = lix

Haiinure:

a) obnacte onpeneneHus byHkimn D(g);

6) snauenust byukn g(—4), g(—1), g(2), g(4);

B) obnacrb 3HaueHWil GyHkuun E(g);

b
X

) 3HAUEHHWs apryMeHTa X, NPH KOTOPBIX g(x) = —6, g(x) 0, gx) =
g(x) = 6.
HU3sectHo, uto f(x) = 0,5x — 1. Tloctpoiite rpaduk QyHKIMH:

a)y=2/(x); 0 y=-f) B ry=—3/C).

Ipadukom oyHkiMu y = f(x) cayxur jomaHas nuHusi ABCD, rue
A(—4; =2), B(—1; 4), C(2; 1), D(6; 3). INocrpoiite rpaduk GyHKUMH:

a) y = () B) ¥=13/(x); n y = 2f(x);

6) y = —f(x); 1 y=—3f); &) y = —2f().

JononHuTenbHblie ynpaxHeHna




1313.

1314.

1315.

1316.

1317.

1318.

1319.

1320.

1321.

H3obpasure cxeMaTHyecku rpaduk (YHKIIMH:
a)y=x*— 4x + 5; B)y=x—32+3x+ 2
) y=x>+6x + 5; Nny=x+ 67+ 12x + 5.

Iocrpoiite rpaduk yHKINK:
a)y==2lx—1; 6) y=—|x—3 + L
Haiigure Hymm GyHKIMM M MPOMEXYTKH 3HAKOMOCTOSTHCTBA.

3anaiite ogHOW dopmynoil GyHKIMIO:
). Y= {

8 —x, ecmu x <8, ) = —x—35,ectn x<0,
x—8, ecnu x> 8; BY ¥= x—35, eciu x> 0;

8—x, ecmn x<1, y e —Xx—95, ecn x < -3,
x+6,ecmu x=1; L ¥= x+1, ecin x >—3.

6) y={

Haiinure Bce 3HaueHwWs a, npu kortopeix Touka K(—3; 4) mpuHAmiexur
rpapuky QyHkunm:

a)y = (x + a)’ — 12 6) y = |x —a| + 3.

HUsBectHo, uyTto Touka A(6; 13) npuHamiexut Kak rpadbuKy (GYHKUMM
y.= (x — 5)* + n, Tak u rpaduxy dyskmuu y = (x — m)> — 3. Haiiu-
TEe YUCIa m U A.

ITocTpotite rpaduk GyHKIHH YV = % W HaWIWTe KOOPAMHATEI TOYEK Tepe-
ceyeHus: (€CIM OHM CYLIECTBYIOT) TpadMKa 3TOi (DYHKIHMH C TPAMOIL:

a) y = 6; B)y=-—x+T,

6) v = 3x; ry=—2x

Haiinute 3nHavyenus: koadduumeHToB X M b, NpH KOTOPHIX mpsMasi

y = kx + b u runep6ona y=% MMEIOT ODOIIYI0 TOYKY:
a) A(2; 3); 06) B(—3; 6).

Hokaxure, 4to runepbona y=% U TIpsiMast y = —x + 6 UMEIOT TOJBKO
OnHY OONIYIO TOYKY, M HalouTe €€ KOOpPIMHATHL.

JokaxuTte, 4T0 eciu Touka A(a; b) MpuMHALIEXUT runepbone y=%, TO

H Touka B(b, a) npuHamwiexuT 37Ol Xe runepbone. Kak pacnonoxeHbt
TOYKH A U B OTHOCHUTENBHO MpsMOH y = x?

Maea 7. @yHkuuun u rpadpuku



1322. Hanumure ypaBHeHHME KakoOi-HHUOYIb TIPSMOI, KoTopasi ¢ TIHIepOosoi

= 5.
5

a) UMeeT TOJBKO OAHY OOLIYI0 TOUKY;
6) uMeeT TOJILKO [IBE OOIIME TOUYKH;
B) He HMMeeT OOIIMX TOYeK.

1323. Moryr 1u runepbosia y=% u npsMas y = ax + b uMmerb TpH oOIIME
TOYKM?

1324. Ilocrpoiite rpaduk QyHKUMH:

- 6 4
a)y = —IxI™; 6) y=12 B) y==ii

=
-2

a) Haiinure f(—4), f(—1), £(0), f(1), f(3).
6) Jdokaxwure, yto ecimm a = 0, 1o fla + 2) = f(2 — a).
B) Haiimure oGnacts 3HaueHUil (QYHKLIIMU.

1325. ®yukums 3azaHa dopmynoi f(x) =

1326. Vkaxure, B KAKMX KOOPIWHATHBIX YETBEPTSIX HET HU ONHOM TOYKH rpadu-
Ka (QYHKIIHH:

y=Jx+16+2; y=Jx—-T7+1; y=x—6-6.
1327. HU306pasure cxeMaTUdecKH rpaduk (QyHKIIHH:

a) y=+x—4+2;
6) y=4x+6+1

VikaxuTte 061acTh omnpeneneHus U o6JacTb 3HaYeHUH QYHKIHH.

1328. Jlokaxure, 4to rpaduki GyHKmA y=+x—5, me x = 5, uy = x* + 5,
rae x = 0, CHMMETPHYHBI OTHOCHMTEJIBHO IIPAMOI y = X.

1329. Ilpu KakoM 3HaueHUH @ rpaduk QYHKIHH Y = JXx —6 cuMMerpHYeH OT-
HOCHTENIBHO TIpAIMOit y = x rpaduky dyHkumu y = x* + a, e x = 0?

1330. Iloctpoiite rpaduk dyHkuuu y =X —1 +4. Tlonb3ysace rpadmkom, yka-
KUTE MHOXECTBO 3HAYEHMH X, IIPH KOTOPHIX ¥ > 6.

JononHUTeNbHbLIE YNpaXHEeHUs




K
1331.

1332.

1333.

1334.

1335.

1336.

1337.

1338.

naparpadcgy 17

IlocTpoiiTe B TIepBOMl KOOPAMHATHOW 4YeTBEPTHM rpadHKH byHKMi
y=x"meneZu—2<n< 2, pubpap 3a eIMHUIY MacImTaba Ha OCHX
xuy5cMm (10 knetouex).

Kak pacronaraiorcsi aGeimechl ToYek nepeceveHus MPsMOR ¥y = a ¢ Tpa-
(ukamMu 3THX (DYHKIMI B ciydae:

a) 0 <ag<l; 0) a =1; B) a > 1?

x%, ecmn 1< x| <3,

Iloctpoiite rpa P y=
TRORIS TRALME QyRks: ¥ {xz, e —1<x<1,

M3o6pasure cxematnuecku rpaduk pyHkimu y = x°. [lonb3yscs rpau-
KOM, CpaBHWTEe 3HAaYeHWUs] (DYHKLIUH:

a)mpu x = 2 u x = 3;
0) mpu x = -3 U x = —4.

H3o0pasute cxemaTHuecku rpaduk (byHKUHN f(x) = x*. TINons3ysick rpa-
bukoM, cpaBHUTe 3HaYeHHs (DYHKIIUH:

a)nmpu x = 3 ux = 2;
6) mpu x = -3 u x = —2.

Touka M npunamiexur rpaduky GyHKUNH ¥y = X', r1e n — HeI0e YHCIO.
Haiinure n, ecnu:

a) MG; 9; » M(-3-2)  m M-3; 81);

6) M(—2; —8); r M(—z;%); e) M(—%;—sz).

Haitnute obnacth onpeneneHus u noctpoiite rpaduk byHKLIUH, ecau:

2x —4
Hoxaxure, yto mpu J060M x > 8 dyHKIMS Y = ~ g TPWHMMAET 3Ha-

yeHud, Gonelme 2, a mpu x < § — 3HAUYEHHS, MEHBIIHE 2.

HokaxuTe, 4TO NpH MOOOM b, GonbineM 8, WIH b, MeHBIIEM 8, npsamasa

y = —x + b nepecekaer rpaduk QYHKLUHH Y = l—f— B JBYX TOYKAaX.

MMaea 7. PyHkumn u rpacpmku



1339. Haiinure Bce TOYKHW Tpachuka (YHKIHH

_x-29
x—4

C IENBIMM KOOpIHWHATAMH.

1340. JokaxuTe, 4TO CyLIeCTBYET TOJBLKO ONHA TOYKAa, KOOPAWHATHI KOTOPOM —

HATypallbHbI€ YMCJIA, NPUHALIeXanas rpaduky GyHKuui

_ 65—
y= 05x—1"
1341. Iloctpoitte rpaduku QYHKIMI
6 _ Tx—43
y_; £ F= x =7

M HAlIWTE KOOPAWHATHI OGIIUX TOYEeK 3THUX TpaduKoB (GYHKLMI.

1342. Tunep6osa, aCUMIITOTEI KOTOPOl — NpsMble X = 5 U y = 5, mnepecekaer

rurepboy

4
y - X

B JBYX Todkax. AGCLMCCa OIHOM M3 TOueK TepecedeHusi paBHa 4. Hainu-

Te KOOPIMHATHI OOIMMX TOYEeK 3THX THrepbol.

JlononHuTeNnbHbIE YNPaxHeHus [

11 Anre6pa. 8 k.



3apauv NOBLILEHHOW TPYAHOCTU

1343. Cokparute Ipobb:

4 3 2

-1, d+d+ad+ad+ta+l,
8y Speney B) 3 ’
x+xi+1 a®+24° +1
[ B —6°+b—1
3 ’ L) :

y—=3y+2 b —b"+b-1

1344. YnpocTuTe BbIpaXeHHE:

(@ =B —ct—2bc)a+b—c).
(@+b+c)a®— b +c? —2ac)’

) a:"+b3+c3—3abc
A+b+ct—ab—be—ca

1 1 1 1
x+Dx+2)  (x+2)(x+3) i (x+3)(x+4) TP (x+n—1)(x+n) +

1 3
x+nx+n+l1)’

1 1 | 1 1 1 1 11}.
v (z+3)(m"(‘;+ﬁ)+m‘(z+z))’

__.,v_x—y (L ok
X+ P4y 2y2

B)

I
) et yP—xy .(_L_L)
= t+xy P X
1 = (x —1)?
e) |1+ — | o
x+— =~
x-—1

1345. Yerbip€xsHauHOe YMCIIO, B KOTOPOM LiMdpa €IMHMII paBHA Pa3HOCTH MEX-
oy uudpaMu ThICSY M COTeH, a uudpa OECATKOB paBHA HYIIO, SIBJISETCS
KBazpaToM uyuciaa. Haiioure 310 ymcno.

1346. [lokaxwure, 4to npu J060M 1IEJOM n 3HAYeHHEe TpéxwieHa 2n° — 3m* + n
KpaTHO 6.

1347. [IBy3HayHO€ YMCJIO TAKOBO, YTO IIPOM3BENEHHE LMMP 3TOro 4YHCIa SIBIs-
€TCA €ro OEITUTEIIEM. Haﬁnme BC€ TaKHE 4HCIIaA.

3apnayun noBbILLEHHOW TPYAHOCTU



1348.

1350.

1351.

1352.

1353.

1354.

1355.

1356.

1357.

JIOKaXHuTe, YTO €C/IH %:%: £, TO BEPHO paBEHCTBO
<
@+ b0+ A +y +2D) = (ax + by + 2.
JokaxuTe TOXIECTBO:

a3 a3 An
+ + ot =
aj(a +ay)  (a)+ayia +a;+ay) (a,+ay+..+a,_Na+ay+..+a,)

a+ay+..+a,
Ta (g tayt..ta)

TNoxaxwure, yro npu a > 0, b > 0, ¢ > 0 BepHO HEPAaBEHCTBO

&+ B+ > Jabe a + b + o).

INokaxwuTe, 9TO eciu # € /N, TO BEPHO HEPaBEHCTBO!

1 1 1. | | Y
El) :i<;'——;, 6) l+22+32+---+n2<2-

Pewure HepaBeHCTBO x> + 52 — 4xy — 6y + 9 < 0.

JloKaxuTe, 4TO Npd JIO6OM HATYpalbHOM 7, OTIMYHOM OT 2, 3HAYeHHE

SIBJISIETCSI HATYPaJIbHBIM UHCIIOM.

HatypaibHble CTeleHM 4Mciaa 3 3alldCaHbl B BHIOE IOCIEIOBATEIbHOCTH
1 32 73
Fo X, T, s 35 s

Kako#f uudpoii oKaHYMBAETCs YUCAO B 3TOM IIOCHENOBATEIbBHOCTH, CTOA-
1iee Ha:

a) 4-mM Mecrte; B) 12-M Mmecrte; n) 6-M MmecTe;

6) 8-Mm Mecre; r) 2-M MecCTe; e) 10-m mecte?

2x? -1
BBINOIHKATE TOICTAHOBKY X = l(\J"a + 4 fl) 1 YIIPOCTUTE BhIPAXKEHHE = .
2 a x—;}xz—l

2641 + x* 1 [a b
anocm*re BbIPAXKCHHE ———, 3aMEHUTE X BBIPAXKEHUEM X = —|.[— —4/— |,
Jl+x% —x 2\ a

mea>0mnb>0.

VIpocTUTE BEIpAXEHHE:

a) 6+ 246 — 243 —242; 6) |8 — 22 —2+5 +2410.

3apayn NOBLILWLEHHOW TPYOHOCTU




1358. CpaBHuTe 3HaUYeHWE BHIPAKCHUIL:
1 1
— 4+ — u 4/1,05;
a) E - % U 41,05;
6) y9+4v2+43+26 u 9+243+245 +2415.

1359. Jlokaxure TOXIECTBO

2 2
Jmm_w_gy:\/; I

x—ZJx_y+3y

1360. Ynpocrure BbIpaxeHuHe

NCRN R AN - N SN PN - o A

1361. Pemute ypaBHeHHE:
a) (X = 3x + 4)* — 5x(x — 3) — 14 = 0;
6) (X + 6x)(x° + 6x + 8) = 105;
B) (x> — 8x + 7)(x* — 8x + 15) = —15;
r) x(x + I)(x + 2)(x + 3) = 24.

1362. Jlokaxure, 4To ecii Mexay KOI(M(MUIMEHTAMM YpaBHEHHI X° — px+g=0
ux+px+ g, = 0 uMmeer mecTo cooTHolwieHue pp, = 2(q + q,), TO 10
KpailHei Mepe OIHO M3 ypaBHEHWI MMEeT KOpHH.

1363. Haitaute 3HayeHMe a, IPU KOTOPOM CyMMa KBALPATOB KOpHEe#l ypaBHeHUs
X —ax + a— 1= 0 6Gyger HAUMEeHBIIIEIA.

1364. Haiinure Takoe 3HAa4YeHHe @, TIPU KOTOPOM OOWH W3 KOpHEHA YpaBHEHHUS

xt s $x+ a' =0 sBisieTcs. KBaApaToM apyroro. Haiimure 5ti kopHu.

1365. Haiinute 3HayeHusi mapameTpa mi, NPU KOTOPBIX YPABHEHMS
X=CQm+Dx+m+1=0u 28 —@Gm—Dx+ 1 =0
MMEIOT XOTsi OBl OIMH 06wMi KopeHb. Haiiiute 3T0T KOpeHb.

1366. Peuure ypaBHeHue:
a) |2x| + x = 6; ) Ix+ 1 +|x—1 =2

x+ ky=3,
kx+4y=6

ABJIAETCS Tlapa 4ucel, B KOTopoit x > 1 u y > 0?

1367. [lpn Kakux 3HAYEeHUSX kK pELICHUEM CHCTEMBI {
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1368.

1369.

1370.

'prmaﬂ ¥ = x + 2 nepecekaer mapabony y = x> — 3x + 2 B AByX TO4-

Kax A u B. Haiinure Ha nyre AB mapabonbl TOUKy, Haubonee ynanéHHYIO
OT mnpaMoi AB.

TocTpoiite rpadmk dyHKuMKM y = |x* — 4| U pelruTe ypaBHeHMe:
a) |x* — 4| = 6; B) |[x* — 4| = 2;
6) [x* — 4] = 4; r) [x* — 4 =0.

[okaxuTe, 4TO NpH JTHOOOM HATypalbHOM H, OonblieM 1, BeIpaXkeHue

7 — 4% — 20
nenuTcd Ha 264.

1371. JokaxuTe, 4TO TIPH BCEX JONMYCTUMBIX 3HAYEHUAX X BEPHO HEPaBEHCTBO

1372,

1373.

1374.

1375.

1376.

1377.

= 2
3< +|x i+|x | <3,
o x—1 x—=2

Hoxkaxure, 4TO NpU 7 € /N BEpHO HEPABCHCTBO:
a) L<\/n+1 —am—1;
I’l
6 ot —t ’ - =< Jn+l+n—1.
) g e et

1
Hoxaxwure, uro ecnu @ + b = 1, 1O a4+b4>§.

JlokaxuTe, 4TO YHCIIO 111...1 — 222...2 gBuseTca KBagparoM HATypajb-
n n

HOro 4yucia.

Dynkiua 3agaHa dopmymnoin f(x) = \/x —4.
1

1
Hokaxwute, 4to ecnu a > 1, To f(a+ ) i

O6Gnacth onpeneieHus ¢hyHkuuy f — MHOXecTBO Z, a o0jacTh 3Haye-
HU#t — MHOXecTBO {—1; 1}. ®yHKIMA 00MagaeT CBOWCTBOM: IUISI JIFOOBIX
uenslx @ v b BepHo paBeHcTBO f(a + b) = f(a) - f(b). Haitmure f(0) n
cooTHoLeHue Mexay f(—x) u f(x).

O6nacte onpeneneHus dhyHkuun g — MHoxecTBo Z u g(1) = k, e k € Z.
OyHkuusa obnagaer cBOUCTBOM: g(a + b) = g(a) + g(b) nist M0OOLIX LETBIX
a u b. Haiimure g(0) u cootHomeHue Mexny g(—x) u g(x). 3amaiite dbyHk-
1w g Gopmynoi.
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1378.

1379.

1380.

1381.

1382.

1383.

1384.

1385.

1386.

Tpoe pabouux, paborasg COBMECTHO, MOIYT BHIIIOJHHMTH 3aKa3 3a 42 MHH.
[lepBoiit U3 HuUX, paboTasi OIMH, MOXET BBIMOJHHTH PabOTy BIBOE MeEI-
JICHHEE BTOPOIo M Ha 2 4 CKOpee TPeThero. 3a CKOJBKO BPEMEHHW MOXET
BBIMIOJIHUTh 3aKa3 KaXAblii U3 HUX, paboras OoTaensHO?

M3 nyHkToB A M B Bblexald OIHOBPEMEHHO HABCTpedy OPYr OPYry IBa
BEJIOCHIIEANCTAa U BCTpeTWIKCh B 18 KM oT myHKTa B. [IpuOBIB B MyHKTH A
U B, oHU cpasy Xe MOBEPHYJIM Ha3al U BCTPETWIMCh BHOBb Ha pacCTOsi-
HuM 24 kM ot nyHkta A. Haiinure paccrossHue ot NMyHKTa A 10 NyHKTa B.

JlBe XeHIIWHEBI TPWBE3TM Ha phIHOK 210 Kr s0/10K pa3Hbix coptoB. I1ponas
s1I6JIOKM 110 pasHoii LieHe, 06e BBIPYUMJIM ONMHAKOBBIE CyMMBI neHer. Ecam
OBl MepBasi Npoaajia CTOJNBKO Xe sI0IOK, CKOJNBKO M BTOpas, TO OHAa IOJY-
yuna Obl # p.; eciu Obl BTOpasi MpoAajia CTONBKO Xe 60K, CKOJIBKO TIep-
Basi, TO OHa mnoiy4ywia Obl 4n p. CKONBKO KWIOrpaMMOB $SIGNIOK OBIIO ¥
KaXI0M KeHIIHHBI?

C Kakoii cpenHeil CKOPOCTBIO MPOIIET aBTOMOOWIb BECh IIyTh, €CIU:
a) ONHY TOJOBMHY IIYTH OH IPOLLEN CO CKOPOCTBIO U, KM/4, a IPyryio —
CO CKOPOCTBIO U, KM/Y;

6) TPeTblO YacThb MyTH OH MPOWIEN CO CKOPOCTBIO U, KM/4, a OCTaBIIYIOCS
YacTh TMYTH — CO CKOPOCTBLIO U, KM/4?

TpéxsnauHoe uyncno okaHuuBaercd uudpoi 8. Eciu sty uudpy nepeHectH
Ha IepBOE MECTO, TO Momy4yuBIleecs yucio Oymer Ha 80 Gojblie yTpoeH-
HOro JaHHOro uuciaa. Hailoure neproHauanbHOE TPEX3HAYHOE YMCIIO.

YeTblp€X3HAaUYHOE YMCIO ABISETCS KBAaJAPaTOM HATYPaAbHOINO 4YMCaa, W
y Hero uudpsl ThICSY M AECATKOB OIMHAKOBHI, a UMdpa cOTeH Ha €IMHU-
ny Goneuie mMdpb equHul. Halinute maHHOe YeTHIPEX3HAYHOE YHCIIO.

Hoxkaxurte, uto rpaMKoM YypaBHEHWsl SIBJSETCS I1apa IepPeceKalolIMXCcs
MPSIMBIX:

a)xy+3x—5y—15=0; 6) Yy + xy + 3 = 3x + 4y.

Joxaxure, 4To TpaUMKOM ypaBHeHHs SBISIETCS TIapa IapajulelIbHBIX
MPSIMBIX:

a) (y =3y +2) =0 B) (x — I)(x + 2) = 0;

6) x> — Tx + 12 = 0; Ny +2y—15=0.
[TocTpoiite rpadmk ypaBHEHUs:

a) xy — 2x = (; Ny —4=0;

6) x + )y —3) =0 o x— 27+ -3 =0
B). & — 9 = 0} e) OF — y)* + (@ — 16)* = 0.
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OTBETDI

Masa 1

L.opyx gl T, 12, - i
K naparpady 1. 2. n 3D 3 e) =X 6. 65 e) —15. 7. a) {xfx =,

~ 1 : 1 s

k € N, kK < 10}; 6) {x|x_3k, k € N, k < 6}; B) {x|x_2k+1, Ilc e N, k < 9
1 24 |

r) {xlx_3k+l, keN, k<6. 9. 1=—"7;
a)20%; 6)6%. 11.6) IMpu x#2 u x#7; r)mpu x # =2, x#0, x# 2
1222 pPly=-1, y=1; 6 D=5 y=0, y#55 =3 y=#I1}
e) Wy # —1,5, y # —0,5, y # 0,5}. 13. a) Bce umcna; 6) x # 0,5, x # —0,5; B) x # y,
x#—y;)x#0,y=0 14. 2a) x # 0, x # 1; 6) x * 1; B) Bce uncna; 1) x # 1,
x = —0,5. 16. a) {1; 2; 3; 6} 6) {=5 —1; 1; 5} B) {2, 4 6; & 14}; n) {—19;
—3: —1; 15}. 17. a) Ilpu m € {—4; —1; 0; 3}; 6) npu m € {0; 1; 2}; B) mpu m = —1;
r) npu m € {0; 1}. 18. 1) Ilpu y = —2; ¢) mpu y = 3. 19. a) Ilpn x € {=2; 2k
6) npu x = 2; B) mpu x = 1; r) Takux 3HadeHwit Het. 22. 1) (¥ — 3)(2x — 5y);

n) (@ + 2)@ — 2@ + 4); e) (7 — 67 + b)’. 23. a) (x — 5)% B) (4a + 1)(1 — 2a);

a) 2 y; 6) 1,5 4. 10. =l@;
3 a

D 46~ 1. 26.8) %25 —1 ) =2 28.2) é;i 6 o B o
r) 13y_:"‘_2_ 29. a) %; 6) %; B) 7; 1) 4,5 30.7) %; n 32, e) (x_lzy)s_
33. a) 0,75; 6) —%; B) %; r) —%. 34. a) 3x + y; 6) ﬁ; B) a-;b; r aib;
) -‘;b+—2§; e) 32?_2{!’, 35. a) a"::bz; 6) xz’_‘_"yz; B) x":_xr;"; r) bfi';b. 36. a) 1;
6) 6.‘37. a) —%; B) —;—Z; 1) 3”;2"; e) 2x — 3. 38. a) a‘_’x; 6) —ziz; B) 5;“;

1

rya t+ 2 40. a) ————
) ) a&-2a+2

Vkaszauwue. [NpencraBsTe 3HaMeHaTenb ApodH at + 4

B e (@ + 2)° — 4a%; 6) ————
b"+b+1

. YkazaHue. YMHOXETE YUCIHUTENb U 3HAMEHATENhb

npobu Ha b — 1; B) = i

"T- VYka3zanue. YMHOXBTE YACTUTENb U 3HAMEHATENb JIPO-
X" = 3x+

(27x° — H(3x + 1), , 2% —1

61 Ha 9x* — 1, mpencraBus apoGb B BUIE ; .
i g 27x)° -1 4y — 2% —1

Vka3za-

Hue. [pencraBste 3HameHatemb npobu B Bume (4y%)’ — (27 + 1)’ m pasnoxure Ha
MHOXMTENIM, a YHMCIWTeNb TpencTaBste B Buae (27 — 1) (&' + 27 + 1); 1) i

x+5

VkasaHwue. [IpencrapsTe YHCIWTENb W 3HAMEHATENb OPOGH B BHIE KBAIPAaTHBIX TPEX-

a* + b a+1

4IEHOB, Ppa3OKHTE HMX Ha MHOXWTEIM H COKpaTuTe Ipobb; €) ——5 ) 1;
a“+c a—
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+2
3) Z T 42. Ykaszauwue. [Ipaduxkom spisieTcs TIpsAMas, 3alaHHas YpaBHEHHEM

6a’+4a+3. 6) x? - 5x+4

2x — y — 1 = 0, ¢ BuiKonoroii Toukoit (0; —1). 43. a) e —1 —ia

44. 2) ﬁ; 6) n(n + 1). 45. a) 18; 6) 20. 47. a) 1; 6) 1. Ykasanme. JaHHbi

2 2
MHOTOYIEH TpeicTaBste B BHIE (@ — 2b + 5)2 + 1. 48. a) (x+-;-); 0) (y—%);

B) (@ — 2)(a + 2)(a@’ + 4); 1) (a&® — 6a + 18)(a® + 6a + 18).

K naparpady 2. 52. ) ' ) 2= » 2 — 2 1) y"y‘ﬁ. 53. a) 2b;
a

[ )
6) 2a; B) 1; 1) GJSb; 1) gziz; e) jjj’;i:ﬁ 54. a) 3“6“;2[’; 6) 3”7;;‘1; B) %;
D 2w 3 e L s6 i"fjj; 0 hiw £ low 2
) Fo Bk el om Lol %5‘;*6 o9 L.

a) na2 ) l=mn

1=, L
PER L o 0l.a)a’ i 6) o B) 1. Ykasanue. CoKpaTHTe KaXIyio ApoOb

g . B 2
IO BBINOJHEHMS BBIYMTAHMS; 1) 65", 63. 1) 2+ . 1) =%, e) 2ed 64. a) 0;

2x p—4’ c+d’
1 4 36 2x—4 2 x—06
6) —: B) ———; ; ; T b S vy -
)y—S B) ~p5 D a* —184% + 81 Prz+a O x+3 & xy—dx—3y+12
242y —10 B2 2,
6) —~ : 5 F . 66.2)9;6) 3y;B) X + 2, D) X + 2x + 3.
) xy—5x+y—5 ) 3a’ - 2a ) a* - b? ) ) 295 ) )
24 4 4 16a"* 166> 1
68. —. 69. a ; 6 v 20, ) . 7L a) —;
.25 )x2+6x+5 )x2+10x+9 )a‘6—65536 )b32_1 ) +2
6 L B -1 1 22 50 72 a) Kopuert wer; 6) 2 ®) —1; 1) —0,5.
77, %=%+é—+%. Ykazauwue. [Ipobs % 3aMEHHUTE PaBHOM el npo0Oklo, 3HAMEHATEIEM
Koropoit asnsgerca HOK(5, 6, 15), 7. e. mpobsio ;—- Mcnonbssyss MeTon HeompenenéH-
HBIX  KO3(DMULMEHTOB, noMyYUM %=%+%+%. Orciona 15 = 6a + 5b + 2c.
INomoxus a =1, b =1, HaiigéM, 4Yro ¢ = 2. 78. a) a=1, b=12
Sx—1 1 4 Ix—4 3x —4 -8 11
4@ 2) xx-=1) x x-1 % XH10x+24 (x+4)(x+6) X+4 x+6
oo, ) fho L g 3. . o 34D 2 T 8l.a)a —T7a+ 5
4x“—1 2x+1 2x—1

2x—D(3x+2) 2Zx—1 3x+2
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6) 2 +3 —5x—T7;8) Y —4y—5,1)40 — b — 20+ 3.82. a) [Ipu n = 1;
3;4,6; 12. 1) mpu n = 5, e) npu n = 3. 83. a) -3, 3; 6) —16, —12, 0, 4; B) —1,
64, 125, 343. 84. a) 1; 6) 0; B) 9. 86. (0; —3), (1; =3), (3; 3), (4; 3). 87. a) y =

y = 2x — 1; 6) y=x+ 2, y= 2x; B) Takux NpsiMbiXx He cyiuecrsyer. 90. —

of, £=-—2

vt —

-

UJ‘.OOM

oo |—

, 3 1 40 mMuH.

x—3, B) 5x—35,
x %
I a—b
r) a+b’

K naparpagy 3. 94. 5) —a”; 1) " — D)% 96. a) 2

- 1.
Ix —xp’ 6) x—y' B) x—6

0)

a+5b, 2x+ 6, 5

a—5h" I-l) P 3) _y+l' 98. a)
2

g —22 . 8 ., y2+y 2 100. ) (x 7)3’ 5 3@+’

a+2 2" + xy i y-y-2 ~35) (@a—3)

r)

99. a)

X —

=—0,4.
60 0, 103. a. 105. 48 kM.

4 Ty —
101. —"_; @+6) 192 4 2=10__4. ¢
B) 5 r) 616 a) 15 )

n+2p an—1 3.3 2y — 212
- 2c[‘:d R nJ—clyn—i' 110. 1) y_2xy;
P 4

2
108. a) 2, 6) X" W *% )
8b? 5
2 2
9a+7b, 2(a+5)* 3a+3b. PPo3pg . W—ab s oy .
11) ab tl e) 3a . lll' ) 2(1—2[), p2q+2pq2_3q3’ ) 3a - ) ’
6) y—5, ) ab—6a—3b+18,
b)z’ y+5° ab+5a+7b+35"

6) He MMeeT cMbicna. 113. B) -i‘y—, r) 1. 114. a) (x

2
a —4 125 (y 2) a—b 7 _ab
— 2 L — == 19. =

o 115. a) > o)) =T 116 2b TR 118. 7 kM. 1 a) ¢c= +b

__be a+1 _ b, Ix 2 . a’—ax. 126 —12y
6) a=,—:. 120. a) ; 6) —3% B) 7 r) it e T

2 2
a-b. 6 L s L -l L e) —b 122. a) LEREL 6 o
X

121. a) PR ——

2 2 2:
Dg -2 1232 1 - 2 6 22X g ToEE Sxx 3

gk . Y 124. a) -1; 6 ol L. 127,
a) 2+ £l 2+ 2y % ) 3a +2b B) 2 ) xt— 2 L —1

YkasaHue. PaznoxuTe Ha MHOXHTEIM 3HAMEHATEIb KAXIOi Ipobu B ckobkax, a 3aTeM
NPUMEHHTE paclpele/HTeIbHOe CBOMCTBO yMHOXeHHWsA. 6) 1. Ykaszauwue. 3HaMeHarelb
x* — 2 + 3x® — 4x + 2 npeacrasbre B Bume (x — 1)’ + 2), COKpaTHTe NepByio Apo6hb
B CKOOKax, a 3aTeM BOCMOJNB3YHTECH pACHPENeINTEIbHBIM CBONCTBOM YMHOXEHHS.

128.2) L 6) Lo m) — p ——L . 130. 9. 131. 2. 132. Vkasanne. a) Us
a ab x—1 x2+2x+1

2 2 2 2 2 2 2 2 2 2 2 2

a_b La _ b a b a+b" _b+ec i R - i

TOTO YTO 3= crenyer: 72 ?+1-—c—+1 R o O el

a _ b a b a+b_b+c a+b_b (a+b\’_ B _ ac _a

- = -, —_ 1=- l’ - 5 — = e = e— = -,

B T ok b o | g et b b’ b+e ¢’ (b+c) 2 c? ¢

133. 10 km/q.
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K' BOMONHUTENbHBLIM  YNpaXHEHUAM. 134, &) 25 6) & ®) 37 1) 79.

135. a) 2%; 6) 13. 136. a) n € {-32;-6;—4; -2}; 6) n € {—10;0; 1;31}; B) n € {—9;0};
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a C
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ClOXHB TIOWIEHHO 3TH paBeHcTBa, nmomyduM: X, + x, + x, = k(x; + x5 + x,).

X + X + X X X+ X
Orcioma —— 273 _ k = 2. §) 3 moKa3saHHOrO B @) Cielyer, 4T0 ————= =
X + X3 + X4 X3 Xy + X3+ Xy
X x5 + x5 + Xx X X+ X+ x X
A AT H _hH A7 _ 3 [lepeMHOXHMB 3TH DaBEHCTBa, MOJy-
x2 xz + x3 + X4 X3 xz + X3 %+ X4 X3
3
X+ Xy + X x _ _
e (AR g, ) 2215 6) Mo w105 0 B 1790 32
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3 3 2
a +x x+1 1 a 1 x*—1
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) P ) 2x +1 ) ¥ ) ) b ) z+2 ) 2x—b
Fnaea 2
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193. B oduce paborator 11 uelOBeK, TONBKO AHIIMHCKMI #A3BIK 3HACT 1 HENOBEK.
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(—1; 0). 261. a) Cpennee apupMeTHYECKOE PABHO 5%, MenuMaHa paBHa 6, cpenHee apud-

METHMUECKOe MeHbIlle MemuaHsl; 6) cpeaHee apudMernyeckoe paBHO 5,25, MenuaHa paBHa
5, cpenHee apudmernyeckoe Gonmbine Memuansl. 262. 1) —1 u 25 e) —1 u 15 X)) —4 u 6;
3) =5 u 5. 268. 18, 38, 60, 84. 269. 3. 270. a) 0 u 1; 6) 0, 1 u 4. 272, 5.
273. a) 3; 6) 0. 274. 4. 276. Her. 277. 11. 278. 7. 287. a) 19; 6) 105; B) 3;

3
D15 288.2) & 6) 1 m) L n 2. 289, a) 46852 ©6) 105006, 290. T,

291. a) kK # —1; 6) k;«t%; B) Takux 3HaueHMil k He cymiectByeT. 292. a) x # 1]

6) x # +1; B) Bce uncna; 1) x = 0; x # —1. 293, a) Yucna g U b MMEIOT OAMHAKOBYIO
YéTHOCTB; 6) umMcno @ — HeuérHoe. 294. r) (2n + 1) — 1 = O(mod 8). 296. a) 4; 6) 11;
B) 4; 1) 6. 297. 1360; 1222. 298. a) 1; B) 1; r) 4; 1) 2. 299. 1) 9. 300. B 11 uacos.
301. Ha BocKpeceHbe IIM Ha MoHemenbHMK. 302. a) 4; 6) 9; B) 1; 303. a) 3; 0) L
304. ) n =Tk + L, me ke Z;6) n=13%+6 me k € Z 318. a) 3L; 6) %;

45’
B) %; r) %- 325, a) (15 11), (~1; —11), (11; 1), (=11; =1); 6), B) (2; 13), (0; =9), (12; 3),
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(=10; 1); B) (2; 13), (0; —9), (12; 13), (—10; 1); 1) (2; 15), (0; —11), (14; 3), (=12; 1). 326. 26.
328. 6 cnocobos. 329. a) a = —1, b = Le=2d=2a=2b=2c=—-,d=1;
6)a=—l,b=I,c=1,d=2;a=1,b=2,c=—1,d=1.332.&)2,3,5;
6) 2, 3, 5, ) 2, 3, 5 13, 334. a) 1176 = 2*-3-7% 6) 1020 = 2°-3-5-17;
B) 10! = 2%-3%.52.7 335, 3) 6; 6) 10; B) 16. 344. 3. Yka3saHue. Bocrionssyiitech pas-

OHEeHHEM MHOXeCTBa LEJIBIX YHCENT Ha KJIACCHI B 3aBUCUMOCTH OT OCTATKOB OT JAeJIeHHs Ha 3.

345. 3, 7, 31, 127, 511. 346. 0, 1. 347 26 % 348. 50 u 60 xM/9 wam 75 u 85 Km/u.

e —

K OONONHUTENbHBLIM YNPaXHEeHUAM. 350. 4 yuammxca. 351. 2 yyaumxcs.
352. 17 yenosek. 356. —4, 0, 2, 6. 357. —4, —1, 0, 1, 3,4,5, 8 365.a)0, 1, 3, 4;
6) 0, 1, 4. 366. a) 26; 6) 23. 374. YkaszaHHe. Bocnonbayittech pazbueHHEM MHOXecTBa
LETBbIX YMCENl HA KJIACCHl B 3aBMCHMMOCTH OT OCTATKOB OT JeJieHHs Ha 6.

Masa 3

K napar pacby 6. 376. a) Jla; 6) na; B) ma; r) Her; 1) aa; e) Her. 388. a) —0,8(3);

5 = : 4.6 2. IS L S . ST,
0) 12,625(0); B) —0,384(0); 1) 1,7(14285). 389. a) 3 0) %9 B) %0 r) 2’ ) Tk
e) 17 992

; . 1 2.
2995 ° 390. a) 5,3(40); 6) 5,5(39). 391. a) 2,4; 6) 1,2. 392. 2, 0,4, 53. 394. a) 412,

2 2
6) 31 p) @+ L_a-l. y (a*lY (a-1Y 1 404 a) Hanpumep, 0,2121121112...
12 @ a+l a-1 a+l) a
4 4 4 4

3a+b ) a(b—a) 1l s 4 4 4 4
(az—b2)(a+b)’ ©) a+b 415. a 22 =3. 428. a8’ 37 % "

431. a) Her; 6) ma; B) ma; r) na. 432. a) Ja; 6) na; B) HET; T) Ha; 1) 4a; €) Her.
2 5 x

. 1,5; == = —1,2. 443. . 444, . . :

442. a) 1,5; 3 6) 0; e B) —1,2. 4 o 4. 3 4 40 mun. 446. a) 0,015;

414, a)

6) 0,004; 5) 0,38; 1) 1,3. 459. a) 1; 6) ——._ 460. o® — 2.
(x+)

K naparpadyy 7. 462. a) —2, 2; 6) xopreit wer; ) 0. 464. x) —5c 3) 5
) —0,7. 465. 8) 08; 1) 1; 1) 1; e) =2. 470. x) —0,81; e) 0,024. 471. a) 0,2; 6) L.
476. 1) a++3; e) J5-26. 479, a) 9,25; 6) kopHeii Her; B) 4,36; r) KOpHeH Her.
480.a) 1; 6) 16; B) 1; 1) 16. 481. a)0; 4, 6)0; 025 B)2; 3; r) —1; —0,75.

3 4
484. 3a” +3a”, 1 . 499, X 1. 4 3 Z . a) 2,97, .
84. 0) o B) 145 —7a 9 o 501. a) a*; 6) a’; B) ab’. 513. a) 2,97; 6) 3,96

K naparpadcy 8. s16. x) %; e) 3%. 518. a) 70; 6) 64; B) 5,5; r) 153; 1) 33,6;

e) 25. 519. 1) %; e) 1%. 527. a) 108; 6) 225; B) 256; r) 189; 1) 216; €) 174; %) 460:
3) 405. 533. B) 40; 1) 0,9; 1) 25; €) 22. 535. a) 2; 6) —12. 536. a) 6,3; 6) —19,9.

537. a) %; 6) 102,4. 541. a) (1; —1); 6) (1; —1). 545. a) 4y5a; 6) 20x3x;
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B —6.204106: 1) 55a\2a. 551. B) 8+42-4V6 1)
= o _ _ 3 _
1) Jio ‘/53 2442, e) Jﬁ*"@ B-V2 555 a) —3,542a; 6) 4v2x; B) =2 x’*y.

J12 +4/30 — VI8
12 -

5 . —-I s —---2 - . l S . = x = () = —4-
556. a) T 0) 155 B) 3; 1) 3 59, a) Mpu a = 0; 6) npu @ = 0; B) NIpH @ 4;

= —1 86 @, g =EEDYx, X Ly X 2. 4 BB
r) Ipu a 1. 561. a) = 6) Jbd B) Jx+2’ r) N 562. a) e’ 0) oy

563. a) %; 6) a — b. 564. 4. 566. a) —g, 1; 6) —1,5, 1. 373. a) 10; 6) 6; B) 16;
) 2J17—6. 574. a) a=+76; 6) a=+20. 575. ) V2+1; 6) =1 3 BB =L
1) 242 +1. 576. a) 6;6) 2.579. 2) 6,411 + +2; 0) 323 + 15 8) 343 (V5 + V2;
—9 V12 +43. C oy N1 —410 s
1) 4246 — J15. 580. a) V5—2; 6) _3+~£ B J3+42; n W0 581 a) —6;
6) 6a + 1. 582. a) Ja—1+Ja+1; 6) Ja—b+ Ja+b. 584. a) J2a; 6) 2. 585. 3, —L
586. a) 4(4); 6) 4,5(8); B) 1,1(12); 1) 7,(2).
K [OONOMHUTENbHLIM YNPaXKHEHUAM. 590. Vkasaume. Bocmomsyirech

METOIOM OT TIpOTHBHOTO. 599, 3%. 604.23) —1,0,1,2;6) 1,2,3,4,5,6,7, 8,9, 10;

8) 0, 1,2 3,4, 5 6,7 89, 10; r) 0, 1, 2. 606. a) 84; 6) 426 B) 13,5; 1) 21,5.

607. a) 3%; 6) KOpHeil HeT; B) %; r) —4; e) xopneii Her. 610. a) %; 0) 1%; B) 42%;
4 - J_ . \/—

r) = 614. a) —2+a; 6) 2Jab, eciu a > 0, b > 0; 4vab, ecim a < 0, ecm b < 0.

616. 2) —2.5; 6) 3; B) 32; 1) 3v2. 617. a) 30—14y3; 6) —1. 621. a) Mpu a =

6) pu a = —4. 622, a) _Jﬁhf;__ﬂ; 6) 3J6 —5v2 —43—1; B) J6 8 —<JT -2

r) J1_0+JE_241?_J5_ 623.2) Vb +1; 6) Ja+1. 625. a) x?—x\2+1; 6) \/1—x2—1.

626. a) J10: 6) —v2; B) ¥20; 1) —V6. 627.2) 4J10+4; ©) 24+2V138;
B) 10+2+422. 630. a) 1; 6) —2; B) 2J7: 1) 2J7. 631. a) \/5 ecnt a > 1; 0, ecnm
a =0, —JE, eciu 0 < a < 1; 6) 2, ecnu a > 4; J;, ecmu 0< ag<4. 632, HJE.

634. a) > + 1;6) @ + 2;8) Ja+2; 1) Ja+2; m) L

Maea 4
K naparpady 9. 640. a) 0, 0,6; 6) 0, 0,6; 8) 0, 0,7; 1) 0, 3; 1) 0, —%;

7 g B) 0 =5 1) —242, 242 ) 0; ¢) 0. 644. Her.

2 3 = N
e) 0, 3 642, a) 0, ¥ 0) 5 :
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| —

x=10.6452) a—1, 1—a; 6) 2m+1, —2m—1. 646. a) —%, : 6) 0, %; B) 0, .13_1;

2
r) _ﬂ! \_{3_2; JI) _2; 2; c) 0: "'g; K) _%! %; 3) 0 647- a) _l, 1; 6) Os _2$
B) —V2,v2; 1) -5, 5; ) —l%, 1%; e) 0, —%. 648. a) =5, 5; 6) —2, 2; B) —1, 1

r) —\/i, V2. 649. a) 0; 0,25; 6) 1; 3,25; B) 0; r) 1,5. 650. a) x = 0 wm x=%y;

6) x =0mwm x = 2% B) x==y,,5; 1) x=1y-y—»" upu )? +y < 0. 652.5u 8.
653. 4 u 12 cM. 654. 1l cM. 656. a) 3,5 u 3,6; 6) —0,3 u 0,6. 657. a) Her. 6) Her.

I

659. a) 3, —%, 6) —4, 3 B) 3 r) 12 % ) —2; e) KOpHeil HeT; X) l -2;

2" s
3) 10, —9. 660. a) — ‘f; 6) 1£43; 1+J_ p -2 5 9 LA 14505
x) ~3 =3 9) 5, -2, 661. a) 2, L5 6) —41; B) KopHeii rer; 1) _2+J‘ _+1TJ9_7
e) i‘?—r 662. a) —0,3, 1,1; 6) g’ 3, 666, 5} —¥, <18 8 3+J_’ 5) %1‘5_;
r) 08, 0,5 667. a) 1, 08 6) 2, 1; B) ﬂsz—"/_; r) _li‘/_; 1) —6§JE;
e 4 1w -2-2% 9 3, -1 668.2) 1, -7, 6) 419J?; 5 21;/1?; S H
669. a) 71:\/—, 6) =3, 1, &) 1,%; r) 6, w4%; 0 T3 ~2 o) MZ;

%) 1, -3 3) 1 6712 43, =3; 6) 30, —19; B) 10, 71; 1) 6, —4; 1) 2, —-, e) L %

672. g < 1. 674. 2. 675. a) 0,55; —1,22; B) 5, 17; —0,84. 676. a) —3, 33, 6) 1, 35.
677. a) 3b, 2b; 6) —b, —1,5b; B) —2b, 3b; 1) —b, 339. 678. x = a, x = 4 — a upn
moboM 3HaYeHMH a. 680. x = 0,5 npu m = 0,n=1;x=1npum=3 n=2

683. a) —6; 6) 126; B) 3—2a+/6; r) 42. 684. a) LO; 0) —%. 686. a) +1; 6) 1, +4;

B) +.5, +J,_ r) +— +3; x) +0,25; ) Her KopHeit. 687. a) +2, +3; 6) +3, ++/3;
B) iJ_, ) 1, i%, o) +2; e) £3. 688. a) (0; 9); (1 0. ((=1340);. (3 0); =3 0y
) (0; 4), (0,5; 0), (=0,5; 0), (2; 0), (=2; 0); B) (0; 0), (3: 0), (—3; 0); r) (0; 0).
689. a) 14; 6) +I, i%; B) HeT KopHeif; 1) 1, —=3; 1) —1, 0,75; e) 2, —0.4. 690. a) +3;
6) £2, £V6; ) #2; 1) 0, V3. 691. a) +2; +4; 6) 0; 2. 692. a) 2; —4; 6)

=4 B} 25 =30 F) liﬁ; 3; =L 693. a) —7; 4, 6) —3; 4. 694. a) =8 3 8 =17
B) —16; 2; 1) —1; 8. 695. a) —7; 3; 6) —2; 4; B) —8; 2; r) —5; 3. 696. HamMmeHbuice
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3Hadenue pasHo 42, Hambonbuiee 3Hauenue pasHo 107. 697. a = 3, b= 1,5. 698. 16,9.
699. 9 u 14 cM. 700. 42 cm. 701. 60 cm’. 702. 24. 703. 6 u 8 M. 705. 16. 706. 11 n 13.
707. 6 u 9. 708. 7. 710. 32. 711. 44. 712. 10. 713. 8 u 7 n. 714. 20 u 10 n.
717. a) 1; 6) va —+b.

K naparpady 10. 722. y=—3%,z:—3%. 723. D > 0, p u ¢ — npo-

THBOTIONIOXHBIE uncaa. 724. D > 0, Bropoii koadduiuueHT paBeH CBOOOLHOMY 4YJEHY.
728. x=1,9=-2. 733. ~96. 734. 1. 735. =35 737.2) 3, 2, 6) =% 3; B) =% %,

r) =3; 2. 738. a) 3; a; 6) =3; —a; B) 3; —a; 1) —3; a. 746. a) ¥=Tx+ 12 =0
) +x—12=0; By —x—12=0; 1) ¥ +7x+12=0. 747. a) x> — 3ax + 2a* = 0;
6) 2 +ax—2a"=0; B) ¥ —ax—2a*=0; 1) X+3ax+2a*=0. 748. a) ¥ —3=0;
)X+ 2x—2=0 BF-5=0 1xX—4&-1=0 749, 6 cMm.
750. 48 cM2. 752. a = —2. 754. a) Ma; 6) Her; B) ma; T) HeT; 1) 7a; e) na.
755. a) (u + v)((u + v)® — 3uv); 6) (u + v)’ — Suv; B) ((u + V)@ + v)’ — 3uv) —

(u+v)2— 2uv

— 4uv; 1) o 0 (u + v)((u + v) — 4uv); e) (u + v)((u + v)? — 3uv).
uv

2
757. "?—ﬁ- 758. a) 84; 6) 164; B) 248; ) 26 896. 759. a) 0.5;

6) %g 763. —2176. 768. n = 6. 769. a) 2; 6) 1++2. 770. a) (9 — 2x)(x + 2);

6) 5y — N3y +2); B (3 4m(3Cm + 1); 1) Ix — 0,7)(x + 1); m 5k — 0.8)%
&) 3(p — 0,3)p + 0,3). 772. a) 3x(x — (x — 1); 6) Yy — H + 8); B) (x — @A) X
X(x — 6)x — 3 0 Q@ + m + HY — . 773 a) A2x — 5H3x + 2);
6) 4m@4y + DGy — 2); B) Xx(3x — 4(2x + 3); 1) 4k(5Sm + 2D(m - 3).
774. a) 2x — Y)x — 2¥); 6) (x — 2¥)(2x + ); B) (x + 2)(2x — ) 1) (x — 2y) X

2
g —p
756. "

_ 2y +5, 2x+3, k—17. 6p—5 m(3x —2). 3y—1

% (2= 3. 775, 2) T ; 6) =5 B) %—3 T) —3p+4. 776. a) 2ex+ 1)’ 0) ay—3
. x—6 ; " , .

777. 8) X' + 6x + 8, 1) 3 780. 2) 49; 6) 51; B) 104; 1) 21. 781. 6) 2; —0,5.

782. a) (v — 3)(4a — 5y); 6) (m + n)(m — n)(3m + 2n). 783. 11 u 14 cm.

K naparpacy 11. 784. a) —3%; 6) —1; B —15 1) i M) 24, =2 ©) 3%, =)

785. a) 5, 4; 6) *v2; B) 4; 1) Kopueil mer; 1) —3, —5%; e) 2, % 786. a) 1%, =

_a. SECEY - 3. o L 1 1, 2. e o
6) —3; B) 3; 1) 12, 5 n) RS &) g7 787. a) 2,2, 6) 5,13, B) 114, 2:

1
2!

] 1 o . ot _42. —iG:
D 1L 789. a) (12,0), (I; 13 6) (123 42), (-1; 3). 790. a) 4, —43; ©) 6;
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B) 6, —1; 1) 2, 1:1{‘ 791. a) 2, —1; 6) 6, —3; B) KOpHeii HeT; r) KopHe# Het. 792. a) 4%;

6) 3%, 1. 793. a) 5+43; 6) —4, —5. 794. a) 6, —1, 3, —2: 6) -‘3*—;—‘[3_3 797. a) 4m, m:

6) @ TpH m<6%. 798. a) 2-2; 6) 41. 800. 6 u 12. 801, %

m

802. g -gl 803. 50 km/u. 804, 1% u. 805. 20 km/a. 806. 2 wm 2,5 4. 807, 10 u 15 w/ra.
808. 15 km/u. 809, 16 km/u. 810. 4 xm/u. 811. 10 u 15 nHeit. 812, 30 u 20 u.
813. 12 nnmeit u 4 qua. 819, 60 km/u. 820, 100 kM/u. 821, 2 u 14 kM/u.

K BONOMHWUTENbHBIM YNPaXHEHUsIM. 826. a) _tl%; 6) KopHeii Her; B) +10.
827. a) 0; 1,5; 6) 0; ]—12—; B) 0; 1,5, r) 0; —5. 828. a) 0; 8; 6) +6; B) +3; r) 0; 2.
829. a) +1; 6) 0, —2; B) i%; r) £8. 830. a) +Ja npu a = 0; 6) £\—a npu a < 0;
B) Xa; 1) 0 mpu a = 0; n) 0, %a; e) +3Ja npu a = 0. 832. a) %, %; 0) %, —1%;
B) %; ) —0,5, —0,3; m) 1+3; e) %iﬁ; X) —3+4/5; 3) —1+£243. 833, a) -3, 5%;

I, ‘ i gks 2, 3 . _a. : 2,
6) -2, 6—2-, B) 8, 4; 1) ],92, o) 2, =i e) 3’ 1. 835. a) 4, -3, 6) 0, 1; B) 3, o
1 —1, =3. 836. a) 3; 7, 6) 24; —12; B) 3; —13; 1) 2; 1) S++21; €) Her KopHeik:
X) 18£6Y5; 3) 6. 837. x* — 72 + 10 = 0. 838. a) I; —7; —3+6; 6) Her xopHei;
B) 6; —1; r) —1; 5; 2+242. 839, a) 1; 2; —=2; —3; 6) 0.,6; —%; 0,75; —0,25. 840. —1;
4. 843. 8u 9, -9 u —8. B44. 6, 8 u 10. 845, 10, 11 u 12 cMm. 846. 2 cm. 847. 23 oM.

848. 12. 849. 6. 850. a) —1,5; 6) 1. 851. a) —14; 6) —8; n) %; r) 0. 852. a) b = 6,

2 x—5

m+3
B

2m—3

= ) = = g 7_ €= L i E_i‘
c=0;6)b=4c= 16 857. a) 6 = o B8 9 I
6) __m}+1' 859. a) 13, %5 6) +2, 1. 861. a) Tlpu m > 2; 6) mpn —6 < m < 6.
22,

33,
5 0 -2 % m

862. a) 15, 3; 6) 2, —1; B) 6, —8; 1) 5, 3. 863. a) 3, — ]

1,
4’
4 .. ! 1 5. —4l. 5 1. 2 2. 31 3
I') ]_I's I; ﬂ) 0, 31 e) 12: 2! )K) 19 42’ 3) 3’ 9’ 865. 63’ 33' 866. ]

867. % u % 868. *2' " % 869. 50 km/4. 870. 40 4. 871. 50 km/a. 872. 2, 2,2 u 2,5 .
873. 250 xm. 874. 50 km/u. 875, 60 km/u. 876. 3 km/u. 877. 4,5 km/u. 878, 3 xm/u.
879. 4 xm/u. 880. 23 km/u. 881. 3 u 3,5 m. 882. 1.8 u 2,4 M. 883, 30 u 20 u.

884. 60 u 40 u. 885, 10 u 15 gueil. 886. 60 u 90 nueit. 887. 6 u 12 y. 888, 20 4.
889. 8 cyrok. 890, Ha 0,5 Mun.
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Chasa 5
K naparpacby 12. 897. Bimxe k cranuuu. 898. B mepnuii Gak. $99. l'[ep—
seii BRTamuuk. 904. a) —3; 2; 6) —4; 7; B) —11; 55 1) —2; 4. 905, a) 3; 6) —

907. B) b + 5 > a — 8, I) CPaBHUTH HEBO3MOXHO. 920. —41;23 923. a) —li\ﬁ;

6) “2‘5; B -3 1 ii’ﬁ@ 932, 06 < ¢ < 41. 944. a) 2,8<22<3;

6) 2,4<1+42<2,5 B) 0,4<V2-1<0,5 1) 9,2<5+3.2<9,5. 945. g € {5; §; 9}.
946. g e {7; 12; 15; 16}. 947. a) 2.5 6) 7. 974. Bropas rpymmna.
975. a) (—oo; 4); 6) (7,7; +o0); B) (3; 6,5); 1) 2. 976. 17. 978. a) —0,1; 6) —1,25.

K naparpacpy 13. 980. ) [—%; +oo); 1) (2,1; +00); €) (—oo; +0); X) 25

3) W3+1;+00); m) (-1 +o0). 981 1) (2,5; +00); ) (750; +e0), X) [710; +eo);

3) [0,6; +0). 982, B) x > 20; 1) x<s§. 985, a) p > 0; 6) p < 1; B) pg2§; r) p>-;—0

986. a) ( +oo) 6) (5,5, +0); B) (—oo; 4%); 1 (—o0; 10,5); 1) (~1,52; +0); €) 2.

987. a) (—o0; —1%; 6) (=c0: 12Js ) (o5 —L): 1) (001 9). 988. ) o031 ©) 1 oo

B) (—0,26; +0); 1) (—oo; 4}. 989, a) —4; 6) —3. 990, a) 14; 6) —120. 991. a) b # 0;

. : —d g 1 3. e
6) b<0;8) b>31)b< 15 992.2) —4,8; 6) 233. 993.2) x<5m 6) X>—0

995, a) m = 3. 996. a) (—o0; 0_8); 6) (20; +00); B) (—o0; 142); 1) (—o0; 375);
) (—oo; 30]; €) [3%; +oo) 997, a) x<1—5 0) x<—%. 998. a) (80; +o0); 6) (—°0; 1);
) (<6 4o ) (oos Bl a) (003 575 ©) (-o0; 101 999, @) (o0~

6) [-0,6; +o0); B) (—4; +9); T) (—oo; ~4—ﬂ. 1000. a) Tpu a > —203; 6) npu a > 110.

1001. a) (—04; +o0); 6) (3,6; +o0); B) [20; +00); 1) (—0; 0,3); 1) [I%; +°°);

&) (1s’+°°)' 1002. a) (—oo; 1%); 6) (—1%; +oo) 5 (11_ +oo); 0 (4%; +oo). 15).
1003. a) —1; 6) —2; —1. 1004. a) 8; 6) 6. 1005. a) Beckoneuno mHoro; 6) 1; B) 0.
1006. a) Ilpn xe[l— +D°) 6) mipu x € (—°°; 2,5]; B) mpH MOOBIX X; I) HU NPH KaKHX.
1007, a) (1,6; 2,5) U (2,5; +o0); 6) (—°°; L,5); B) 0,5; 2,5) U (2,5; +o°); 1) [25 3) U
U (3; +o0). 1008. a) p>%; 6) p<13; B) pg%. 1009, Ilpu a < 1,2,

OTBeThbl




1010. Tlpu b = —1, b < 0. 1011. a) 23‘34"', m > 7§ _3mti6

1012. Jo 5 mun. 1013. Bonsme 18 kM/u. 1014, n = 8. 1015. » = 12. 1016, 64 wmTKN.

1017. a) Her takoro 3uauenusi; 6) (—o0; 0) U (0;%); B) C>é- 1020. 1. 1021. x + 6 —

YacTHoe, 22 — ocrtatok. 1023. a) (3%; +00); 6) (—o0; —1,5); B) (0; é:l, r) @; o) (6; +oo);

e) @. 1024, a) (0; 0,5); 6) @: B) (—oo; 0); 1) [—7; é—) 1025. Takux 3Ha4eHuWil Her.

1026. a) [1,4; L6]; 6) [2,5; +o0); ) B; 1)u<1;+oo>; M [2; 4) U 4 5; 1) [316 %)u

U(EIE; %] €) (0; +o0). 1027. a) (—oo; %) 6) (6,5; +0); B) (=005 0); 1) (14,6; +o0);
1) (30; +0); e) @; x) (2%; 3); 3) (8; 11). 1028. a) (5; 27); 6) (3; +0); B) (3;4%);

r (4%; +oo); ) (=%0; 0,7); €) (11; +e0). 1029. a) —3, —2, 1, 0, I; 6) 0, 1, 2, 3;

B)=2,—-1,0,1,2;r)4,5,6, 7 ... . 1030. a) 6,7 86)0,1,2 3 80,1, 2, 3 r) 2.
1032, a) Ilpu a > 15; 6) npu a = 9. B) mpu @ < 5,6; 1) npu a > 77. 1033. a) Ilpu

b > 5,6; 6) npu b < —44. 1034. a) (—o0; 6); 6) (—o0; —4); B) (% —%); 1) (% 12).

3
1035. a) 2; 6) (56; +00); 5) [16%: +oo); r) [I%; +oo). 1036. 2) 2; 6) —2; 5) me cymect-
15 14

Byet; 1) 19. 1037. a) 2; 6) 11; B) 4, 1) 3. 1038. Ilpu a < —0,5. 1039, 3 <b<—§.

1040. a) TIpu a < —11; 6) TaKUX 3HAYeHHH a He cywectsyer. 1041. a) (2; 3); 6) (—1; 2);
B 135 6 0 732 21 1042. ) 03 195 6) (12 205 ») -3 15 0 [2 23]
1043. a) 2; 6) 1, 2, 3, 4; B) 1; 1) 0. 1044, a) IIpu -4 < b < 2; 6) npu —11,5< y < 35.
1045. a) 4, 5, 6; 6) 4, 5 6, 7, 8, 9 B 9, 10, 11, 12; 1) K] PR § IO 8
1047. a) (—0,3; 0,2); 6) (—=1; 0); B) @. 1048. a) @; 6) (1; 1,1); B) (—o0; —2); r) (4; +o0),
1049. a) a<-33%; 6) a < 4 ») a>-3% 1) a > —05. 1050. 20. 1051 57 + 18,
1052. bonpwe 18 cm, Ho meHbuie 22 cm. 1053. Bonbire 29 cm, Ho Menbumie 36 cm.
1054. bonbure 38 KM/4, HO MeHbIIe 54 kM/4. 1057. 0, 1, 4, 7. 1058. a) He SABJISIETCH;
6) He siBIsETCs; B) ABNSCTCS; T) sABnsieTcs. 1059, a) (—oo; to0); 6) (—oo; 3);
B) (=90 2] U (5; +o0); 1) [=2; +00). 1060. a) (—o0; +0); 6) (—o0; 2]; B) [<1; +oo);
(7025 1) U (715 +90). 1061. 2) (203 079 U [3; +20); 8) (~0,25; +0); 1) (L o)
) (=00 +e0). 1062. a) (I; 2) U (6 8); 6) [2; 4): 8) (I; 6).
1063. a) (—o0; =5) U (3; +o0); 6) (—oo; —10) U (2; +o0); B) (3;4); 1) (—%0; —1) U

T R N R T i
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0+, 1064, 0) [1,5: 2] ©) (oo 041 U (15 +00) m) (40,9 ) [3:39)
1065. 1) 5; 6; 7; ... 1066. a) (—oo; 2] U [5; +o0); 6) [<3: 5]; B) (=2; 5); 1) (—90; +0).
1067. a) (—o0; —3) U (=2; 0) U (1; +2); 6) (=3; —2) U (=1; 0). 1068. a) Ilpu a = 0
HeT pemeHuil, mpu @ < 0 peLIeHHEM SBIAETCH TPOMEKYTOK (0; —a), nmpu a > 0 — 1po-
mexyToK (—a; 0); 6) npu @ = 0 peleHueM SABISIOTCA BCe 4MCIA, NPK > 0 — obwenu-
HeHMe OTKPHITHIX Jyueii (—o0; 0) u (a; +o0), npu a < 0 — ofbenuHeHMWe Jaydei (—o°; a)
u (0; +00). 1069. 6) (—o0; —3] U [4; +o0); B) [-1; 2); 1) (—o05 —2) U [-1; +00).
1070. a) (—2; +0); 6) (—o0; +0). 1071. [lpu a = —1. 1073. a) (3; 11); 6) (—oe; —11) U
U (1; +c0); B) [—22; 24]; 1) (=29 31] U [33; +00); 1) HET peLIeHMH; e) x — moboe
upcino. 1074. a) (—oo; 0,5); 6) (0,5; +o0). 1075, a) Tlpu @ < —3; 6) npu a = 0,3.

1076. a) (—oo; —{g} U[1,8; +o0); 6) (—00; —1%) U (1,5; +°); B) (4%; IO); r) [2; Zﬂ.
1077. a) (l; 213) U (3; 4%); 6) (—1; 1) U (1,8; 3,8); B) [3; 5] U [6; 8]; 1) [4; 6] U [9; 11].

1078. lpu a < —3. 1079. a) [1; 2]; ©) (0; 4); B) (1,5 2); T) HET peLIeHWN.
1080. a) (—o0; —1) U (I; +00); 6) (=13 3); B) (1=~T; 1+47); 1) (—0; =) U (=1, 0) U

U (1; +o0). 1081. a) 0; £1; £2; 6) £2; £3; B) —4 -3 —2: —1; 0; =L O L 2.

1082. a) (=2; 2); 6) (—o0; —4) U (4; +co0). 1083. 50 kM/4q. 1084. %. 1085. 0; 1; —%.

K aononHuTenbHbIM ynpa>HeHUsM. 1096. Bo Bropoil nexs. 1097. Ile-
IIEXON, KOTOPBIA HIEN ¢ MOCTOAHHOH CKOPOCTBIO. 1103. a) (—00; 1:—?); 6) (—6; +0o0);

B) (1% +oo); r) (—00; %) 1) (—oo; 1%); e) (1,4 +oo). 1104, a) —2;
6) 0: B) 8; 1) 9. 1105. a) 8; 6) —1; B) 7; 1) 6. 1106. a) Ilpu a<l3%; 6) npu a>|3§.
1107. 2) [1,3; 1,5]; 6) [-15; 0]. 1108. a) (0; 5); 6) (0; 4). 1109. a) (~1; 0)
6) (—%; 0). 1110. a) [4; 16]: 6) [-20; 60]. 1111. a) [—2; 6]; B) [0; 10]. 1112. (2,5; 4).

1113. [-2; —0,5). 1114. a) (—1,5; —0,5); 6) (=2; 0,5). 1115. a) (% 6); 6) (0,1; 0,5).
1116. a) (—4; —3) U (3; 4); 6) (=2; —1) U (3; 4); B) [-1; 0] U [L; 2l; ) [-1; 0] U

U [1%; 2%} 1117. =2, —1, 2, 3. 1118. a) Tpu @ < 11; 6) npu a < —10. 1120. Ipu

a > 3. 1121. Takux 36Havennii a He cymectsyer. 1122. a) Ilpu a = —2,8; 6) npu a < —4,5.
1127. a) [1; 2]; 6) (0; 2%]; B) [-3: 7 ©) [-0,2; 1) U (I; 3. 1128. 31, 32, 33, 34, 35.

1129. Bonsime 4,5 kM/4, HO MeHbme 6 km/4. 1130. a) 0; 4); ©6) (—o=; 1] U

U [3; +0); B) (—o0; —5) U (=15 +00); 1) [—4; 1) U (I; 6]. 1131 =2 3.
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Masa 6
K naparpady 14. 1137. 0,0016, 0,008, 0,04, 0,2, 0,5, 1,25, 3,125, 7,8125.

1138. ») EIZ; s L

- - — IEUN TN
32’ ,[l) 8], C) 15,625, H) 5, K) 1139, B) 25” r) 32’ I[) rE

125

5 4 9 1 2T, x* a
= — —. 1 = : =: —3=; ,05. 1141. - ——
e) =5 X) = 3) 2 140. a) 0,4; 6) 3 B) ol r) 15,05 i. ) = 1) =
2 .3 2. 23 33
¥ 1" xX+y a+b, yo—x, a +b°, cd -9,
& ;X : - 1145, a : 6 . B S r =
) (x+a)2 ) a2b2c2 ) = ) ab ) x2y2 ) ab ) c2d2

Bgad &b — __ ' - . 4
1) 5 e) o 1146. 14. 1148. 4 u 10 cm. 1151, a) 2,25 ) T B) i
r) —2,25; n) 36; e) -;- 1154, a) 2%, 6) 2% 8) 2% 1) 2% ) 27% 1155, a) 374
6) 3% B) 377 1) 3% 1156. a) 9% 6) 27% B) 81% 1) (l)_36- 1) (L)'”. 5 ( i1 )‘”

’ ’ ' o ’ . ? i) 9/ 21)
157. aym =1; 6) m = 3: B)m=—4, 1) m = 4; mm=1, e) m= 3.
1158, a) 3; 6) 1; B) 16; 1) 0,2; 1) 92,16; e) j—; 1160. a) 20ab; 6) 0,4; B) m"n";
r) %a’””b"”; m 3x" T4 e) 5¢" 2 1161. 1) 81a%h7% ) —8c°b"; e) 5_116_6—20‘13;

7
x) X716 3) ylOrgin uy G2 1162, a) (4a”")*; 6) (0,016 B) (-;-xzy:‘) ;D) (0,148

16 2
n) (1L,5¢7d™% €) (2,3ab™y, 1163. a) fﬁ; 6) L B) LS ﬁ. 1164. —3a.
a y
1166. a) 3; 6) 3.
2

2 2 3;3 2
a +b°, l+ab b+a, b'—a, 1,
K naparpacyy 15. 1167. a) el i R el =i 15

a*? —1
G

e) T

1169. a) Her; 6) na. 1171 2) x; 6) % B) -5 1) L; 1) ab; e) L,
y ¥5 a'pt

1173. Vkasanwue. Bossenute obe wactu papencrsa a + @' = b B ky6: @ + a7 +

i +alh)y=p. 3 g e P . 1 . 7. a+b—1,
3a+a')=0p. Orciona a® + a b 3b. 1174, a) —-_(az—bz)z 6) = B) L
(@a—by a_, n 4] 9 _ bc __@c o AL
r) o o) Y e) rar 1179, a) Bt 6) b — 1182, a) n = 2;

6) n = 4; B) n = —4. 1183. a) x Gonbue Y B 100 pa3; 6) x Gombme y B 100000 pas;
B) x MeHpume y B 100 pa3; r) x MeHbue y B 1000 000 pas. 1184. a) 4,2-10° r;
6) 63-10°r; B) 36-10° kr; 1) 1,28 -10% 71 m) 2-107 1 e) 42 - 10° m.
1185. a) 3,6 10° c; 6) 8,64 10% c; B) 2,592 10° c; r) 3,1536- 107 c. 1186. a) 1,625 - 10%
6) 3,6-10% B) 1,008 1077; r) 1,992 107, 1187. a) 1,980...-107% 6) 9-1077. 1188. Ha 6.

1192, a) (2; 63); 6) (14; +w). 1193. a) [3; 6); 6) [4; 8) U (8; 9].
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K [OMOMHWUTENbHbIM  YNPaXHEHUsM. 1198. a) 57 ©6) 5% B) 57

1199. a) %; 6) 4: B) 25; 1) 5. 1202. a) xj:'ﬂ; 6) yLl; B) (a:b)l; r) "a‘b".

1203. 145. 1204. a) 5" 6) 2" B) %; ) 7 @ o e) b. 1208, ﬁ

3 2 2
a —45-1, b —bc+c
1209, @-1 1210. a) a'b’; 0) — e ¢

6) B 3,31 10° pa3; B) B 3,05 10° pa3; r) B 2,67 10° pas. 1212. a) 7,84 10%; 6) 1,2 10%
) 6,28-10% 1) 6,69-10°% 1213. a) 14; 6) 8 B) 20; ) 7. 1214. a) 33 w34
6) 6 i 7.

1211. a) B 4,04-10° pa3;

asa 7

K naparpady 16. 1218. 5) =2, 0, 2; ) nyneit dynkum wer; 1) 2, 0,5 ¢) 1.
1219. B) -3; —1; 1) 1; 3. 1220. B) (—o0; 0); 1) (0; +oo); ;) (=005 —3] U [ +0);
e) (—o0; —1) U (0; +o0). 1221. a) fix) = 0 npu x = 0,2, f(x) < 0 npn x € [—2; 0,2),

f(x) > 0 npu x € (0,2; 21, E(f) = [~11; 9]; 6) f(x) = 0 npu x=%, Sf(x) < 0 npu
x e (57 fe0 > 0 npn x e [-4:2); B = 1719 145 9) S0 = 0 o x=1

flx) <0 npu x e (—"0; %} S(x) > 0 npu x € (12 +°°); E(f) = (—o0; +o0); 1) fix) =0
nmpu x = 0, f(x) > 0 npu x € (=9 0) U (0; +o0); E = [0; +o2). 1222. a) a = 2,5;
6) a = 6,5. 1223. a) D(g) = [-7; 7], E(® = [-2; 21; ©) D(f) = [6; 8], E(f) =4 4l
1224. D(y) = (—o0; —2) U (=2; 2) U (=2; +%0), E(y) = (—o0; =2) U (=2; 2) U
U @2 +00). 1226. a) x e {~3; =2 -1, 0; 1, 2, 3, 6) ye pl ye Z, 9 <y < s 18

1227. a) Ykasanue. 36" + 1 npeacrasbre B BUIE NMPOU3BENACHMA. 1228. a) 3; 6) %

1233. a) 1; 6) 4; B) 2; 1) 1. 1236. a) [4; +o0); 6) @. 1237. 2) 686a° " ©) %bgm.
1250. a) x, = L, x, = 4 ©) x;, = 0, =3 B)x =2 1251. a) 3; 6) 2;
B L 0; @) -2 e —v5. 1252. a) (—o0; 1); 6) [2 +); B) (35 +o°).
1253. a) [lpu n = —1; 6) npu n = —4; B) Mpu 1 = —25. 1254. a) llpu m = —1 u
m=1,6) npu m=—2um= 2, B) npu m = —3 u m = 3. 1255. [lpu a, paBHOM

0, 1, 4, 9, ypaBHeHHe UMeET LieJible KOPHH, T. €. LEIbIMH KOPHAMM yPABHEHWS npu a < 10

s e &, <4, =% 0 2, % 6. 1256 F 1l 13 17 19 1257. JC-;ZV.

30" 30° 307 307 30
1258. a) —11 u —10; 6) —6 u —3.
K naparpady 17. 1259. 6) x = 100, x = 25, x = 0,125, x = 0,05;
B) x € (10; +00), x e (100; +o0), x e (1000; +o0), x e (0; 0,05), x  (0; 0,0D).
1262. a) Mpu x = 1; mpu x > 1; mpu 0 < x < 1; 6) npu x = —1; mpn —1 < % %
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npu x < —1. 1284, y=;5‘—. 1292. a) D(f) = (—0; 5) U (5; +), E(f) = (—o0; —2) U

U (2; +0); 6) D(f) = (—=0; —6) U (—6; +0), E(f) = (—o0; —4) U (—4; +o0),
1293.a)x=7,y=—4;6)x=—8,y=5; B)x =4, y=09; Nx=-6y=—-10
o x = -2, y=%; e) x=§-; y=7 1298. a) =1; 0; 3; 6) —2; —1. 1299, (6; 7),
0; 1), (2 15), (8; 9). 1302. a) @ — 5% 6) ¥ — )% 1304. a) D(f) = (—o0; —3) U
U (=3; 3) U (3; +); E(f) = [9; 18) U (18; +0): 6) D(f) = (—o0; =5) U (—5; +o0);
E(f) = (=o0; —=10) U (=10; +o0),

K pononHurensHbIm YNP2XKHEHUAM. 1307. E(g) =1{—6;—4;0;6}. 1308. a) Ilpn
x =15 6) npu x = —0,2; B) npu x=2§; 1) npu x = —85. 1309. a) D(f) =

= [-6; 51; 6) f(=5) = =1, f1) = 1, f4) = 4 B) E(f) = [-2; 5; 1) f(x) = 0 npu
x=—4,f(x)=2npnx=—2Hx=0,nx=2,f(x)=3npux=—1 M Ipu x = 3,
f09 = 4 mpi x = 4. 1310. 2) Dig) = (=3 0) U (0; +); 6) g—4) = —1, g(-D=1;
8(2) = 0, g(4) = 1; B) E(g) = (—o0; +o0); 1) g(x) = —6 mpu x = —14, g(x) = 0 npu
x==-2umnpux =2, gx) =1 npu x = 4, g(x) = 6 npu x = 14. 1315, a)y = |x — §;
O)y=|x—-1+7 By=|x -5 ¥y = |x + 3] — 2. Ykasanue. Iocrpoiite
rpapuK QYHKUMM, 3a1aHHOM 1ByMS BbIDaXEHUSAMH, & 3aTeM MoabepuTe COOTBETCTBYIOLLYIO
dopmyny. 1316, a) a = —1 wnm a = 7, 0)a=—4wuwma=-2 1317. m = 10,
n=0_Rwmm=2n=12 1319.a) k=6, b =9, 6) k=—18, b= —48. 1320. (3; 3).
1335.a)n =2, 6)n=3;, Byn=—1; 1) n= —4 mn=4; e)n=-5 1339, (-3;8),
(3; 2), (5; 16), (11; 10). 1340. Dro Touka c KoopouHataMu x = 3, y = 1. 1342, (4; 1)
u (1; 4).
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3anauM NOBLILLIEHHOW TPYAHOCTH
)’+1 ; a+a+l, 4 _ g2 a-b—c,
1343. 6) ¥ e = B) —__a3+l i ) b+ 1. 1344. a) P .
4 B+ e Yxaaaﬂne Bocrnonb3yiTech TOXIECTBAMM: @+ b+ — 3abe = (a +
+b+¢)} —3a+ b+ c)ab+ be + ca)mad + B + ¢t —ab—be —ca=(a+
n : (a+b) X—¥,
x+Dx+n+1)’ ) - ;A .
1345, 9801. 1346. Yxaszanwue. PaccMoTpuTe Ciy4$au, KOrma n = 3k, m = 3K — 1
= 3k + 1. 1347. 11, 12, 15. 1349. YkazaHHE. IMpencraBeTe KaXAylo IpoOb-

1 1

claraeMoe B BHMIE Pa3sHOCTH - me kK = 1, 2, ..., n
p @ tay+..+a_ atayt.+a’ T

6) a +

+ b+ ) — 3ab + bc + ca); B)

g) X

1350. Yxasauue. BocronssyiiTech HepaBeHCTBOM X° + VY + 2 2xy+ oyt o
Wmeem: @ + b + ¢ > ab + bc + ca, ab + bc + ca = (J&E)z + (JE)Z + (Jc—a)z,
(JEI;)E +(\/BE)2 + (\/EE)z > Jab-bc + \Jbc-ca + |ca-ab , Jabe + Jabe + Jatbe =
— Jabe (Va + /b +Jc). Otciona (o TpansuTHBHOCTH): @+ B+ & > Jabe(Va + b +e).

1 1
1351. Yka3aHue. Bocrnonb3oBaBiiMch HEpaBeHCTBOM —; < =
” =

1
——, cocTtaBere 1 — 1
n

1,
22

1

L 1 1 SR O
3

1 P = |

4" =1 n-2 n-1 n* n-1 n
1

CNoXMB STH HEPABEHCTBA IOWIEHHO, TONYYUM é + -3% + o+ € 1 = % & 2.
n

1352. x = 6, x = 3. 1355, [laHHOe BHIpaXeHHE NOC/IE 3aMEHbl H YNPOIUCHUA TIPUMET

2 7z a—1,eum azl,
M:Ia—l-lj—(g—l)={l—a 1356,a+b.135?.a)\/§+\5—1;
a

== <_9L2<

HEpaBCHCTBO!:

W=

1
3

] —
N =
[ el

2a ,ecmm 0<a<l.

T+T> 1,05, 6) 9 + 442 + 443 + 246 >
9 + 243 + 245 + 2J15. 1359. Ykaszauue. Ilycts Jx = a, \/; = b. Torma

6) V5 + ¥2 — 1. 1358. a)

2
4 2,2 4 2 2Y _ 4252
BbIpAXEHME TPHMET  BHI a’ +2ab +9 _ o5k - J(a +357) = 4a’b — 25 =

a* — 2ab + 3b* &% — 2ab + 3

= \/ + 3b% + 2ab — 2b* = J(a +b =a+b= Jx + \/_ 1360. Ykaszaunue. [lepe-
MHOXEBTE cHavyaia 3-W W 4-i panMkalsl, 3aTeM pPE3YIbTaT yMﬂox(bTe Ha 2-# pagukan M,

f 3+J_
2

HAKOHEll, MPOMU3BEIeHNe YMHOXETE Ha [-# paaukan. 1361. a) |; 2; VYka-

sanune. BocronsayiiTech MOACTAHOBKOH x° — 3x = y; 6) —1; 7; B) 2; 6; 4—\/—; 4+4/6;
r) —4; 1. 1362. Ykaszanue. JlomycTum, tn‘o oba ypasnen-n»m X+ px+g=0mn
X + px t+ g, = 0 He MMEIOT KOpHEi. Toma pt— 4g < 0 u pi — 4g, < 0. Croxus 3TH
HepaBeHCTBAa IMOYJIEHHO, IOIyYuM: 7+ pl — 4q — 4g, < 0. HMcnone3ysi ycloBHE, 4YTO
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2 2
PPy = 2gq + gq), nonyuum: p* + p! — 2pp, < 0, T. e. yTO (» = p)° < 0. INpuuum
K nportusope4nioo. CrenoBareibHo, coeiaHHOe MPEANONIOXEHHE, YTO HU OLHO M3 ypaBHe-
HHH He HMMEEeT KODHEH, HeBEepHO. 3Ha4YMT, XOTH OBl ONHO W3 YpABHEHHIl MMeeT KOPHH.

1363. Mpu a = 1. 1364. a = 25w a = 1,5. Mpu @ = —2,5 x,=—%, x,=2. npu

4
a=15 x1=—%, x2=%. I365. m = 1 u m=—%. Yxkazauue. Iycts x, — obuwmii
KOpCHb JNaHHBIX ypaBHeHuii. Torna BepHBI paBeHCTBa x2 — 2m + Dx, +m+1=0wu
2xf — (@m — l)x, + 1 = 0. YMHOXHB MEepBOE PABEHCTBO HA —2 M CIIOXKMB €0 CO BTOPBIM

2m+1

PaBEHCTBOM, HaiIéM, 4TO X, = loncrasup 3HaueHue x,, Hanpumep, B nepsoe
YPaBHEHUE W PEUIMB €r0 OTHOCHTENBHO 1, HAWIEM, 4TO m =1 my= —%. Cootsercrny-
IOIIHE STHM 3HAYEHHAM MapaMeTpoB OGIUME KOPHM YpaBHEHWI paBHbl X, = 1 wim
x| = —%. 1366. a) —6; 2; 6) ypaBHeHHe MMeeT GECKOHEUHOE MHOXECTBO KOPHE; KOpHeM

YPaBHEHMA sIBIsETCA JI060e Yuciio, NMpHHALIexalee npoMexyTky [—1; 1]. 1367. Cucre-

Ma HMMeeT eIHHCTBEHHOE pellleHHe X =7C—i—2, y:zi—z, ecmM k # =2 u k # 2. Ycnosue,

4yto x > 1 u y > 0, BeMoONHsIETCA TIpU Kk € (=2; 2) U (2; 4). IIpu k& = 2 cucreMa umeer
OEeCKOHEYHOE MHOXECTBO PEIIEHHI, KOTOpOe C Y4€TOM YCHOBMS, 4To X > 1 u y >0,
MOXHO 3amucarh Tak: {(x; ) |1 <x<3, 0<y<1}. 1368. Touka nyru AB napabonbl, Hau-
Gonee ynanéHHas oT npsMoii ¥ =x+ 2, umeer kxoopauHarth x = 2, y=0. Yka3zaumue.

Hano waiit npsamyio, Mapaie/IbHyIo TIPAMOH y = x + 2 M Kacawouylocs napabos

y=x'—3x+ 2. OHa umeer BHI y =x + b. VpaBHeHue X’ — 3x + 2 = x + b umeer
CIMHCTBEHHOE pemieHue, ecnn D = 0 (B aToM ciayyae mpsMas napabona MMEIOT enuH-
CTBEHHYIO TouKy). Orcioma b = —2. HMckoMoe paccTosiHue PaBHO LUMPHMHE IIONOCH, 06-

Pa3’OBaHHOH MNpAMBIMH )y = x + 2 py Yy =x—2 (puc. 78). 1369. a) x1=—\/m,
X2 =V10; 6) X, ==2V2, x, = 0, x, = 2V2; 8) x, =B, x,=—VZ, x,=+7, x4 =16;
r) x; = =2, x, =2 1370. Yka3saunue.
llpencrasbre Belpakenue 7 — y* — 297
B BHIE (49" — 16") + (=33 — 264). 3arem
BBINONMHUTE npeobpazosanus: (49" — 16") =
=49 —16) A, tme A =49""" + 49" 2 x
X16 + ... + 16" '; 49" — 16" — 33 — 264 =
= (334 — 33) — 264 = 33(4 — 1) — 264.
Hanee mokaxure, uto 4 — 1 KpaTHO 8.
1372. 6) Vkazanwue. Bocnonbayiitecs

1 - yn -1,

COCTaBMB # HEPABEHCTB: - \/(_],

1
1 1
—<\V3-V1, =<Ja-2, .. _1 <
Puc. 78 V2 NG} Jn—2

;

1
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<1/n— ,/ \/,_(.f_ Jn— <,/n+ = [MouwleHHO CIOXMB HX,

1
— _—+—+—-+...+—+-—<~./5+,In+1—1. Vkasaumue. Ecm
R SN RN w1 n

a W b pasHbIX 3HAKOB WIH OIHO M3 HMX paBHO HYJIO, TO @ WIH b 1o Momyio Gonblie

win pasHo 1. Torma HepaBeHCTBO @ 44+ b pg oyesuaHo. Ocraéres coydait, korna a > 0

a+b a+b)
2 2

Orciona abg— BuinojiHuM npeoGpasosaHue (yuuTeBag, 4ro a +b = 1) at+ bt =
= (a + b)* - 4ab’ — 4a°b — 6a%h = | — 4ab(a*+ b*) — 6a’h* = 1— 4ab((a + b)* —
—2ab) — 64’6 = 1 —4ab(1 —2ab) — 6a’b* = | —4ab+2a’b* = 1 + Aah’ —2ab+1)—2=
= 2ab— 1y~ L. Tak xaK —ab>—%, 1—ab>%, (1~ab)2>%, 21 -aby—1> 3 — 1,

T e a + b > 3. 3naw, o + b' > L 376 fO =15 fx) = ?% 1377. g(0) = 0;

u b > 0. YuursiBasg 3TO, BOCIIOJIBL3YEMCH HEpPaBEHCTBOM Jab < WIH abs;(

g(—x) = —g(x); g(x) = kx. 1378.3a 3 4, 6 4, 5 4. 1379. 30 xm. 1380. 70 xr u 140 xr.

2uw v
Y2 . U2

1381. a) 1382. 248. 1383. 8281
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